(v) For any group G, the subset 1 = {lg} consisting of the identity element of G is a
subgroup of (7 and it is called the trival subgroup of 6.

(vi) For any group &, & itself is a subgroup of &' (but net a proper subgroup).

Proposition 3.4, A subset H of a finite group &G is a subgroup of 7 if, and only if, H
satisfies the closure and identity axioms with respect to the product eperation of (3,

Proof The = implication is true by the definition of a subgroup.

To show that the <= implication is true, suppose that & is a finite group of order n and
H = {lg, ha, ks, ..., hy} is a subset of G (m < n) which operation of product of G,
satisfies the closure and identity axioms with respect to the product operation of (7.

We need to show that H satisfies the associativity and inverse axioms. closed under the
operation of Inverse of . As in the proof of Proposition 3.2, H satisfies the associativity
axiom. It remains to show that I satisfies the inverse axiom.

Pick h € H, We need to show that there exists iy, € H such that hh, = 1l = hh.

Consider the subset {hlg, hhay, hhy, .., hh,} of H (that this is a subset of H follows
froon H being closed under the product operation of (7).

By the Cancellation Law 1.9 in &, all elements of this subset are distinet, Since there are
m of these elements, they are exactly the set of elements of H. Henee, sinee H satisfies the
identity axiom, 1g € H = {hlg, hha, hhy, .., kil ). It follows that there exists b, € H
with hh; = 1g, Multiplying on the left by h™" € @ gives that A~ (hh,) = h™'14.

Using the associativity, inverse and identity axioms of (7 gives that

h=t(hhi) = (h~th)hi = dghi = h,

oy mssoiciativity by inverse by slentity
nxiom of € axbom of €7 axiom of G

Using the identity axiom of 7 gives that h "1y = h™'. Hence by = h™', and it follows by
the identity nxiom of & that b = L™ h = 15, |

Example 3.5. For the group & = {1, a, b ¢, d, e} with product defined by the product
table
l a b ¢ d e
1|1 a ble d &
ala b 1]e e d
bl 1 ald e ¢, (3.1)
cle @ e 1 a b
dld e ¢ b 1 a
* ¢ d a b1

H = {1, a, b} is a subgroup of & sinee it satisfies the closure and identity axioms with
respect to the product operation of G,
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