SEMIGROUF THEORY A LECTURE COURSE 43

Examples of regular semigroups: anv band, Rees matrix semigroups, groups.
Examples of non-regular semigroups: (N, +), (Z, #)
Nontrivial null (or zero) semigroups i.e. S = X U {0} with X # @ and all products are 0.
Note that (N, +) has no regular element.
DEFINITION 8.2. An element o’ € S is an nverse of a if
a = aa'a and a’' = a’aa’.
We denote by V(a) the set of inverses of a.
If G is a group then V{a) = {a~'} for alla € G.
CAavuTioN: Inverses need not be unique. For example, in a rectangular band T = I x A,

(1. 7)(k. 6)(1.3) = (1. 7)

(k. €)(i. j) (k. £) = (k. {)
for any (i, 7) and (k, £). So every element is an inverse of every other element.
Lemma 8.3. Ifa € S, then a is reqular & V(a) # 0.

Proof. If V(a) # 0, clearly a is regular. Conversely suppose that a is regular. Then there
exists r € § with a = ara. Put @’ = rax. Then

aa'a = a(rar)a = (axra)ra = ara = a,

a'aa’ = (rar)a(rax) = x(axa)(zraz)
= ra(razr) = z(aza)r = rax = d’.
So a’' € V(a). O

NotEe. If a = ara then

(ax)? = (ar)(ar) = (axa)r = ar

so ar € E(S) and dually, ra € E(S). Moreover

a=ara ar =ar =a R ar,

@ = ara Iﬂ=Iﬂ=?ﬂ£Iﬂ1

DEFiNiTION 8.4, S is inverse if |V(a)| = 1 for all @ € S, i.e. every element has a unique
inverse.

EXAMPLE 8.5.
1

(1) Groups are inverse; V(a) = {a™"}
(2) A rectangular band T is regular; but (as every element of T' is an inverse of every
other element) T is not inverse (unless T is trivial).



