42 VICTORIA GOULD
(iv) the J-classes are {0} and S\ {0}.
Proof. (i) & (iii) < (iv) is a standard exercise.
(ii) = (iii): Let a € S\ {0}. Then
S=SaSC SaS'CS
and therefore S = S'aS!.
(i) = (ii): Since 5% # 0 and S? is an ideal, then S? = S. Therefore

5 =588"=585"=8+0.
Let I ={x€ 5| S2S=0}. Clearly 0 € I and hence I # Q. If z € I and s € S, then

0C SzsS§5C 5z5=0.
Therefore SzsS = 0 and so xs € I. Dually sz € I: therefore [ is an ideal. If [ = 5, then

5% = 8IS,
= U SzS,
zEd
= .
This is a contradiction, therefore I # S. Hence I = 0. Let a € S\ {0}. Then SaS is an
ideal and as a € I we have SaS # 0. Hence Sa5 = 5. O

Corollary 7.16. Let S be completely 0-simple. Then S contains a non-zero idempotent.
Proof. Let a € S\ {0}. Then SaS = S, therefore there exists a u, v € § with a = uav. So,

a = uav = wav: = - -- = u"ar"™

for all n. Hence u™ # 0 for all n € M. Pick n,m with " R u™*!, u™ L u™+!. Notice

un+1 R uﬂ+2

as R is a left congruence. Similarly,

un+2 R uﬂ+3
we deduce that u™ R u™*t for all ¢ 2 0. Similarly ¥™ £ u™ for allt = 0. Let 5 =
max{m,n}. Then v* R u*, u* £ u* so u®* H u** = (u*)>. Hence by Corollary 5.7, u* lies
in a subgroup. Therefore u* H e for some idempotent e. As u® # 0 and Hy = {0}, we have
e # 0. O

Theorem 7.17 (Rees’ Theorem - 1941). Let S be a semigroup with zero. Then S is
completely 0-simple < 5 is isomorphic to a Rees Matriz Semigroup over a group.
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