SEMIGROUP THEORY A LECTURE COURSE an

Proof. If every chain with 2 terminates, then clearly we cannot have an infinite striet chain

Sla, o> S'az > ...

So S has M.
Conversely, suppose S has M; and we have a chain

Slay 2 S D...
Let the strict inclusions be at the jth steps:

1 1 1 1 1
Say=8ag=:--=5"a;, 2 85a;,41 =504
e _ el 1 i
=...=8a;, 285 a,,,=...
Then
1 1
5%a;, > §%ay, O ...

As S has My, this chain is finite with length n say. Then

1 _ gl .
S'a;, 1 =84a;,42=...

and our sequence has stabilised. U

DerFniTION 7.6. The ascending chain condition (a.c.c.) on principal ideals on left /right
ideals M* (M™®) is defined as above but with the inclusions reversed.

The analogue of the Chain Lemma holds for ME and (M#).

ExAMPLE 7.7. Every finite semigroup has M;, Mgz, ML M®. For example, if

51111 2 Slﬂz - Slﬂ:{ e JH
then in every step, the cardinality of the sets must decrease at least by one, so the length
of a strict sequence cannot be greater than |S|.

ExampPLE 7.8. The Bicyclic semigroup B has M* and M%. We know

Blz,y)={(p.9) | a = v}
and so
B(x,y) C B(u,v) &y 2 v,

and inclusion is strict if and only if y = v. If we had an infinite chain

B(xi,1n) C B(ra,y2) C Blzs,ya) C ...
then we would have

h=mw=m=>...,

which is impossible in M.

Hence M*™ holds, dually M*% holds.
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