SEMIGROUP THEORY A LECTURE COURSE ar

DerFNiTION 7.2, a € S is reqular if there exists x € S with

a = ara,
S is regular if every a € S is regular.

If S is regular then a R b &< a8 = bS < there exists s,t € S with a = bs and b = at, ete.

Proposition 7.3. Rees matrix facts Let M" = M"(G; 1, A; P) be a Rees Matriz Semi-
group over a group .

(1) (i,a,A) is idempotent < pyi # 0 and a = py.

(2) M" is regular.

(3) (i,a, \) R (j.b,p) & i=].

(4) (10, \) £ (b, 1) > A = .

(5) (i,a,A\) H (3;bp) =i =j and X = p.

(6) The D = T -classes are {0} and M"\ {0} (so0 0 and M" are the only ideals).
(7) M is 0-simple.

(8) The so-called rectangular property:
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Proof. (1) We have that

(i,a, A) € E(M") & (i,a,\) = (i,a,A)(i, a, ),
@ pai # 0,(i,a,A) = (i,apya, M),
& pai 7 0,a = apya,
& pyi#0and py =a.

(2) 0 = 000 so 0 is vegular. Let (i,a, A) € M\ {0} then there exists j € I with py; # 0
and there exists y € A with p,; # 0. Now,

(i,a, Ajl:_j_.;gi"u'lp;il, u)(i,a, A) = (i,a,A)
and hence MY is regular,
(3) {0} is an R-class. If (i,a, A) R (j, b, ) then there exists (k, ¢, v) € M with

(i,a,A) = (4. b, p)(k,e,v) = (J, bpyae, v)
and so i = j. Conversely, if i = j, pick k with p, # 0. Then

(i, A) = (i, by ) (k, b, A)
and together with the dual we have (i,a, A) R (j, b, u)
(4) Dual.
(5) This comes from (3) and (4) above,
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