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Then py : Ly = Ly and py ¢ Ly = L, are mutually inverse, R-class preserving bijections

(ie. if c € Ly, then ¢ R cp, and if d € Ly then d R dpy ).
Proof. If ¢ € L, then

ep, =cs Las=b,
because £ is a right congruence. So ep, £ b therefore p, : L, = Ly. Dually py : Ly = L,.
Let ¢ € L,. Then ¢ = ta for some t € S. Now

CPuPy = taSpy = tass' = ths' = ta = c.
So peps = I1,, dually, pep, = I1,.

Again, let ¢ € L,. Then

8 =0C+8,

Therefore ¢ R es = ep,. O

Continuing Lemma 6.6. For any ¢ € L, we have p, : H. = H,, is a bijection with
inverse py : H., — H.. In particular - put ¢ = a then

p,: H, = H, and p, . Hy— H,
are mutually inverse bijections.

Let s € §'. Then we define A, : § — S by a), = sa.

Lemma 6.7 (Dual of Green's Lemma), Let a, b € S be such that a £ b and let t,t' € S
be such that ta = b and t'bh = a. Then A, : R, = R, and )y : R, = R, are mutually
inverse L-class preserving bijections, In particular, for any ¢ € R, we have A, : H, = H,,,
Av ¢+ Hye — H. are mutually inverse bijections. So, if ¢ = a we have X, : Hy, — H,,
Av : Hy = H, are mutually inverse bijections.

Corollary 6.8. If a D b then there exists a bijection H, — H,.

Proof. If a D b then there exists h € § with a R h £ b. There exists a bijection H, — H,
by Green's Lemma and we also have that there exists a bijection Hy, — Hy by the Dual of
Green's Lemma. Therefore there exists a bijection H, — H,,. O

Thus any two H-classes in the same D-class have the same cardinality (just like any two
R- and L-classes).

Theorem 6.9 (Green's Theorem — Strong Version). Let H be an H-class o’
S. Then either H* N H =0 or H is a subgroup of S. 0. / Yo



