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6. D, J AND GREEN'S LEMMAS
Recall §'asS! = {ray | x,y € S'}.

DerFNiTION 6.1. We say that a J b if and only if

aJbe §'as! = §'h5!

Check:
aJbe s, tu,ve S witha =sbt b= uav.

NoTE. If a £ b, then S'a = S'bso S'aS' = §'68" soa T b, ie. LC J, dually R C 7.

Recall: S is simple if S is the only ideal of §. If S is simple and a, b € S then

§af =8=8b8 soaJ b
and 7 = w (the universal relation). Conversely if 7 = w and [ is an ideal of S, then pick
any a € [ and any s € S. We have
se 88 =8a8' C I

Therefore I = 5 and S is simple.

We have shown that that
S is simple & J =w.

Similarly if S has a zero, then {0} and S\ {0} are the only -classes iff {0} and S are the
only ideals.

6.1. Composition of Relations
DeErFiniTION 6.2. If p and A are relations on A we define

por={(r,y) € Ax A|3Iz € A with (r,2) € pand (z,y) € A}.

Lemma 6.3. If p. A are equivalence relations and if poX = Aop then po) is an equivalence
relation. Also, it is the smallest equivalence relation containing plUJ A,
Proof. Put v =poA=Aop

e foranya € A apa A asoawraand v is reflexive. G-[‘r“‘r’
& Symmetric - an exercise.



