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Let e, f € E(S) with e # f. Since H, and Hy are subgroups containing the idempotents e
and f, respectively, H. # H;. This implies that H. N Hy = 0.

Theorem 5.6. [Green's Theorem| Ifa € S, then a lies in a subgroup iff a H a®.
Proof. See later. O

Corollary 5.7. Let a € 5. Then the following are equivalent:

(i) a lies in a subgroup,

(i) a H e, for some e € E(S),

(iii) Hy is a subgroup,

(iv) a H a®.
Proof. (i) = (ii): If a € G, then G C H, where ¢* = e is the identity for . Therefore
a € H,s0aHe.
(ii) = (iii): If @ H e, then H, = H, and by the MST, H, is a subgroup.
(iii) = (i): Straightforward, for a € H,.

(iii) = (iv) If H, is a subgroup, then certainly H, is closed. Hence a,a® € H, therefore
aH a’.

(iv) = (i) This follows from Greeen's Theorem (Theorem 5.6).

Subgroups of T,

We use Green's Theorem to show the following.

Lemma 5.8. Let o« € T,,. Then a lies in a subgroup of T,, < the map diagram has no tails
of length = 2.

Proof. We have that

a lies in a subgroup < o Mo’
& alaot,aRa®
< Ima =Imao? kera = kero®.

0 / YA

We know Ima? C Ima (as T,a® C T,a). Let p be an equivalence on a set X. Recall

X/p={la] | x € X}

We have seen that

|/ ker | = | Ima.

We know that ker a C kera? (o7, C aTy), which means that the ker a’-classes are just
unions of ker o-classes:

CramM. For o € T, Ima = Im o? & ker a = ker o®.



