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4.3. £ and R in Ty

CrLAaM. aTy C 0Tx < ker 3 C ker o,
(Recall ker o = {(z,y) € X x X | za = yar }).

Proof. (=) Suppose aTy C ATy. Then a = 3+ for some v € Ty. Let (z,y) € ker 3. Then

za = x(f3v) = (zB)y = (yB)y = ¥(By) = ya.
Hence (x, y) € kerar and so ker 3 C ker o,
(¢=) Suppose ker 3 C ker . Define 4: X — X by

s & : z¢Img
”T_{;m z =2z

If z =23 =yp, then (x,y) € ker 3 C ker & s0 xax = yor. Hence v is well-defined. So v € Ty
and Gy = a, Therefore o € 3Ty so that by the Principal Ideal Lemma, a7y C 8Ty, O

Corollary 4.19 (R-Tx-Lemma). a R 3 ¢ kerav = ker 4,
Proof. We have

aR B aTlx =0Tk 0- / Yt
& aTy C ATy and 3Ty C aTy
& ker 3 C ker ov and ker o C ker 4
& ker oo = ker 3.

FacT: Tya C Ty & lma C Im 7 (See Exercises).
Corollary 4.20 (£ — Tx-Lemma), o £ 7 & Ima =lm 4.
Consequently o ‘H 7 & ker a = ker § and Ima = Im 3,

ExAampLE 4.21. Let us define
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