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EXAMPLE 2.21. In T3 we have Ime, = {1}, Im Iy = {1,2,3} and

123\ ..
T (Ii ) 3) = {2,3).

The following lemma gives a rather useful characterization of the idempotents of a trans-
formation monoid.

Lemma 2.22 (The E(Ty) Lemma), An element ¢ € Tx is idempotent ¢ €|1e = fime.

Proof. £|ime = lim e means that for all y € lm e we have ye = y.
Note that Ime = {xe : x € X}.
Then

c€E(Tx) e el=c¢,

& xe’ = xe for all r € X,

e (re)e = xe for all z € X,

S Y=y for all y € Ime,

< &lime = e O

ExXxAMPLE 2.23. Let

1 2 3
f1r=(2 5 H)ET:'h

this has image Ima = {2,3}. Now we can see that 2o = 2 and 3o = 3. Hence o € E(T5).

ExamprLE 2.24, We can similarly create another idempotent in 77, first we determine its
image: let it be the subset {1,2,5,7}. Our map must fix these elements, but can map the

other elements to any of these:

1 2345607 1 2345 67

(12 5 ?)_’(125?52?)‘55””‘
Using Lemma 2.22 we can now list all the idempotents in 7T3. We start with the constant
maps, i.e. ¢ € E(T;) such that |Ims| = 1. These are

1 2 3 1 2 3 12 3
111" \2 2 2)'" \3d 3 3}

Now consider all elements ¢ € E(T;) such that |Ime| = 2. These are
1 2 3 1 2 3 123
2 2 3)° 113)° 3 2 3)
1 2 3 1 2 3 123
1 3 3)° 1 2 1) 1 2 2)°



