Mustansiriyah University\ College of Science\ Department of Mathematics e
Numerical Solution of Integral Equation Dr. Lamyaa Hussein Ali (2020-2021) (XS

Volterra integral equations

2.1 The method of successive approximations:

In this method, we replace the unknown function

u(x) = uy(x), (zero approximation)

This substitution will give the first approximation u, (x) by

u; (x) = f(x) + Afoxk(x, tuy(t) dt, (first approximation)

It is obvious that u, (x) is continuous if f(x), k(x,t) & u,(x) are continuous.
u,(x) =f(x)+ 41 fox k(x,t)u,(x)dt (second approximation)

Continuing in this manner

u, (x) = f(x) + Afoxk(x, Ou,_1(x)dt  forn=1273,..

u(x) = limy,_ 0 uy (%)

Now if we choose uy(x) = f(x) then it is called Picard’s successive
approximation method

u; (x) = F(x) + 4 [, k(x, O)f(0) dt,
u, (%) = f(x) + 4 f; k(x, Hu, () dt,

u, (x) = f(x) + A fo’“ k(x, u,_4(t) dt,

Consider

Uz () —uy(x) =

AL kG O|F @) + 2 f, k(e Df () dr| dt — 2 [ k(x, OF (t) dx
=22 foxk(x, t) fot k(x,t)f(r)drdt
= 19, (x)

Where 1,(x) = [ k(x,t)dt [ k(x, Df (D dr 1

So it can easily seen that

Un(X) = Xm=o A" P (%) if Yo(x) = f(x)

Then ,,(x) = [ kG, O, (OdEt, m =123, ...

Where 1, (x) = [ k(x, ) f (£)dt

The repeated integrals in equation 1 may be considered as a double integral

over the triangular region indicated in Figure 3, thus interchanging the order of
integration
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Figure 2.1: Dwouble integration owver the triangular region (shaded area).
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,(x) = [, f@dr [ k(x, )k(t,T) dt
= [T ky(x, Df(Ddr  where k,(x,7) = [ k(x, )k(t,7) dt
Y () = [ km(e, Df(Ddr, m=1,2,3,...
Where 1 (x) = [ k(x, Dk (7, )dT
Un(x) = f(2) + Xihoq A" ()
Also 1, (x) = f(x) + [ [Ziher 7k (x, D] f (D)l
lim,, 0 U, (x) = u(x)
limy o0 () = f(x) + A [ HGx,7; 1) dT - where H(x,730) = Ak (%, T)
H(x, t; 1) is known as the resolvent kernel.

Examples:

Example 1:
Solve the Volterra integral equation u(x) = x + fox(t —x) u(t) dt.

Solution:
“fx)=x,A=1&k(x,t)=t—x

uy(x) = x

u; (x) = x+f0x(t—x) uy(t) dt=>x+f0x(t—x) tdt
X2 1.3 11" 1.3_1.3
= x + [ (t° — xt) dt=>x+[3t 2xt]()=>x+3x oX
_ 1.3 _ 1.3
:>u1(x)—x—gx =>u1(x)—x—§x

() = x + [t =D u () dt = x + [{(t —2) (¢ —2£%) dt

-, 1,3, 1.5 _,_1.3 1.5
= u,(x) =x X7+ oX = u,(x) =x X+

uz(x) =

-~ n — th approximation is given by

x2m—1

>1

U (x) = Epma (D™

(2m-1)!
2n—1

= u(x) = 111151010 u,(x) = 111151010 ((—1)”‘1 m) = sin(x)

s u(x) = sin(x)
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Example 2:

Solve the Volterra integral equation u(x) =1 — fOx(t —x) u(t) dt.
Solution:

“fx)=1,1=1&k(x,t) =t —x

uy(x) =1

u()=1-[[t—0u@dt=1-[(t—x)1dt
(%t — I R 1.2, .2
=1 fo(t x) dt =1 [zt xt]0=>1 Xt +x
= u, (1) = 14302 = u,(x) = 1+ 522
() = 1= [t - u O dt = 1- [{t—x) (1+3t)dt
— 141,241 ,4 —14Lt,21,4
= () =1+ x"+ x> u() =1+ x "+ -x

uz(x) =
~ n — th approximation is given by

n xz(m—1)

xzm
Un(0) = Xty 21 = w(0) = Xhosy

2(n-1)
= u(x) = Tlll_r)r.}o u,(x) = 1111_{?0 <m> = cosh(x)

~ u(x) = cosh(x)



