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Lecture 2 

The Static Equilibrium in the Atmosphere Part 2 

1.1 Solved Problems 

Q1. For the isothermal atmosphere, if the surface temperature To be 283 
o
K and the

surface pressure po is 1000 hPa, calculate the pressure and the density at height 

of 5 km. Knowing that the density at the surface is 1.2 kg m
-3

. 

Sol. To calculate the pressure we can use the equation:  

𝑝 = 𝑝𝑜𝑒
−

𝑔
𝑅𝑇𝑜

 𝑍

𝑝 = 1000 𝑒−
9.8 ×5000
287 ×283

𝑝 = 547 ℎ𝑃𝑎 

To calculate the temperature we may use the equation: 

𝜌 = 𝜌𝑜𝑒
−

𝑔
𝑅𝑇𝑜

 𝑍

𝜌 = 1.2 𝑒−
9.8 ×5000
287 ×283

 =  0.72 𝑘𝑔 𝑚3

Q2. For homogeneous atmosphere, integrate the homogeneous equation to find an 

expression for the temperature as a function of height. What is the temperature 

at the middle of this atmosphere? (Assume the temperature at the surface is 0
o
 C) 

Sol. From hydrostatic equation: 

𝜕𝑝

𝜕𝑧
= −𝑔𝜌 

we integrate assuming that  𝜌 = 𝜌𝑜:

∫ 𝑑𝑝
𝑝

𝑝𝑜

= −𝑔𝜌𝑜 ∫ 𝑑𝑧
𝑧

0

𝑝 − 𝑝𝑜 = −𝑔 𝜌𝑜 𝑧

𝑝 = 𝑝𝑜 − 𝑔𝜌𝑜𝑧  (1) 

From equation of state  𝑝 = 𝜌𝑜𝑅 𝑇 we find:

𝑇 =
𝑝

𝜌𝑜𝑅
(2)
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Put eq1 in eq2, 

𝑇 =
𝑝𝑜 − 𝜌𝑜 𝑔 𝑧

𝜌𝑜 𝑅
  =

𝑝𝑜

𝜌𝑜𝑅
−

𝜌𝑜 𝑔 𝑧

𝜌𝑜𝑅

At the middle of the homogeneous atmosphere, 

𝑧 =
8000 𝑚

2
= 4000 𝑚 

∴   𝑇 = 𝑇𝑜 −
𝑔𝑧

𝑅
   ⇒   𝑇 = 273 −

9.8 × 4000

287
= 136. 4  𝑜𝐾

Q3. For the isothermal atmosphere, integrate the homogeneous equation to find an 

expression for the pressure as a function of height. 

𝑇 = 𝑇𝑜 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡

𝑑𝑝

𝑑𝑧
= −𝑔𝜌 

𝜌 =
𝑝

𝑅 𝑇𝑜

𝑑𝑝

𝑑𝑧
= −

𝑔 𝑝

𝑅 𝑇𝑜
 ⇒  

𝑑𝑝

𝑝
= −

𝑔

𝑅 𝑇𝑜
𝑑𝑧 

∫
𝑑𝑝

𝑝

𝑝

𝑝𝑜

= −
𝑔

𝑅 𝑇𝑜
∫ 𝑑𝑧

𝑧

0

 

ln
𝑝

𝑝𝑜
= −

𝑔

𝑅𝑇𝑜
𝑧 

𝑝

𝑝𝑜
= 𝑒

−
𝑔

𝑅𝑇𝑜
𝑧

𝑝 = 𝑝𝑜 𝑒
−

𝑔
𝑅𝑇𝑜

𝑍

Q4. Show that the scale height for an isothermal atmosphere is equal to the height 

of the homogeneous atmosphere. (Assume that the temperature near the 

surface is 10 centigrade. 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡  𝐻𝑠 = 𝐻

𝑝 = 𝑝𝑜 𝑒
−

𝑔
𝑅 𝑇𝑜

 𝑧
 (1) 

𝑝 = 𝑝𝑜 𝑒− 1 (2)
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𝑝𝑜𝑒
−

𝑔
𝑅 𝑇𝑜

 𝑧
= 𝑝𝑜 𝑒−1

𝑔

𝑅 𝑇𝑜
𝑧 = 1 

∴ 𝐻𝑠 =
𝑅 𝑇𝑜

𝑔
=

287 × 283

9.8
= 8000 𝑚 

𝑑𝑝

𝑑𝑧
= −𝑔𝜌𝑜

∫ 𝑑𝑝
𝑝

𝑝𝑜

= −𝜌𝑜 𝑔 ∫ 𝑑𝑧
𝑧

0

  (ℎ𝑜𝑚𝑜𝑔𝑒𝑛𝑒𝑜𝑢𝑠) 

𝑝 − 𝑝𝑜 = −𝑔𝜌𝑜𝑧  𝑤ℎ𝑒𝑛  𝑝 = 0 , 𝑧 = 𝐻 

0 = 𝑝𝑜 − 𝑔𝜌𝑜 𝐻 ⇒    𝐻 =
𝑝𝑜

𝜌𝑜 𝑔

𝐻 =
𝜌𝑜 𝑅 𝑇𝑜

𝜌𝑜 𝑔
=

 𝑅 𝑇𝑜

𝑔
=

287×283

9.8
= 8000 𝑚 

∴  𝐻𝑠 = 𝐻 = 8 𝑘𝑚

1.2  The Adiabatic Atmosphere (3
rd

 type of static equilibrium atmospheres )

𝜃 = 𝜃𝑜 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡   (for adiabatic atmosphere)

From Poisson’s equation, 

𝜃 = 𝑇(
𝑝

𝑝1
)

𝑅
𝐶𝑝  

and by using chain rule and differentiate both sides : 

1

𝜃

𝜕𝜃

𝜕𝑧
=

1

𝑇

𝜕𝑇

𝜕𝑧
−

𝑅

𝐶𝑝

1

𝑝

𝜕𝑝

𝜕𝑧
= 0  (𝐻𝑜𝑤? 𝐷𝑜 𝑖𝑡!   𝐻𝑖𝑛𝑡: 𝑢𝑠𝑒 𝑙𝑜𝑔𝑎𝑟𝑖𝑡ℎ𝑚) 

1

𝑇

𝜕𝑇

𝜕𝑧
=

𝑅

𝐶𝑝

1

𝑝

𝜕𝑝

𝜕𝑧

1

𝑇

𝜕𝑇

𝜕𝑧
= −

𝑔

𝐶𝑝 𝑇
 (𝐻𝑜𝑤?  𝐷𝑜 𝑖𝑡!) 

𝜕𝑇

𝜕𝑧
= −

𝑔

𝐶𝑝 
= −

9.8

1004
= 10 𝑜𝐾/𝑘𝑚
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1.3 The Hypsometric Equation 

An equation relating the thickness, ∆𝑧, between two isobaric surfaces to the mean 

temperature of the layer. It is sometimes called the thickness equation. It is derived 

from the hydrostatic equation and the equation of state: 

𝜕𝑝

𝜕𝑧
= −𝑔𝜌  ,     𝜌 =

𝑝

𝑅 𝑇

𝜕𝑝

𝜕𝑧
= −

𝑝

𝑅 𝑇̅
𝑔 

∫ 𝜕𝑧
𝑧2

𝑧1

= −
𝑅 𝑇̅ 

𝑔
∫

𝜕𝑝

𝑝

𝑝2

𝑝1

The thickness equation is then: 

Figure (2.1) The thickness ∆𝑧 is proportional to the mean temperature of the layer 

∆𝑧𝐴 > ∆𝑧𝐵 → 𝑇̅𝐴 > 𝑇̅𝐵

Q5. Show that the thickness of an isothermal atmospheric layer between 1000 mb 

and 800 mb can be given by: 

∆𝑧 =  
𝑅 𝑇̅ 

𝑔
ln (1.25) 

Sol.    From  
𝜕𝑝

𝜕𝑧
= −𝑔𝜌  ,     𝜌 =

𝑝

𝑅 𝑇

𝜕𝑝

𝑝
= −

𝑔

𝑅 𝑇̅
𝜕𝑧 → ∫

𝜕𝑝

𝑝
=

800

1000

= −
𝑔

𝑅 𝑇̅
∫ 𝜕𝑧

𝑧2

𝑧1

 

ln1000 − ln 800 =
𝑔

𝑅 𝑇̅
 ∆𝑧 

∆𝑧 =  
𝑅 𝑇̅ 

𝑔
ln ( 

𝑝1 

𝑝2
) 

warmer colder 

850 mb 

1000 mb 
BA
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∆𝑧 =
𝑅 𝑇̅

𝑔 
ln

1000

800
 =

𝑅 𝑇̅

𝑔 
ln(1.25) 

If the thickness of the (1000 – 500) mb layer is 5400 m, what is the mean temperature 

of the layer in centigrade?  

∆𝑧 =
𝑅 𝑇̅

𝑔 
ln (

𝑝1

𝑝2
) 

ln (
𝑝1

𝑝2
) = ln (

1000

500
) 

ln 2 = 0.69 

𝑇̅ = ∆𝑧
𝑔

 𝑅 ln (
𝑝1

𝑝2
)

𝑇̅ = 5400 ×
9.8

 287 ×  0.69

𝑇̅ =
52920

198.93
= 266.02 𝑜𝐾 

𝑇̅ = 266.02 − 273 = −6.9 𝑜𝐶 

Homework: The pilot uses the hypsometric equation to determine the height of the 

aircraft by taking the air temperature and air pressure data from the control tower 

in the airport. Calculate the height of the aircraft knowing that the temperature 

is 10 Centigrade, the surface pressure is 1020 hPa, and the pressure at aircraft 

level measured by its device is 900 hPa. 


