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Lecture 3

The Components oi Motion Equation

3.1The Primary Equation

The equation of motion:

A v +F 20 x 7+ Q2R
Accel. Pre. | Grav. | Fric. | Coriolis | | Centrif.

Grad.

Each of g, and Q2R are the only forces which depend solely on position, hence the
gravity is:
g=g.+ QR
dv

1 R .
— = —_Vp+g+F.—-20xV 3.1
T p p+g+F, (3.1)

Now we are going to find the x, y and z components of each term in Equation (3.1):
A. The left side

dV du dv_ dw

E:El-i_a]-l_ﬁk (4)
B. The pressure gradient force
1 10 10 10
Ly, - _1op, 10p. 10p, B
p pox  pdy’ poz
C. Gravity force
g =—gk (©)

D. Viscosity force
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E. Coriolis Force alone: o Soucos @i
. . (d—v) = —20u sin(¢) 20u = -
l ] k dt/eor SR =20uk
=20 X V=-2Q0|0 cos¢ sing (Z—’:) — 20u cos() —20usin(@)j
u v w

20 x V= —(2Qwcos g — 2Qusing)i — 2Qusin¢g j + 2Qucos ¢p k (E)

_ _ _ i(l)' coiqb sili‘jc¢
Now put each of the equations A, B, C, D, and E in equation (3.1): u v w
du dv_ dw
a' Tar! Tar
1dp., 1dp. 10p 10/ ou\.
= Toax' Tpay! Tpagk T Ik ‘;&(ﬂ&)‘
10/ ovy 10 ow

TG A G L

— (2Qwcos ¢ — 2Qusin )i — 2Qusin¢ j + 2Qucos ¢ k
If we split this equation into the three directions, we get:
du 1d0p 10 / Ou _ _ _
P —;a—gg(ug> + 20w cos ¢ — 2Qv sin ¢ x — direction
dv 1op 10/ Ov _ ] ]
P —;E—;E(u£>—29usmd) y — direction
dw 1dp 10 / ow ] ]
E——;g—;£<u5)—g+29ucos¢k z — direction

Why? Why we remove i, j, and k from the last three equations?

3.2The Order of Magnitude (or Scale Analysis)

To assess which terms can be neglected, we use “order of magnitude” method to all
variables and parameters in the equations.
For synoptic scale, we can apply the values in Table (3.1)
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Table (3.1)

Variable or parameter Symbol approximated typical value
horizontal velocity u 10 m/sec
vertical velocity w 0.01 m/sec
horizontal distance L 1000 km =10 m
vertical distance H 10 km =10*m
horizontal pressure Ap 10 mb =10 hPa = 1000 Pa
density p 1 kg/m3
time 5 1 day (10° sec)
viscosity m 1.46 x10° m?/sec
angular velocity Q 7.3x10” sec
latitude ¢ 45°
Distance from axis of Earth R ~3x10°m

Using these scales and parameters in the momentum equation in x-direction we have
the following order of magnitude:
du_uz_102_10_4 X
dt L 106 m/sec
1op Ap  10°
pdx pL 1x106

= 1073 m/sec?

Similarly,
10 ou
— 1012 2
(,u c')z) 0™**m/sec

p oz
2Qusing = 1073 m/sec?
2Qw cos ¢ = 107° m/sec?

We made the same analysis for y and z equations.
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Many terms are very small compared to others and can therefore be ignored without much
loss of accuracy. We can therefore ignore the viscous terms and Coriolis term that involves

the vertical velocity.

Thus the components of equation of motion are:

du  10p 20 si
it~ pox vsin ¢
dv._ 10p 2 si
i pdy usin ¢
dp _
8z P9

e The first two are the semi-geostrophic equations; the last one is the hydrostatic
equation.
e The hydrostatic equation expresses the balance between gravity acting

downward and the vertical component of the pressure force acting upwards.

e This system of equations is quite often used in analysis of dynamical problems.
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