cations. I |

o ’%/L/’)earﬁé?ﬁéi"aw/zféﬁ/a/ob

N References

D Introductary Linear .Qéieém with Applications,
- Iaﬂu Bernard. Kolman . |
2) .E}e.Menta/.;z _Linear .ﬁ/febz‘a » b/ Howarol
o __3.;_/_/b_e.anﬂ?e«éka » éﬂq Fra/e?/)
. _H)'.U)eo)r;..apa/ Problems of Linear ﬁ%ebra s
. %_.A,.Sc/mour Lipschutz . .
5) 3000 Solvedd Problems in Linear ﬁéoeb/‘a,._
é/ Seymour Lipschutz .
6) Introduction to Linear /,?/iebra ” bya Franz
Hohln .
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"",5 |- Frelds... ~ -

N and. . definecd.on F 15 said to be a field 1F
|| t4e .fo//owm&g. properties are satrstied
11D a+rbeF Va,beF , _

W3) ca+(br+c)=(arb)+c Va,b,celF, |
W4) There exists an clemen? 2 € F such that

1 5) VaeF iﬁgfe /S 'a“n‘e/emenz“xo/:/?oéeo/ é/
Ne) a.beF VHa,beF |,

kg8) a.(b.c)=(a.b).c Va,b.cekF,

0 a. Cbecd=(a.6)+(a.c) VasbceF .

ebinition A set F. with two. ,.ézkzay. a/oeraz‘/é/.zs

:2) a+b=bra Vo, belF ,

a+zZ2z=z2+a VaeF ,

7) Q.b:é.a Vazbé'/:,

q) There exists an element welF swuch
that U+2 and a-d=u.a =a VaelF,

10) Vae F-{z23 there exists an element

odencted %% Qe F swuch that a.a”'=ala

=U ,

—n = e B LY JHUNPRUI, N

N Dehinitiorn : A binary operation. x. on a set. X|.
N is..a. function . :. xx.,,e)ﬁa_ SR N



\i

real numbers ./}5..._.62__7.‘.723/0(...._.

. 2.).7756..-.5.@&‘_,_Q,.z_{_..__gﬁ_ - and 9 ..are,_.,...iﬂ.é%?ens,.g.u_za/__ |
- M__g_%oj? of all. rational nwmbers wi2b Abe o
I - tsual addition + and 2be cspal ma./e‘//'o// catsa

w0l valtional numbers is a FLeld .

=3
—c T

3) The se? C.= _{a +bl. [ .a and b are real

1S a freld {notice that ¢'.c'=_| ano .

W the wsual addition + ano the useal

- numbers . " —of all complex numbers with
_ ../??_4(/_2."17'&/12:@2[.&21? YA _éég_ Congp lex numbers
(a+be )2 Cavbe DScolt+6%) .

Ao _b,z}zari«_.a/aerz‘zbﬂs * and o olefones ‘é/
axb=0a+br!l and acb=0a.b+arbd
VasbeF /s a Ffeld .

5) 7he set Zﬂ={o,/,2,-u,p——/ } Wity dhe
fwo b/}?a7 operations + (the adelstron of
me e./e/:s moclitlo /0) ang .+ ( the ma/é/}o//éaé/b/

a/Z_ /0/'/}}78 /’M//ﬂ&ée/".
§) B

the two é/'/?a7 o/oe/”da‘/'ans oletred o A as

additor  +. a;za/._.éﬁe._asm].m/@a//caﬁom e 0fl

4) The set R of all real numbers wsth 2he

of /hi‘e/oers miodluly /0) /s akeld where Jo0 /5

: ,
e se? /;:{17",5,/2} Q)?a/ +;2 alfa/ ‘s be

L 3.\ Examples .. :_
————— L P . / y .
I) The. st R..of all real punbers .Taz.i'Z.‘A,.-ng_gg\;a_aj

27 .
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.82 Vectors i» the Plane

: .Qeﬁ'z.?zftzbn: A vector in he /o/aﬂe /s a 2xl

mairix X =(;) a//,;erg x and / are real nuwmbers.

x is called the Hiyst component of X anod 4 /5

N called 2he second compodent .

i Remarks :

1D We car also write the vector X as X = (xyf).

12D The set of all vecZors in the p/ane (e
Fuclidean /o/a}?€> 5 denoted by R .

3) The vector X = (x) (br X::C)g;)) /S
re /oreSenz‘ea/ by hE line 7&?&?# W’
/}7/2‘/'01//00/)?5‘ OcCo,0) and the termiinal
/40/}%‘. P(X;;) . The /}?/_Z./Z&//oob?z,‘ O(o,0) /s ;
called the 2arl of the vector X and the :
terminal point P(x,../)../.‘s called the bead




n

of_the vector. X, andd X ts. olenotesd s 0P|

Thé_vector X = \/ x) LS a/so_..xe/a):eaezzéaz/_wﬁ.__.

by any Lne se _edzf_ﬂzzz.é_/)_2/2‘/_'6.1/_/aaz).42;,_-,__-a.__» ;
A=(a ,9, Y.and. .,é_e,KM/)Z.Q/%mﬁé-_E.._C%:kA,W)___ -
/

i —and A 1S ¢he tail of the_tector X _anol | .

B_ /s the head of the vector X ,anad X |

N wich s equal Py (ie. |XN=Vx %),

MeerS Phben will be. olenoted! _éﬁ;/ﬁ-é e
%)_/)!y aeczfaz:_)(..—:.(

;) .C.o.r X= (x,/)m)_.bas L
Leﬂieéé__o_r ma g nitucle a./ez?oéec/...éyﬂ X

,.-...Exam/uje_,:,-...-/—jz—e .Muec.éoﬁ. X =( ; ).Can be /’g/ol‘e.seﬂa‘co/ |
| b/ aﬁ the ..[o.//aa//y Zhyee ve clors shown rn
| #be fo //ow/'/;’v /‘gwfe

A ﬁ-axfs
5(—!,53_
y _E<5:‘{)
' C(2,3)
3..
2 4
A(-3,2)
= .—D(3/l)
Oos0) S X—OX/IS
—l'i—z'a-'z-'lo'ié“léz
-~} .

1 Exczmyo/e_ v Find the /67,:% ofF the veclor

X—': (71"3> ’

| Solutrior . The /e)?z% oF the vector X I’s



WX 7ot~ JHges =5z

el PR here. P is the point (4,3) and Q s |
el the_posnt. (2,-9) . B
N Solution; P& = (2-4,-9.3)= (=2,m12)e._|.
M NPRN= N2 2 = H pidH = LIHE .

N ..1/5(;.2‘.0(:. , Q/a.eméﬂbns_;-z}zm...Ef_u.... o

W be any two vectors . in the Luclidlean plane!
. —]76_66(.&? O/p 2he .(/ec?fors )(ana/ Y 15 Lhe

: - dector. (x,+x, , ',‘*/z Y andl 15 dencted

| ot : ot 5o athore X s ¥ e’
| 2he vectors X=(7.8) and Y=(3,-2).

| scalar m'a/é/,'p/e_c)( o X b/yc /s the

E.&ap%&/&;__ Findd _the length. of_the tector

szé:_&_: Lleé .X;..“(ﬁl_,?qr.).ana/ Y= Cx, ’V?z) |

4y |

Solution : X+ T =(7+3,8-2)=(10,6).

Detiniton : IF X= (X,/)»ée_arz- z/ecééf‘ in R

and c rs any scalar (ce R ) ,2hen the

vectoy Cex,cp) (le. cxzccx,c/)) :

EXam/%i: /‘7/70/ -7X'cu}erc X=(C2,3).




'550/4(29.0/’)'. 7)(:7(2,5):(/‘/,21’).

Remarks g

1) The vectoy OcCo,0) s called the zero veclor
which satishes that X+0=X VXeR~.
2) V' X= (x/t/)e/Q2 we have (1) X = -—I(x,/)..
| =(=x, 7) We write (1) X as =X .
13) v X, YER we wrize X =Y wmslead o 75‘
X+&Y) .

L/) VXéRz,we, pave X -=-X=0 |

E)(aM/a/e - Let X:(/,é’) ane Y= (3,2) and.
=2 ., Find cX ,X+7 ,¥Y-X ard Show

the answer in» a Frowre .

Solution : e« X —2X =2(1,3)=(2.¢).
X+Y=C01,3)+C3,2) = (4,5) .
Y-X = (3,2)-(/,3)=C2,-1).

-4 -3 -2 -f

-]

2




N Defonition « Twe vecters X =0Cx oy ) and
Y (x / ) are Sa/a/fa be e7ua/ s AE X =X,

an//

MM The /ﬂ/?ér*/.ﬂfo duct (or the o/az‘
/Orac/acz‘) o the yectors X= (x,ﬂy) and

Y= (X, Y Js X X, and /5 a/enoz‘ea/ o
| =t 3 2

Rewaf,és

I) X . >/._ //Xl {Y” cos & where & /s 2he '_
cm//e between Zhe nonzero vectors X and .
Y anofl 026 2T .

2) X.Y=Y.X VX, v eR

) X X=UXI">o0

7)) X . X =0 /ff X=0.
. 5)(X+Y> Z. XZ+Y Z

§)(eX). ¥ =X. (cY D=c(XY) .

Example :Let X=(7,4) and T=(3,9) .
Epdd X1, 1171, XY, and the aﬂ//e
betweern X and T .

Solutiopn - 11 X1l =\[7%+ 42 79l - [E5 .
Y =V 3%249% =/ 9+-81 =V%0 .
X Y=(7,4).(3,9)=21 +36 =57

coe——XY_...57 — 57
UXIIIY 1 Vé5 Vao /5850




o6 = 4.82° s the a/}?/cf between X and! V.

Definition . A wunit vector is a vector Whose

/e/?/z% /s L IF X s cm// nonzero vector , then
the vector UX Z/T% /s the wmid pvector in
the olirection of X .

E.XQM//O\{E\: ch X:(89-6> . F/ho/ z%e oA
vector i ¢he divection of X . |
Solution: X1l =\ 8% (g7 = ¢4+3¢ =\loo =10
Thus Uo=L (8, 4)=(0.5,-0.6)

- Remarks .
w

1) The wmit vector a/onj Zhe POSIEIvE Xmaxis
15 (1, 0) and i's oleioted éﬂy ¢ (e

L=01,0) ). .

2) The wat veclor a/cw/ the /005/2‘/2/6{y_ aAx/s |
15 (0s1) and /s cdenoted é/ g (e

J: (CO571) ) .

3) The two rnonzero tectors X and Y are

/08/”/08/75//64//4/‘ Cor 0rfﬁ%0ﬁa/> JEF

X.Y=0 .

_4) ¢ and | are ordhogonal vectors srrce
(j=(10).Co,1)=0

5) We can write any vector X = (x}ﬂ@ as

X:‘«Xdﬂf‘%\'/t since X= (x,;):(x,o)-x—(o,al/),




(0.

= X(1,0)+9(0,1) =X+ q :
,6)...[62120’ J' are ca//c’a/z,%e“ Séaﬂa/a}"a/d(ﬁ/i‘ vectors Rz.

. ..EXQM/D/e L Write the tector X=(7, /2> i terms.
of (and - :
| Solection: X=(7,12) = 7 + /2 -

. I) IF tbe sed F with the tewo é//?dgy O/de/"azl/'oﬂs
£ oand . is a Freld 5 then this Felod wrll be

a/éﬂo:fCa/ 6&? (F, + g >

‘_2.)]'7" (F,+,.) /s a Feld - then the set oF al/

. (x,y) where x,9eF /s denoteod by
ueior\g X (xﬂy}a)ér‘a XsqeF /5 eno CO/ﬂy_

- F

N KD and Y=(5.6) be buo cectors in

_ So/az‘/bn :
 3X+4Y =3(3,2)+4(5,¢€)

=(8,3,3.,2)+(4,5,4,6)

=(2,6)+(6,3)

= (246,64 3)

=/, 2) -
Caution  The ofefinition of the jnrer /ofoo/acf (or
the dot foc/&(CZ);/?/e/? n page 8 1s not
a/O/o//Z:a le for F*7/F F s neither R nor Q .



/1.

S 3: Vector S/Oaces

Definition : Jed CF,+,.) be a Freld.
Mace V over F /s a set [/
é%ea‘/ve/ with a é/}%?;y operation @ and an
operation of scalar ma//z‘/)a//'caé/'a/? of the
elements of |/ b/ the elemerts of F , swch
that the /;//ow/;;? Condrt/orns are satisfred -

/)x@é/ey VX,/GV-

| 2) x@é/z/@x b’xye /.

D x@(yow)=(xaew Vg ,wel .

H) There /s an element Oc [ such thad
VB0 =0 =V Fvel/ .

5) Ve I/éée/e /5 ar elemen —(/eysacé
that U@ -t = —v@U =0 .

s)cvel VeeF and Vel .

7) clbv)=(c.blu tc,bel .

8) (c+b)V = cvu@by Ve,be F and Voel.

7)) cVOW)=cv®cw
10) v =v Vel and u is the maltplicadion
/'&‘/é’/?é/é/ of F .

Definitions
P I

IF 1/ Is a veclor space over « fl;'e/o/(ﬁ—,«,.);
then an% element 2 V' s callee! & tecler,

the é/}?a;w O/aercszfoﬁ @ olefined o |V s



12.

called vecdor adblitior: , Zhe elemrents of [ .
are calleo scalars, the vector O is calleod
the zero vector , the vector -u i called
¢he né;az‘/'z/f vector. | |

Remark | Every feld /s a vector space
over rtself .

iExaM/o/e l: The set R (of al rea/ rounibers).
:' toiez%ef with the wswal ac/a//.';‘/'on oF real
nambers and the wuswal multpolcation of

}’ea/ nNumbers s o veclor Space ouer a‘/?e:
usual Hreld of rea/ rwuwbers (R, r5.) . :
EX(.ZM/O/A? 2 The set C (ofal COM/a/ex /M/ﬂ/c«fs)

PN A

| - Fogetber w/é/7 the wswual ao/a//z‘/on of com/o/ex
L ;jj,/?é[/?ﬂéé}’ S 6?./7"‘._"‘{‘1

the usual M///z‘//a//caz‘/a/) oF
coM/o/ex numbers 1s & veclor space over

the wswal! Feld of COM/o/ax numbers

(C;7":'>'

EX&tM/o/é 3 e set @ (oF all rational

numbers) to ;ez‘/?e/” With the wswal

oot 121077 of/fcféfoﬁa/ /?V//Wéé/"“ a/’lo/ the ,/(,,,,/
Ma/z‘//w//cc_zé/oﬁ of ratioral numtbers s ‘
a veclor space over Zhe wswal Freldd oF
yrational nwmwbers (Q ,+,.).

Example 4 . The se? Z_ = 50,1,2,3,4,5,4}
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z_‘O/e e r ith *, (the adodrlior oF /}?c“cf/e/’s Dloclulo
7 ) aro ‘. ( ¢/ ma/é//'a//.&:ac‘/b/? oF /)7&‘%<7e/‘5 mroaulo 7)
15 @ veclor space over the fiele CZ/ ISR

Remark: Let (F,4,.) be a field . The set _
£ Z’(x;,xz, .y ) I_xl,'xz,,..,kneF} é%ez‘écff aith
the wusual addrtion +  F'x F_sF7 oeloned éy‘/

{ (x/;xzp'”*:x”)?"%;%2_9~-')¢‘/”> ”
= CX/—I-;I SR 5mn s X Y VCK,’X{’T'JX)’% %""’%)6}:

and the usual scalar maltplication . Fx Frl o F”

defrined é/ i Zx,,xz,...,xn): (k-)g,k-xz,...,k-xn)

P ke F and V(x,,xz,.-.,x”)e F7 /s a vector
space over ¢he Flelo! OFiys.) .

,ExaM/o/e 5 Shoew é/zaé Z éc&yeééer wrth Zhe

wsual adelitiorn of vectors + a/?a/ the wswal SCa/a/ﬂ ,

/mz/z‘;m//caz‘/on . 15 a Veclor space over Ehe frelof
(Z +., o " ) -

2 7 T3 /3

- Solttion

3 :
{7/(/=<U,9.U?_’U3)Jwz(éf{/_’_%’ws)’/=(y/’0‘é’;s>é Z}gaﬂa/;
,S8 € st , We have . '

D Urw =YL Y+ (W W, ) o~
"‘(U W, U, 4 W, 5, 4y 3) eZ Smce .
/+13w/ Ay /3w2’ 75 V3 € Z‘

2) UV = (g, z)(/3>7'< /’w2’W3>



/4.

_—:(w,+,3(//,w+,3u2_, 3"‘,3 U)

:(w,;w29w3)+< /

%3) ((/-/—w)—/—/

= (C(//Jl/z; U3)+<U//;U/z,61/3>>—[-€/‘// ,}2 ’;3>

|= (o + w,,uztng,ug%%_)+<%,;g,yg)
;:‘_ (( f /3 [)1"/3;/ ;CUZ 773“)2)”"/32'2’("{?*?;“/3)#3%)
L= (y+, +30L/,),u (»UJ,_-/;‘?;'Z)’U .,;g(w 7‘}3;’3)) '

= (YU, 54 )+ (w ta 0 % s f, o A
= W5y 27.3)+ (C..,:wz,aé)thﬂv, oA ;3))
= U+ {(W+Yy) , -
yY) O=(0,0,0) since

U+0 =0, 8,50)+(0,0:,0)"
CY +, o,u+o,</3,+,30>
= (v ) 57, 94/ Y=

!

”'555) ~ /= C U "" 2 ""U) (a//]erc ..U=/3—-UC '

a/ﬁe/y #0 c(/A//c ‘...O = O ) SiAce
U+&cu) :Cl//,(/zy_ 3>+<_—(//J_.-C/2_ 9"%)
=<%m—%:%ﬁg—%;% ts =% )
= (0,0,0) ,.
é) U= (0 s
. i
—&r./é,u/,ru,guz SV, V) € £
S Simnce Ky U,,_K-,ng,r.%eZ/3
7) V. (s.v) =r. (s- (U,,(/Z,({g))
y. <6 )S Uz-’s' (/3)

—

’/3

:\/’w 3(5' ”// <5/3 2>’/\ (s, 72 3»



/5.

= <<V}3S>?3 Y ’(F'/35>'/3(/2 ’<r?35)/3 3>

<r}35)'<(//"uz’ﬁ{3>

:<)/‘.Igs>.u R
8) (r—/-’zs).t/

= 2,50 (YU, U )

“(CV+ S)' v, (V+ s)-/3(/2,<r*+ s)./3(/3) ,
—(CF,3 ) CS /3U> <F/3 2)+ G Y, )5 @Y )*73<5’/3‘é))
:(}3%”/‘}3‘/2’ 73 3)7"<5}3 /’5'/3Uz’ '/303)
= V. (l//)l/zau\?>+ 6’((//;1/2,(/3)

'}/"(/+SU 2

‘7) r.lv+w)
— . (C(//,Uz,z/3>+ Cw,,wz,w3>>

= . (U +w v, % W, (/3‘-/;36(]3)
= (r QU A W) 55y (U 4 0,) 51 (03 ag,)) |
:((r, u)+ (ri,w) s (}”,3 2)-/— (ri, 2); Uy )58 %))

(r'lg(//’r/}'*uz’ 73 3)-/—(7" w/’riawz’ }3(’03)

= r.U + ru, 2
10) 1. U

= 1. (U0, s U)

= (1 v 50 U, 51 -/u)

= ( 2 U 2 U )
Thus 4 o eéée}" a/m% éée wswal addvtion oF

(/ecéors £ and the wswual! sS&lar ma/é/,o//caé‘/m

. /s q tector 5/<Jace over 2he frelol

CZ/3’ 3 7 '/3>




/6.

Exam/é/e & : Show that Q@ together with
the asmp/a//k‘/b/? of veclors —4 and the
uswal scalar ma/f/'/o//taz‘/bn e /S a teclor .

space over the usual Freld of ratrioral
numbers (Q,+,-)

Solution :
Yv=(u.y G ) s w=(sw, w0, )
= (/’ﬂzj’g’/y)€q cma’ Vrse@ a/eéau,e

(y+uw ,Uzuu z/fwa,U,,ﬂ»w‘,) e Q7

L SINCe (//+4(J/ ;({szzp%+w33(/;/+wz/ € Q

2) VU +W= (4,4 ,0,4)+ (@ 4w, sa),)

= (G, Gty s Y+t 54+,

= (Wt ;& +4, ,u, +, a/+u)

= (W ,e0, a/,w)+(u,u Y)=w+t o

3)(u+w)+;

= <(U/D 2 > Usg(/,;,)‘f_'(a//:a/z: 6(/3;4(/11,))""(% )0‘/2)%%)
=Y+, , Y+, , Yty t/-,nu/)c}-(yz/ %,6%,%)

e

= ((ra)tg s (Grag) g (g rad ey (G ra)ey)

.

(U+(w+ﬂz),z/+(w+;),u+(a/+/3 >+ (4, ‘/‘/ )}
——\V,’vz;v )—f-\w-é-/ AU+; W'z"/a w-f-/?

=250, 4549+ (s s+ (Yo Y d,04))

=+ (W ) ;

4) 0=(0,0,0,0) simce
Ut0=04.¢,4:4)+ (0,0,0,0)
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B U=yt .-,
vV +=u) =((/,;U2,(§;</17,)+(—(//’,~U2J~¢/3 a-t)
=GV oy, sy - y)

= (0,0,0,0)=0 ,

) r.t= reluy .,y 5 54,)

,—z/lf) S/nce

2

= (r-(s.(//), rolsy)srils-y),r (544/)) ,
= ((7”-3)'({;(}’—5)-1/2 s (rs)-Y, L 5)1/4)
=(rsde(v,y, .y 5y,)
=(rns)-t/
8) (res) . v )
=(rrs) « (Y.y .0,
= {(rrs)-¢ ,(V+s)-vz,(V+5)—U3,<V‘+S)-(/4>
=(ry+s.y .ryq FS L o Y FS Y Sy S )
-_—(V‘-U,,r.zé,r‘.(/s,r-(/‘/)-}- (5.1/,,5.02,5.%,5-4/‘,)
=G G y) S (Gl Ly,
= VFel/ 4+ 5. U
1 re(U+w)
=7« (Gvbgo0))+ (WL w0, w,))
=r o (Y+d), , 4 i, Sl s Uy, ) R
=P G P, rily v w), r lyrw,) s r (o vul,)
=(ry+ruw,, Rl R U s Pl s Y )

=(ru, Pyt Sl (ra ,ruy sy i)




/8-

= et Gy G ) e (s s )
= VU +)”obU
10) o U
=144 %5Y%)
=<’-‘//:/"/’2:/-</3;/-UL,>
=(Gsv,58,4,)
= ‘

Thus QF together with the usual adeltion
of vectors + and the wusual scalar

Mz(/é//w//caz‘/on . /S a wvector space oyer”

 the wuswual fle/o/ oF /’az‘/aﬁa/ nwumbers

(@s+s-)

Remart : Let (Fov..) be a beld . The set [=

M (F') of all mxn malrices oder 2he

s ;-:ﬁe/a/ CFotsm ) (z e. the endyies of Che
alrices Ae/o / to F ) togedher a//a% c‘ée

usual addition of malrites ano the us«al
scalar ma{/éép//caf/a/? o £ mialrices b
scalars s a declor S/Odce oler” the /e/a/.

CF)‘/—’ )

EXC(M/A/é 7 Show L‘éaé‘ M (}23 éyec%e/‘ .
with the asaa/ Al v 2o 17 o/“ Maf/‘/ces ane’
Z‘Ae é(SA./a/ Sca/c(/‘ Ma/z‘/é//caé/oﬂ o/’MaZ‘/"zces

é/u SCa /ax‘s ;S a Ueclor S/OCZCé.’ oyer a%e,



usua/ Frelol o F rea/ /M/Mé»c’:’fs CR,+.,.)

So/df/oﬂ

/\’\AM"\'V\

Vo= (g g ) w=(2 L) #=(C e M, CR)
Q'?a/ b/)";\SG/Q wWe Aqye % |
0w =G )y G0 L

€ %xz(/Q> S//?CC %'f’“{/ 2 /2 d//zp U/f‘ai/;gz?“d(ézepj

2) V+W = (Z’ ‘/z> (

2

. <L/”+LU” Ufz'/_lulz
4

/+uél

7"1/”

N

&

! 27—[72 >
%
a}2/+ U?-I 6()22'1’ 22

wr
174 bulz \ [/Il (7,2
w w + v U
21 22 2

Sl w+U 9

3)(u+w>+/
; ) ( )) (%/';2)

ll

/UI/+(’U U/; N + /. é/ N
Gy, Y, ) 4 )

<('4/+%>+a‘4, Cf/,zv*%>+;,z>
ra )ty (Ut ty

Il

H'

1

1
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< YWy rg,) Yyt (W,+g,)
Yyt (i) 4, +(%y g2 )

O
W'fj,_, w22+/22 ’
< L)+ (2 B (L)

- u+(w+;/) )

ll

i

1—/) 0:(2 2) s/ince

0 o -
V+0 = e )—f—( >
%) Y o o
_ (‘/11+0 (/12+O>
(/21-1—0 %21-0

2
5)—U=< n T >smce
Y Tz
Y, U/Z =Y 2
v +@v)=( )*( >
( ) Y Y % =%



21.

1l

smce p. (//jy\ Y,

7) r'<5-U):r.<5,(:”

()
X

<'”(5 v
- V'(S'%l)
_ <<r.5>.u
B (V-S).UZI
=(r-s5). (’/
2_l
=(rs) «
8) (r+s). U
= (r+s). ( ” U
<(r+s).u,, (V+5)-L/,2>
- (r+s)Y,, (F#s) Uy,
("'”//+5-‘4/ r-u,2+s.u,2>
2]‘[’5 2] ?’-Uzz—;-s.[/zz
Y Y,
w<r.uu ruzz)’f-( Y,
V/(

Y e R

~ (s.(/u) '

</,2>
UZ

(r.s)-
(r.5).

U

2
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D re(+ed)

:V‘.((Uﬂ Ufz>+<w’f LUIJ))
Y1 Y, Wo W,

- . <(/”+1.u” Y24,

YUt Yt
— (V‘.(ql.,_wII) e (,+ /2))
}".(UZ,+ wzl‘) v <Uz‘z+('a22)

—<”"U,,+f‘-w” VL, T,

posy

A A

~(- ) ) (V&{/ V‘C(/
I
. Y w
N ,2>_M< =
. Y2t Va2 W, W,

r. +r‘.¢</

[}

i

22

Thus szz(/Q> éo;aé/)c/‘ with the uswal
__ao/a//'é/bﬂ of matrices ana/ /_’"AP wuswal scalar

/s licatrion of malrices b scalar s
/0

A vecior S/bace over the wuswual Freld of

real nambers (R,+,.) .

Remart . let (F,+,.) be a freld . The set

FLxT of atl /oo;woom/'a/s M X over the Frold

.....

[0y rw ooy ( " )=v
' e Y



;
i
i
I
i

!
I
|

A CFL s ) <£:c2. FLxJ /s the set of all Furnctions

that can be e,X/ofc?SSeo/ &S /0(x)=_0{” x"+ C’(n /x"”'.;.... .

+Q X +a where ao,ql,...,a,?g[:) 1S o ector
space over the Freld (F.r,.) .

. ‘Rgmmﬂk‘s ’

1) Ez/e);/ Veclor space V' over the uswual Felof
of c_aM/o/ex numbers rs also a vector space

over the wusual Field of real nwumbers and alseo

a vector space ocver the wuswal Feld oFf /‘aé/o/)a/é
- nurtbers . |

 2)5{/€7 vector space V over the wuswal Felod |
 of real numbers s also a veclor space over |
| the asaa{./;*c/o/ oF rational ruwirbers.

Theorem | : [ el the set [/ booedder with the
Zu‘z?a7 operation + and the Scalay multphication
f e (ma/é}o//caz‘foﬁ of vectors by scalars) be

a vector space oyer a field (F,..,.), then:
£) The /'a/e/zf/;z/ eleprent ( Wrth }"eJ/Uecf Zo +) /S

| wnique .

L) Each element v of V' has exaclly one
inverse element (with respectd to + ) .
Neze) IF v, w,yel ah%/+ z/‘;%'.;- wothen v=w .

Cov)If ’u,w,} el and U-+i/ = w—r; thern) U= .
V) EU=0 Huvel . | | |




o




24\ wid k. O=0 VleF .

UZZ.)][/Q.(/:O t‘féfﬁ /é::z ov U=0
Veed Y (=) o U= FrelV .

Pl"oof:

L) Assume that V' has two /'aéﬂf/;a e lements K
L and e , thern we bave

U+0=0+U=U I/ l/
| and UV+€ e+ U=y } ver.

Hence € = O+e =0

Thus Ehe /‘c/e/;z‘/'z‘/ elenend s ((/7/?[/6

é.é) Let vel and assume that o bas tewo
nverses  —y ano( W o, hen we Saye
Vt-U ==t + / =0

and U+ W=w+ V=0

Hence —U =_ v + o

= —v+(U+W)
=(—v+ U )+ W
— O+é</

. = .
- ThRus U las O”é one 1nverse elepent .

7y Ir Y+ Y. :ﬂq+w then
- = 0 + UV

= (¢ +y)+v
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= ¢ + (g +V)

=—y + (g +w)
=(—y +4 )+
O + W

= w

0 ). If Vg =ty ther

U =U+0
_:u+(;+-—/)
=(v+y)+
=(w+y )+
:w+<;+~§</>
= W+ 0

o

I

V) o+(z.v)

= Z.U

—(Z+Z)s U

=(Z. 0 )+ (2. V) Vvel

Then é/ (v) aboye O =Z.V

{ve) O+ (k.0) -

—_—

k+(0+0) o
-:(/<00>+(kr-(7> V ke F

tveV .

Ther é/(é'(/) above 0=k.O VkeF






. y[(‘):b;l/((/) above koU=0 when k=2 ,
Assume ¢hat kel!=0 and k2 , then

.:-"I ' o
0 _;_.0 é/wé)aé//e

\veed) (—uy . v
=(-u)- U+ O
=)o v+ (U+-U)
—(—w)eU + U )+ -V
=(C-ud)e U F UV D F -V
s(~uU+UD s U+ —v

= Z a UV 4+ U

= O + =V

= =V

§4: SaésfaC@\_s B

Defirnitron Zéf' Vo tooetber a_//é% @ é/}ya//
O/Oekafx'w?- + a/e/;'n,es’a/' on V and a scalar
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Ma/c‘//'o//'caz‘/bn s be a vectr space over a held
(Fots-) and let W be a /70/7&/97/0?# Subset oF
V . IFf W s avector space over the same
freld CE, +,. Y wirth /”ej/decf to 2he same

| operalions + and . of the vector Sspace V', then.

W is called a Saés/)aca of V

M; N /s « sabS/oace of a vVecZor
Space V over a freld (F,1..) /FF
() W s a noﬁeM/OL;/ swbset of V (se.

DHFEW =)

) W Js closed wunder the é//'?m}v

O/Oé’raf/'o/? + oefoned orn V (7.e.
v+welW Ve,we W) .

;/?Z') W /s closed wrnder the scalar

Mz//z‘//o//'caé/oﬂ « Adetined on Fxl
(ce. kovelW VieF and YVoel)

Froof - IF W /s « Sé(és/oac& of V Zdhern éﬂtx

;'t/'za Ae Frnrtiorn of SaéS/oaCc W< and W

/s a veclor space under the é/ha?/ |
O/oefaé/'oﬂ + Lefined on V anc/_é/?e scalar.
. S"Ma/é//'o//'caé/b/o‘ o defined orn Fx l/ (ie. '
e FxV —> V) . Henrce 5/ 2he clefinitsor? '
of vector S/OaCe W s ﬁaﬂeM/oé, Whreh ’'s .
| a swubsel of V (le () is satistred), and







. 28.

U+ € M/ Vv, wellV éy the First /ofa/Oe/z;/

of the definstion of vector space (d.e. (&)
is satistred ) anod kovelW FheF and Vuem
é/ the Sixzh /0/0/06/”? oF the deflnritrorn of
vector space (ce. (cc) /s satrishrieol) . |
_Conuerse% s i W o sadssFres ), ¢, anol
(ec) then W Db and

1) Vo, w we bave o+ e W égy ) .

| 2) V&,WGW we bave V,we YV (siice Wg_.

V' ) and herice vpw =wpd .

3) V(/.,a/,/ el we fave U;w,/gV (s/7ce

we V) and berce V.,_(w.,.aq): (u+a/)+ay

4) Since Wt D thern there exists we W .

Hence 19/7(5?2) Zz.wW=0elW and VveW
we bave veVy (since W V)and thus
U O = U .

5) VvelW we have by () —u v

and U+ -t =0 -

L)V ke F and Vvel we have kove W

b/' (¢ez2) .

7) ViheF and Vv,welW we have v,we V’

hence ko (Ut )=KkoV o+ kow

” 8) V_‘k,/e'/: and YV ve W we have ve V.,

hence (k44 etV = kot/4+ Vov .

9) Vi, leF and VvelW we have Vel ,

hence (k.ﬂ)o Ue=bkeo (Lse)






i
I

290D Vve W we have el , hence wev=v . |

E_AQM/O_/@ 1 list all e sub paces. of thbe. |
| ector space R quer R, e ). |
N Solution : The ,s.a.és/a.a_c_cs oF the .z/céz?ar._s/aQC<=
: Roner‘ (R,.;. P > are

et §(050)} /s a __sa,é..s/oac5. .
2) Vhk,leR 5 (kd)+(0.0) we have

) _//%Mp: {( kt.,,ﬁt").,_/_._t..eR { /s asubspace .

ol deevery sdraight line passing throxok
______ | #he. OV%/gUO(oj/Z)“ o X z‘je /0/656 /QZZ:

a .,s..aé_S/@’ace of/?z oben’f(.z@?,+, ) ) )

. 3)/?2/6 a sud space .

EXQM/O/e 2 Lss¢ all the sabspaces of the

vector space E’s overr (R,+,.) .
Solution . e saés/oaceg oF the tvecdor

S pace R over (R.+.-) are

| D) }(O;vo,o) ffs a saévS/Oacc .
2YVk,lomeR a3k, 4, m )t (0,0,0)w

- have M{;/’m ={(4.¢,/z‘:mz‘)];‘e/§‘§ I's

a 5aés/oace . (c.e. cw?//”y strasght Lre _5

| /aassf/;q L‘éfoa/é the or%/'ﬂ OCo,0,0) of &he

| space R over(R,,+,.)) .

YV kAo e R > (&, l,m)£ (0,0,0) we




Lo .3.0:., -

have N __..z (x z)eR IAX-/-,ﬂm-f-ma O}

rs_a_ ,sabS/oace (< e c!/e/ plare. /0455//

/s q,,_saés/oace R over .. (R,—r; ))

_ Lf) R’ /s o saéS/oace

'.OI/CI"'(R s )

Is5._a. saéS/oczca of the vector 5/oace 3

3 LG IR e ée Secaﬂa/ CoE ';'aﬁéﬂf /5 o .

Solutisor

second. . COM/Oa/?eﬂf /s 0 . s W#;b
717/(/ < )é(/ Cw,aw) W we

have.. |
U+ = (UI)OJU )+<w/;0)w>

._((/-f' },O Yy, )eW 5//?ce_(/+w

/%3;’0////) the. or”///? 0(0,0 0.). 0); Lhe space |

..,Exa/w/o/e 3. SAﬁw ééaz‘ W- g(x o,z)]x zekz.._

Solutior : The Uector Co,0,0)e W sice a‘ée

l7’/<ez‘? ano/ VU (z/,o,u)e)/l/zu‘e éaae_

kv =k (v ,0,0,)=Cky,, o,ku)eM/smce
ky, 5 ku, eR ard é/ﬁe second compolent is 0.

;7%4(5 é%/ Lheorem 2, W is a Saéspace oF

R’ over (R,+,- 3.

ExaM/o/e 4 Show z%af M/. .{(x/u,z), XV-}-ZZ o}

/s a saéspace ofF the vector sppace =3
QU@)/‘ (R ‘o - > .

. The vector (0,0,0)elW since



3/.|
W v=Cht,0) s w= (W, ,w, ,a,Ye W we have

1= Y
It=0+0 Since U=(Y,4,,U,) 0=, > )

k V=k.(U,0,,4)

= k.0 Sinnce (U5t U, )e W which

0+0+2x0 =0 . Jus W £ 95 _

:((// 7"“//’(/2‘*‘“/2 > Uy Wy Ye W. smce . .

| Lyttt ) (U, H 20, 0, )

L — (/l +LU,+UZ+ U/Z .-/.-,..2(/3 +2UW,. o . . ;

UV, + .L/z..—/:.z Ug’ -+ LU/'"'/"WZ. ._70-,.,.,2.a/3

€ //V which means tat U, +U,+24 =0, Wféd+2w;.o.

-0
v k e R .axz.o/_ﬁ/y:(l/,,z/z,z{? Ye W we bave

L= ,CkU, ,/(UZ > k//e >‘€ W simce
kv, +ku,+2kv,

L= k (U/+.UZ+ZU5 )

wicans 2hat Y+ r2d, =0

=re)

77(/5 éﬂz/ éAea_f@M 2 , M/ /s « saé,s/oace O/F

3

R ouer. (R,—f-; . > .

Example 5 Show that We (L 3,)]tase RY.
L Js oa saéS/oace of the vector s pace l\42x2(]?>

;OUE}/‘ <R:+i‘>' :
- Solution . The watrsx (2 g>€W,7A_2/5 W;égb




—t, . sl . ) e 'sz ) o :
. ) €
V <3t( 54 - "’<3i’= 5"-2 > W We éd..dé.

3..(‘.1‘,.-/-:2) 5(t+t>> W S/nce c‘rt ,s+seR

VheR and ¥ (5 2)W we hoe

| T B L =
/< (3;‘ .:é. ) =‘.,</<.3z k-:z"

| S5 Bases and diepsion

N BPetinition i L

N Told CFor.) . £ gector w /o called

3(// —-(/Z.'f—'(/\g:\g(/?,)[)— <2;0-:3!)'1‘C/33J4() |

/éé" ks o
= (344_2 skt )5 M/ smce k& ks e K

L

véeu a: uecz‘ or sﬁf_,’;{_‘._ce«a‘,}-E:Ié’éi’ |

a Jinear combination of the yeclors U U ]
v, /F W = ,%/(// F kU k for s0n%8 '

,k,k ,---,k e F .

Exam )0/6 2 In éée vector S/Oétce F\D oter” :
C/Q -I—;-) we tave w=(2,6, V) /5 a //ﬂeq/‘
Combination of z//:: (14759, (/2_‘__<2 0,3),
vana/ U, =(1,3,4) smce |




1=03,3,0)-(2,0,3)+ (/,3,4)
= (3224 ,3-0+3,0~3+4)

L Excwz/o/e 2.0 In.....éé_,e._,..aecﬁan,_synac e R __?.oaer
L (R, +5.) , Show that w=(5,7,-1) Js
& linear combmation of the tectors
U =050, 4 = (10,0 a0l gy = (2,0, 3).
1 _,_,_.So/a.é/.f,o.n;:,. To. show that ) rs a bnear
| combination oFf Y s, s, e showlsod Aure! ;
k/.,/cz,kg e K such that k/z// 7«-/(’&&/&—/-,@//3-_—&(}. )
Now k/u/ # /éz_l/z_--f k\; Us = W :
= k (U, 1,0)+ k& (1,0,1) +4k (2, 1,3)=C(5.7,1),
=> (ko ky s k) # (k05 k)t Rk 43K )= (5.7, 1)
= (k+hkt2k, shk+ork, sk r+k+3k I=(5,7,-1) |
= k;+kz+2/<3 =5
/<, “+ kj = 7
/<,+ k2+3k3 = -1
é/ 4/5//?/ Cramer’s rule we have

: 12 I .
/9";// o | =1./73’/"'/1 3‘*2//‘ (”
[ 1 3
=1 (=1)Y~1(2)+2.(1) = —)-242 = _| |
s r '
BN P VY A PO S

g 1 2
[/’7’{—‘—'/7 o 1
-1 ! 3
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liar=]

= 5 1) =1-(22)+2-(7) =-5-224/4==13

y 152

SR WO Sy B P e P R

[l -1 3.

G s (raa) maao b |

15
0.7 1=

AR o

b=l

and k-

Hence w o= /3.4, +‘/ Y, 5

: o/e)?oz‘eo/ /¢ é/ W = spas (S) or
W= sparn ?'u Upseestm § =

= (=7) =L (-8)+50)=-7+8+5=6 .

; //n/s k= /ﬁ,l ._,‘_‘.‘-/3 =13, kv;- [A, | ==4 _y,

" W T L

- - _&
/m -

| De/;ﬁ/ é/o/) /_ezf‘ V ée a Vfce‘ar 5/0ace ]
over arfe/a/ CF,+,-) and /led |
Y_S.::..E.U./.__,..l/

---,(/mf =V, then the saéS/oace%

2 2

W _of YV consisiing of all linear
: Comé//?az‘/aﬁs oF z%e Vectors /n S /s .
N called the saés/aace Cor the vector s/oacej .
S/oaﬂ/?é’a/ éy /, Ly 5--- 5 4, and we .s?/ Lhad

2"‘) 77

| the vecdors v, Yy, span W , and we




35,1

i

- Solutrrn: let U = (x/,ﬂy/ ,0) be a..y Ueclor
U= (x/,// 5 0)=x.(1,0, o) + 4 (95 1,0) .

| Comtbrialtion of the wveclors s S .

| heretore M/;._S/oan (S).

Example : Lez W=[Cxy,0)[x,yeR 15 a
Saéo‘/aace oF /e\?ot/e/‘ CR.+,.). Show Lhat
W= Sparn (5) , Uhere S:,Zs(/,a,o),CO,/,o_)J?.
58/0;05 to W thes

Thus every Mccc.‘of_éeéz%os Lo W Js a lsear

| 2767(;}7/2‘/27/7: £ S= {t//)l/z,---,é/mf /s

a noﬁem/déy.scez oF yeczfors, 2hern ziHe
vector eyaaé/'o/?

bhas a? /leas? ore Solediorn chied Is
'k/_—_,éz:“.z/\fmzz. |
IF 24is /s the anéa SoluZron , then S /s called ‘
a //hea/?//a /'/70/6/06/70/@/72‘ seZ . 1Ff there are
ottber solutions , therr S Js called a /xﬁea%

, .o/e/ae/za/c/?z‘ set .

—/7-80/'6’)77 3 ZeZ‘v 1/ ée a vecior S/Oace oer
a Frelod CF,+,.) .

| £~ A swbser S of [/ with wore 2harn one

elepient /s //'/?ea;?i o/é/ﬂzf/?o/é'/?z‘ VAF at fepsd

one of the vectors Is a linear combinadion



- am o,
SRR SN

 36.\| of the other vectors in S . .
et A ._:.,s.dése.z‘... S oF V  wirth wlore har 0/75'
1 element is. ///764/% /ﬂaé/@e/?a/e/?f I s
N pector sn S is a lintear cambinalion. of. |
 the other ectors i S - L
Mosii— B Fonste swbsed S. of. V thal contasss
..... o the zero vector O IS //'/.zeaz;// Qé/we/mé;?z‘. _
(v~ A subsetd S of V with exaclly two

. Wectors. is .//}?earﬂ/z/,../}za/e/aeﬂa/emz‘ S

_./’}e/'éée/‘ vector 1s a sca /a//_‘ m?z/a‘//'o/e af
the _other . . . |

|

- Example | - IF v, =(3, /,5) and |

U, = (9, 3,15) then the sel S=Fl . R
3

 the veclor Space R over tte feled

Example 2 IF =(2,3,4), v, =Clsl52) |
and V\?.._:____,C_.3,,.5,é) éééwgz%é seZ S= {"4152{/3;
i Ihe ector 5/06?0‘-’ R cver #he FHeld
_('/Q, + 5" ) /S //'ﬂea(”//iy _o/é’ﬁfﬁa/é‘/?'zé Sir7ce
2, -, -ty =(0,0,0)=0 .

Al Example 3 Letz Q@LIx be the sel of all |
%O}Vﬁ¢mk&/s rn . x  with rational Coe/rﬁ'c/‘e_/?zﬁé' .




QRLxI /s a vecdr space over the Freld
1 CQ,+#,) .

- FProve or .,o//.'S/O/oi/e 2hat z‘éc';e!
5“‘(;/0 (x5 P ),/o Cx). f cdé/'c/é’cwf\s/js-zﬂs .
of Zhe /00//?0/%/0/5 /a(x):- /- X 5
L P lx)= 2 +3X ~2x% aﬂo//o Cx)= __5 pgx X
S ///?ea///// o/e/oex?g/e/?c" -
s~ Frove or a//ls/z}/‘ade Lhat 246 se .

7 = {/OCx),/O(xjg a/ée/fz: /b(x) aﬁa//0<)<3 '
are the sar?e /00/170/7///0 /N/@ﬁ 72 ()
abole /s ///?c-:a/"/ a/e/de/?
I Sosuiwos
< - A ~I'<$<> +/<2/gc>u+/{g/§o<>=o |

o= A (1-x) k(278352 x2)+1}'(—2i #+3X —X) =0
->/< kx+2k+3zéx—2kx-— gf-g%x—-ksf:o
>(/<+2/< !<3)+C—/<, +3k£+3k3)><+(»21;-—(;)x"_—_0

-—> k -;-Zk -21k3:O ---@
| —k +31< +3/<3 =0 (@
1 -
| “Zk.z - ks =0 -3
| 12 g 3 3 1 :
-1 3 { |=1 3
= lﬂ]:"}"[ 3 3 }:1'1—2 —~1 ]"210 Iy dE/o _,.2]
o -2 —| = 1(3)~2-(1)-L(2)=3-2-1=0

a/é/cﬁ wmeans thal w{e Séoa/o/ take oﬁﬂ/.//

tws of the cquatins (D) ,@ anl @) b6 find

E the //a/zzes o_7[' /(’, é,a)zo/é) P27 a////.a‘_aaé_c
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Octna/@

Lo
% k{ +2-k2"‘2"'

I | i 2 -
= IBl= l_[ 3 J='3_+.2::5

| 2
Lk

7.5} [ = }-3‘I<3 3 ) = 7.5 /<3

z’:akek 2 then k 3 and A, --_I. ,
The's 3/0(;0 _./ocx) +2/0(»<).__o wé/cé means.

| e PET PO k74 & arE /‘ﬂad/gy

e, S s //ﬂca/ﬂ/y e féﬂa(f’/ﬂf
/- k y1E + K C PO =

-;»>k (/- x)+£2(2+3x—zxa>_—.o
=k —kxr2k+3kx -2k =0
%(kﬂ-zkz).,. (- fakz)x ~ 2/<Zx2,—,o

'==> /(/ -i'..?.kz — O -*f@
-—-l'<, + 3 kz == (B
— 2 kz = —--@

Ma/z‘/'/o// ayaaf/bﬂ a9, é? - 1’- ;2 we ﬂ?elf




Al k=0 LB |
swbstrtute (7 ;7 @ 5 a/e/eZ‘ '
Thus /é{ =0 and é =0 wWhich means LhaZ

P (x a;_ya/ 0 0 are ///7542/“//,0 /}?a/e/oeﬂa/eﬂz‘,
g'-/.e. 7 s //}7(_024/%/ /'/za/e/dfﬂc/eﬁz‘.

Definition : Let V be a vector space over
a felel (Fotse) anol S=f§0,.6 54,35
L a Set of vectors in V , then S is called
- a basis for V /F S ss //'Mf'af//y /kaé/o'eﬂaé/?z‘é
and S spans IV, '

g

Theorem 4. IF S_;Zfz//,z/z,

. -,%f /s a basrs 3
; /‘0/‘ a veclor 5/9&(:@ V' over a /'/L?éz/ (/——,, #a - ))
Z‘A_é‘/? ez/ezy’ vector o Vo caw be

L pressed 1 he formt U=k ok Yootk g
7 exacz%a oNne w%y.

Froof: Frery vector Yy ]/ can be
wWritten as a linear combrialions of the
| ueéz‘ofs S sice S spans V.
 Now. asswumie thal 2here s a vecltor A7)
V a/zo/ Q& ocar be ex%fessec/ as a lwear
Combrialion in ftwo ways as follos)S

We ko phirr by ) and
w:cq+<:z¢{,_-/-:.~‘-+cﬂ'c,,f) _@



- HO.

-S‘Qéz.‘fa.cfféy
......a)e'/ec" - . o
(,él ~c ), + (k-c ), +-4( 4

~ {
T

; .6.7240!-;‘/'0;4 @ ﬁ”am -eyaac‘/b/? @ 5

= )% =0 |
tre k-c =05 4-¢=0,--.,4k - =0 since. |
S /s //hea/‘é# : /hq/e/vena/eﬂz‘. '

Thus £ =c, , é:cz,.‘..,éﬂ:c,% MHence w

Can be eX/O/‘eSSca/ ’72 exact;/ orle a/afa as

a. Jinear copibiiation of the Ceclors +7.5 ..

Exam/a/e | : Prove that 5.—_-(5(',;/',,4]? /s

L. a basis for /e tector space R over

2he Freld CR, #+- ), where ¢={l0,0) ,

)= (051,0) , k=(0.0,7) .

Sotution: S /s [f'/?ea/%# /}?aé/we/?cé’/ﬂa‘ S/)?Cc?;
96‘/-%(/77‘*63/6::(_0,0,0') |

t D> E Ch@s0) e, (O 50)+G (0;0:1)2¢050,5)

= (cC ,(j,O)vP CO,CZ,O)?—'(('J,O, C:?):(OJO.JO)
_T_,> CC;PCZJCSJ:CO-’O’O)
-—éC,r-O,czso,?ﬂa/ G =0 . .
Also S spans. R swmce VU=Cq,l£,zé)e/? |
we have
y=(0’/; UZ,"(/SD

1’("//90;0) +C09(/z_:0)+(0;0:%)

= (// (/J010)+Uz<0)/70)+% COJOJ/)

= U ¢ +U2J +{{,§,k

/ - ) -
. » 3
Jhus S /s a das/s Apr e vector s/wace <




4L

»o()ef the ;Ce/c/ C/Q, —/—,-_) .

;_De/\/nimﬂ Te sez‘ S = [e S &, 5 ”f

| where e =C(1,0,0,...,0),¢=C01,0...,0),

,c 6”:C0 Os ——y 05 1) (el,'ez,---,é‘” are

| /;__éa/o/e D s a basis of R over Zbe
Freled CR ... ) which /15‘ called Zhe

stanclard éao‘/s o/ 7? oer 242 foeled

| “ CR+5-0-

ExaM/o/ez Zeé u=Cls1,0),u=_(0,1,1), ,
_.C/ 0,1). FProve that S = fa 2l 5 U f
/s a bas/s z@r the eclor space R
" over the Freld C'/Q,f«;-).
So/é(f/dz?:
ko 4k, +& d =(0,0,0) .
= /<(/ 7, 0) +é (O:151) + 4, (1, 0,1)=(0,09)
= (k/,k,,o)#-(o £, AJ+C/< Ojk)_(a 0,0)
= (k,f—»é k/f—kz k,z-g) (0 0,0

= & - +k =0
k + k -0

{ 2.
kL+k3:O

| = z/-z/:/.,’ 7 5}:/.!,’ ol-olo Dlerlo ]
ot o</>+/</>
o : n»/.-ovf/—

I | ' y




2.

k:_[_'?!.l__—:g; ,k:;/pzl_o_ k_//)]
N/ TJAl = 177_)7*—;—0;3—“97 :5:0

»x =2 5 s //hear;u motepenalent .

V- (v;,v’z,q;}c—"/?i We Ahacve.

Cl.a, +Cz' L+C.3-C(3::(/ ,
= €. (151,0) +¢.C0, 1,10+ ¢ - (1,0,1) =Cy ¢ 4
‘Z-Cff.’%w?m:<‘—2>‘"-.?.>‘+<%:°:%>=<¢4:°;:<§? '
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{ 2

—_ -0 v

IBZI I Y, | = [./1 US,! }O t.é}*’ { ]o |
o1 Y = Y-l wY =yt L

t c o 15/!- L/’;f'UzHU_g ,c_—_J\BzI:—Vr—f‘/z+g—,~_

" |8l 2 * 1B 2
L C = Iﬁsf :_D;+U2+U3
3 |8} 2 | |
R 3
 Thus S spans R over zhe Field (R, 4,.).
- . . 5
Therefore S /s a bas/s for R over Zhe

' ;L;’ﬁ/o/ C/Q,-,l—,)

Detinitior . A norizero tector space I/ over,

a f:"e/a/ CR,7s.) I's calleod a Finite dpmensional

/'7F V contains a #iste sel of vectors
?(//,(/ 2 s U, f that forms a basis . IF so

such forte seld exists , 2her V' Js called
/’/7//7/&‘& c///ﬂc’/?S/a/Mz/ . //ie zera cector s/oace
/S /‘f/qa/o/e'c/ as FHnite osmensional.

Wea/em 5. If V /5 a //"/7/'1‘5 dmensional
u. ector S/OQCQ d}?a/ fy)%J_“}'%g 75 a/}y éas/s

Lor V, then

| every Set with piore £han m Ueczéfs /s
//neaz;/y dependent . |

e No set with less than » pectors Spans V




2 S

2,) ) a//”éc e @ma/ a//% C ’7: 29 drz

Detinibion: The dimensron of a Fmnste
olimiensional vector space V' over a Aeld

CF,#,.) /s a/e/?aéea/éid o///ﬂ V' oand Js

e nNed to be the rumber a/ dectors 1
a basis fo,r V over the Frelod CFrl. )
The zero cvector space AeFTred to have

A Zero ofimrersnsion .

£ xam/a/eo' : ) _ N
/) 0//»}_ Flen, tence we Aave c//”f() R =r.

. ,?

n

C /S of’ /ﬂ/ 97 2e c/ PPPEN) S 1O I? oL/er~ Zféé_
fe/a/ CQ, +,.) £or eacé 7N =1.

3) R” ;s of IfInrte domensjon oder the
Freld C@, #5-) > Jor each 25/,

4 ) a///% M o (5 ) =mn where meﬂ (F)

/s éée z/f_=cz‘or~ space o alf wrxr
malyices over (Frrs') , hence we have

0//-% /\/I/Mx” C/QJ ;—_ mr and a///}é %M(Ql—;mﬂ

.8

Theorzn & Al bases for a Frite diiensional
ectsr Space have the samte rwumber of
‘. Ueclors . ‘
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' S/MZC@ over a el CF,r,. )Yand. 5_;/, z’“‘:;

/ﬁea/em 7 .// V /'S ar /7—-0///%6/75/0/74/ Jecz‘or

e }/ Lhepn S s a dasss f}" Y oz/e;"

é/ze lakd CFp,. ) /F cidber S spans V
or S s /xzﬂecz.;/y Srofeperncle s

SE: ffpebra_of sgéspaces

:Z)d/[/?/f/on ch W a»?a/W be saés/OQCGS
oF Q Uecz‘or“ S/oace Vaz/er a /e/o/ (/‘; +;->‘5
The sed of all vectirs o whiod are S -

bots M{ ana M/ /5 called Zhe! //42"6}3‘(9(:5"/5/

o/ the Sa'és/aaces W Qﬂa/%/ ano’ /5

:a/eﬁd/éa/ é/ M//)M/

C Remark  The prdersecion W /) W o/~ 2he |

Saés/@a‘ces //V ano/W of az/ecz‘or S/OQCQ
V oler «a /;e/o/ (F; Fs-) L5 ﬁez/@/’“e/ﬂyﬂz‘

| 6‘1/1C€_z‘/9e Zero tectar O ée/(::/ Lo éaz% A

W, and W, .

Theorens 8 : The intersectiorn of Zwe
WWZ and W, o a Vé’cz‘a//‘-S/Oace

V' over a fefod CF,+5.) /s also |
aé‘aé\s‘/aace oF Koye% éfe 74&3/9( Chlotn.).






‘. el P /‘oo?f

|
T

1) The zere vector O éé/o/%ts Zo. W and Wi—..|. .
Wy /m/o/fes L"éﬂf Oe WﬁM/ //c’/ﬁcem
M//H/V# b .

2) Vo, Y, € W/)M/ we//zaya
U/;U GI/V az?o/ A GI'V_W.NQ///C/? )
/W/o//cs z.‘/aa‘ GG el a;éé/(/%é/eﬂ/ o

Since Y and. M/ are_szzé&/gaaces o 74_____
z,%a: Vecéor‘ Space. V QLer the. fe/a/ |
//?as AR W/)W —

; 3) Ve F . at?o/ V(/e M//)M/ e /zaao /w

re F ana/(/éM/;. V‘gFaz?a/(/eW o
Which /W/d//es Lhat r#eW anol ) j _

V‘{/GW S/ACe Wa;ga/ W Qye .

saéS/oaces o7 z:%e vecor space '

oter the foolod CF. +,.). [
Jhes 4 EAoore 7 2, Wﬂﬂ/ 15 a swbspace

o f fAe e ctar S/OQ‘C& Voﬂe/‘ the Aeld
( E; yalb 2 > .

Exam/o/e P Led W-{(x,ﬂy,z}ex? /Z o f
Glﬂa/ W {(x;,z)e Yo } =.0. f_ be
Sd(és‘/oaces oF dhe pecdqs space.. /Q over

the /e/c/(/g #5- ) Finod  2he S&éj/oace
W nw,. .




L 474k Sg/éz.z‘/'aﬁ’ : - e e

=3 Cx z/,Z—)éW aﬂa/ (x/ .E)é//'/
74

= 2=z0 and ¥=0 _

== M/,/?V'/ g<»<,o o) | xe/’?}...

Dcf/ﬂ/ffaﬂ: Zea‘ W 4’”’6/”/ ée'*‘g‘/és FAces

o a veclor space /4 ..,oae;.-‘_.a.-,.;..(.’ ol
| (F, > . ;’ : E@ subse Wa;l: V CONSIST g .
o all vecdors of Zbe form p Y s, whhere

éM/ aﬂa/d/eW a/m//‘SC/E A S ca//eo/

; zféa oam o7[’ //V ana///// and. a/efzozfea/é

, //V%M/ (le. M/+//V 2’r</+su/z//élf// ye

/heorem 9. ,/ﬁe. Scn7. of Lo, scz@s_,_aces //I/..

CF, +,.) Js also a_\swé.s/eaczce af V over the .
/-:'6/0/ (F.; 7"; )

Froof: 1)7_;3 Zero Utectsr O . ée/o)? s zf'o.W_.___._..T_

ara /4/ wWhie b //ﬁ?/o//es that . /. Ot }e O=O |
’ éé’/o»}ys ‘o Wv"%/ (dc ade Wv“W )4@
7) i (r i ) ( S

- (where (/,ajleW_ 5 U

7ys7 23 » SLQ/:;_); e .éaua_ |

é;M/i-/’V
Wz,a/lo/

o Q tieciop S/OQCC V oz/éra 7[6/94_,» o



.

(U +SW,)e }/}é because W/._QAO/ A are |.

swbspaces o/ Fhe Veclor S/Ucz_c_e.;_// ot/er~ .

éAe /ge/a/ (F-: - ) . | : ——te S
-3.) Ve F and ¥V A M._-.;-.-_){z'__.(/.é_)_@_//% 7LM/2_3H~_

77 ,
/7 .Ad.(/e 7 C Y, ¢+ i;‘_(/i)-;—lf'l;;a;—[-ﬁ}::;g_(é__,h

€ W-f-V/g s K, v GF’ el

- Thus éﬂy bheorem 2 , W/ * s .a.subspace ..
oF e et space V' euer the FredA |

CFr..). e

~

f}f}m&é L'_F,Z" ﬁV,:(f(fx,c/,o) j X & R T aﬂpf,
/g:;(o,/,a)// e/@f be Sa_é:/aaces o the
vecdor space R over the Belod (R, ., .5 .

Frned ¢hbe SzgéS/oa'ce ///V%%

W-/—WZ = iV&; 7‘-5%} V‘,SGR anof({éig,(/zﬂ_e_ﬁé_,;;w

:gr(x;obdfd(@/;a)/’”»5/X;/:G R f

= (V“X;OJO)?"(OIS;O),G'S,-X—%€Q?

Sl sy od [ sk, e R

= {(X,',xz,o)[ X ,x, &R ;
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S7: OKféoﬂofﬁ?cz_/" Boses i R

i i, e e P P e e N e, e b e i

Dettion : A set T Z7’ ,
25 Ca//ea/ or-tbosonal e V{ : f-’//’ — //‘ Z~+’—J ,
OIYQ/ Z,(/::‘ /’,27'---)/34. )

»

Detinition: A sed T =7y ,,%,-;,u frn R
15 called ordiororwia/ s ol -...rﬁ/..’.. = ok
LHFY and L) = 1s2a s s ano/ //C/ =1 .
NN >

z_,--' o f Ae

an orz_{é /ﬁ/?c?/ Sed 07( RO Zero ector s //?

X 7 Jhery ] s //i’cf’a/%a //?a/c:j,oeﬂaé’z?f

Theoye n 10« /=2 T: ¢, 5

f be c?/? o
iwi;//é‘cf’a/"\s‘ v }? EE

//Jvc’a/‘//y /Jﬂa{f/aeﬂaé)?z ]

'E)(a/??/o/f: Led U = (05 043_,0,0) ‘-—__w—u

| -42=(-0-8,0.4, 0,0) =( 0,0. /,0) RN

Pfol/ﬁ that the S@Z" 7- ? > f LS. .._.___._;_ :
Orfboﬁo/‘ma/ T -
. ’So/d(g‘/oﬁ L S

Y = (08508,0,0) (~0.8,0.6,0,)..

= 0.6 x (—«05) F 0. Ex 057#0.&'04‘0}(0




‘. s0.

= L0 Y8 +0- 48 +0+0 = O R
v .ty =(0.6,08,0,0) (0,0, 1, o) [

Ié[/g:

—

Sed.

Iyl =

O.& «O0 0.8 x.0 + Oxl + C’."‘0.:.O‘fa.ta.,t.a;.a.-_._A_.

The J/I;ezL T = {U/ » %"Us F 15 asn »,.0).’}:%70/_7&/_

(-0.8,06,0,0).(0s051,0) __
~0-8x0 7 0-8xO+0x!+0x0 =040 poro=c

V-6 (0-8 Y +0)* (0

(0. 5’_) 2+ (a.g)z-f»(@_)f_f-(g)z e
l/o'é Y+ 038 +0+.0 =V I =1

Nl = \f oy 7 o+ CZgg?

. The seld T = g(// >, Ug; 1S an ortbopormal

set .

Lefinison . A hasis 3 - Fthsne § Sor
s called an orz%;yqﬂa/ basrs Ffor R7 ;L
B /s an orié;?oﬂa/ set . '

2 |

Detonition - K basrs B:{(/,, syt § o X |
e e B R 2 n ’

s calleed an ordhoroyma/ bas/s for R AR

_,B N Y. Orthonormal sef.

Example s let (L 1

_ /
G
the basss

Vz “yz 7

JT}Z‘ 2 0) 2 (/3 = (O;O,../) .. P/"OU& Z‘,éaz‘,
B = Z’ Y, 5, 54, jﬁ 43 an. ordkonormia/.

. —



—

|

|

M Leif V ana/ WJ@ z‘a/o thector. 4

basis . _ ——
S o /z%f/'oﬁ : S
{ !
%'U‘zz'(ﬁi”\j—z (‘ == :O)
> 2 I

s J ! =L foN, ]
= O+0+0=0 . S
' . _ ! l 3
—_— _1{_~ <0) +. __f__.(a )-f-O(I ) =0+0+rC =0 .|

The éaﬁ/s IS = fff AP f /S ar. af’z%/cwa/
bas)s .

,.u,//:.\/(.f*) (—--)+(0) _—\/{,- - ;_’- .u\/z",:f.
U0 = Ve (L e 0 AT Lo f T2

'

HU it = V/((/)v"(O)TL/) O+Cr i svfh/_: i

///'e 5615/5 -B {(/ Y, z/52 IS an
on%oxﬂarma/ basss .

B T e N S

“'\.:i; ‘!‘_1__4.!; 5 ! (./

5 5 Z.//?eaf /faﬂsfarmaf/Oﬂ ,La)?c/ Maa‘r/ces
%WW

——————— e L R S

spaces ouer Zhe same. fe_/o/_(ﬁ, S PP U
A Fnction Filf —s W . /5 called o A'/?éa/‘ .




N 2ransirmation or Iy LI Yrs o

' s5Fyes the followrie e o
1) £ (w+v) = f(a/)+f((/) TV w,ue )
2) F(rv) =rFee)

LoUer a Freld (/-—',7'_,,) ﬁ Lrear

yecz‘a/'" space ,éamowcv;@é/sm DA A

Defonitiorn : let V ée a (/ccz_‘.g.r_s/aa<€__

Z‘/‘ans/fmaé/a/? £ V-—-e- - /S_CQ//EO/
a Inear o opera tor
sza/?sférMQé/on (07 V

FeoR LR o/e/ﬁeo/éﬂg

3

Jf(x?/)v CX/,sx.,L/) W(X/)e&’
’S a Lnear Z:/"a/?b‘i[/’/??aa‘/oﬂ Ry he
vector space R ole)r Zhe £e /o/ CR, +
f(()‘,,/)+('x A0

= ((x+%)-Cyey ), 3(>< -, )+(/f/))

Exd?/%/o/e ' SAOAU z%czz‘ zf/e /émcz‘/oﬁ

Solutson - V(x,/) (x,ﬁy)e/? e /z'aye

V' re y= aia./__ﬁf.ue. V).

- 7

= £ X X, Y APA ) B '"'"““"—l:'

(X+></07/ 3X+3)<+0¢/+/)
("~;’+X2—/;3K+ﬂy+3x n)

= (X =g ;3850 )+ (X~ 4 ,3x +//)
f(x,/n/(x,/) , and .

VreR and 17(*/)6/_? we ﬁa//e




53. f(f(x,/))

= £ (rx, o2

= (rx—ry,3Crovry)

i : = (}’“(xy) s (2x 7))

= (X/; X 7)

= f(X/ )

£ s a ///764/‘ Zrans formiatsion o7 e
iid é/c’c‘("o/' 5/00_C£ - oter b /e/a/ (/?,, - ).

Jbeoress 11 ' V'ana’ W be lg vector
spaces over a Foe o CF.r,.) and
FirV— W i5s a livcar Lrams formradion
From ) Zo. w ., dhen ..

<) f(o)-
M——‘\\—-—-\_

u)f( z/)“-/[(u) Vc/eV

De/ ﬁ/z‘/oﬂ If [/ a/m/ W be two Uectsy
.s/uaces over a Feld CFyt,.) anol ‘
NV —= W s a lhrear transtormadion From
* V' ¢o a2 Fhey z‘/ﬁe Aerne/ o / ahrch s
a/e/?az‘eo/ é;/ ker £ 5 s the set of all vel/
{ Satisfyrine dhat f(u) O VAP -‘

kert'=fve | | Fewd = f

st .
v e——

DC/@'?/Z/(}W IF _’Z _arzo/ W are fwo veclor
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;/?a?/e/[ s . /?m};e/:gfw;]ue)/f

spaces ovey a Freled (Fovs.) anod F:l/ sy
IS a linear frasstormation fyomr Vo ode W S
Lheyy the range of £ is the set of al)
fevy s t/e»%manc/_.. welf ée..aéﬂaé;ga/ gy :

IS a linear traristorwration frops Vo Ze
W, thern |

) The Lerme] o £ /s a Saés/vace of V.
o2 The ragge of £ /s a sabspace of W.

| Exaw/g/;;: et £ Fi’g__» Rga/ejé‘}?eo/éy

a linear transformatdion osn dhe veetsr
space Kpg over the Fred C R, ”'""),' /Q/—ﬂo/
 fer [ and Edl}/& }[‘ S
Solutior :

Cx,ﬂq,é)ei/ée/‘ f
= f(xﬁ/,z)zCOnO:?)
| = (_x?/,zz,z):(o,o,09 -' E i
= Xty=0 andlz-=0

= Y= x and E-o

Thus ker F = {Cx,—-x,o)/ .XéfQif-
/?a;ye JC::E 7CCX_7’Z>I Cx,;,z)e RS}

f(x,/;z): CX—f—/, 2z ,2) V(’X,/v;,z-’sﬁé.k’a be !

Jheoresnr 12 . I 1/ and W are z:";;o (/éct‘or.
spaces over & Frelol  (Far,.) andd £ YW

i

¥

It
il

i
!

I
i

T
' ’1
ol
‘l



on a vectsr space V' over a Ffrels CErrl. )

kX Kk

1 ”
L Which is a/e/?az‘ea/ / /77 (£ ) ar [/j

= ;- CX?_.,LZE,E) } XJ‘/JE "5’??

:f(a,zz,z)}a,z é/?f . L

Detintorn : Led £ be a lacar tramsiormatin

ol Seppose s :; sty 5eens az,?f 15 a bas/s

of |, a ﬁq/ :/zfz‘ £ oetiaco o the

elements of B as o Hlows. .. .
7[\(_-’//.)::/%/&’/+,€1U2_+--->¢-éﬂ%

7£C¢{,_ ) = K’ﬂ v, + éﬂ A e R ATy \;*}5?'_

7['60 )—~ e / '/L/é (/,a+ "‘"-/— kdﬂ% TI'-“'\:: |
Then the /ﬁ.az‘//x '
# k
/

i 2/

2

/s ca Neo z%e P2y /X re/dﬁfsezya‘az‘/an o/’ |
S relative. o z%d basis B S

- é B e L R

Rema/’é  Lel. B ‘Zo'e a. éﬁ/&_of —a_ J/ec:z‘ox:._

Space.. Woover a tefd (£, ) /¥ eﬂ__a}v .
Vector vel/ carn be d&’/"/llzleﬂ__d(/?/fd{g% v Lhe
Form o/ = k(/f/éu+_-..+é Jd//er A= Gos g ,(/f )




T _

". "'8 "’4*’0__'5}‘0,__ */\7—

M and the .Ca.ara_/ézazfewdcf..c_z‘__or_. of U relzdiie to

WLhe basis B Is _olencteo! aro! o./e,ff;}?ea/mé%

* Ex,am/é Je | _/..e..é_.i,,' .R..Zf—?..}?zo/e//}?eo/ éﬂv
)7 <x’a"/) = (x = .,..3,)&._7»-&‘{,) ..VC)S,;/)G Rz...é.en .

2
@ //'n.ecz/“.‘o/()eza,éor o the vector space K

over the freld (R, 4+ ,.) . Finod the

represeniation malrices 7 (9) and e %y)

lo/ the /}?c’aﬁ,_O/aeKazlafﬂc; relative o eacs

o the bases B = ?a,,dzf and S=f€,,ez}

2 !
W or K, a/éﬁﬁew_é{,_—-_ (L 1), e, = (~1,0),e =1, 0),

p—

€ =Co, ). AN 2 cosdd ., LA i 2T
5‘,0/4(5'/'0/?! - % U AR a(l/\

| V(a,b)ERz,é(/e bave ‘(,)h_n-'ic‘i:%{j
_ , - aan
<Z'>:’¢r<zj>”‘€.(o,) = |

_ () Tye
{ .

k —k
- = ';'k[ 2)

= A{—kzza

& =5

/
Thus K =6 ancl Kk, = b-a




YA

. ;(a )—; /) {1=1,3+1) = Co,4)

=3« + (=3~ 1)), =-3 —2¢,

'ana/i(e )—79(091) (O =1, 0+1)= (-1, I)-mé’ e, .

4 ExaM/o/e 2 leé V be a (/ecz‘ors ace over'’ }

N W,

re/e/ € F, RN and. /eé‘ B= 52 25 e& e 2‘?;
' 5& @ basis of YV and let o ée the differential

| O/De/‘aéof on V ,ie. od(v) = . Find the

| r‘e/Of._seﬂfaz‘/w? Maa‘/”/x of o re/aa‘/de to Lhe

. Hence (a,b)= bu + (b= a)a'
Theretfore . (a é"j *< )
é: a

=Hit+ (4-0DU, =4 +yu, . and
C?(a )_; (~1,0) = ( /=0 ,.=3+0) = (=1,-3)

/bere/ére l:;_] = M, (09) ”’ _3>

Now }7/(61 b)éR s e bave |
i(e )-—ﬂc;(},o) C1-0,3+0)=C(1, 3)=le+3<g|

Therefore. Ejj =m Cg) = "").

i

basis B . “ﬁc/)}f"’d MJ\—PM\

- Solution

¢
C{(Z):O: O-Z-!*Q-t +O-Cz+0'é'62t

A (E)= | = 2 4+0.t+0.8510. et

é 2
a/(ez)_ze“‘ o - 2+0t+2 c2é+ozezé
o/(tezé)-e +2ée. = 0.2+0.¢ 4+ /1 & +2 ¢



O) : (/}WU / _'))\_

M&e ol _./.A.e,,,,cz eclor space. over

Na Fretd CFan,.) and Jed B be 4 basis. Ffor .

- V and led fqno/ be a/;y Lrear o/aerééors
L on Vo and ke F ééeﬁ W bove

" /%’ (f+f) /)’é(/)+n’/‘ (A ) 2hat 5.
[f+7§]5~ [/__/ +[fj

/

P \“l-”“ P . - . . e e ee e s - = -..O
WTdas [ AT — ( 0
B o

0

QT .0 N\L
‘0 N!O 0

|

DM (KLY = ko (£ that s z/;{JBZkmeg

,zzz)m (£o/ )= MB({)./}%(Z) that s
N R o
B ‘"B "B

Exa% /e Lez V be a vector 6/66(0:2 over
& Freld (¢ CFory.) and /et B = ;re ,tegéf
and fel of ancd b be two liveor a/ocemaz‘a/’s'
on a/e/ﬁeo// o/(z/)-—s' A v Yeel

z

[
i
J’
l
i

arnod P (e5é) - a‘esz‘ oo
| 4 (¢e?) = &7 - Findd 77 (A +35 ) andd
. V!
| g (ofoh ) .
| Solwtion :

| o (&%) = Bof &4 3(56‘5?):: /5&%¢

. z
{ = /5@5&/_7'—0 e,

0/<&LC5ZL) 30/ (z‘@ ) 3(@ +5z‘e

s
= 3¢ +/5reff .

52‘)

i
r\
i
i
'



..5_7._ . j/uzs.__m Ve o/ )___ ( ! 5 3

_ ¥ |
4 A._( eé )____—._:_ __\3’_“.6,5 + z‘._c;""
4 ( Z’c’fs‘z‘)_:e;ta« Z—ij .

Lf Thes. MB..(A): (? —II )

B/__té.eamm. 13, w7 (0{+34, )=, (f;/)_,u% (34)

| : MCc/)+3/?7(é) (o /5 +3(;3 —I/)

(‘/5 3)7'" 3*3) (;L/ /i > and

(a/m_m@/) e (h)

v 12




