CHAPTER 1 VECTORS

‘We obtain the magnimde of R and the angle it makes with the x axis from its compo-
nents, using the relationships

R=VYR}?+ R? ="(A,+ B)® + (4, + B)? (1-16)
B _ATE 1-17)
i ", A+ B,

We can check this addition by components with a geometric construction, as shown
in Figure 3.18. Remember that you must note the signs of the components when using
either the algebraic or the graphical method.

At times, we need to consider situations involving motion in three component direc-
tions. The extension of our methods to three-dimensional vectors is straightforward. If
A and B both have x, y, and z components, we express them in the form

A=Ad+ 4]+ 4k (1-18)
B = B,i + Byj + Bk (1-19)

The sum of A and B is
R=(Ac+ Bo)i+ (Ay+ By)j + (A + Bk (1-20)

Note that Equation 1 20 differs from Equation 1.14 in Equation 1-20 the resultant vec-
tor also has a z component R; = A, + B;. If a vector R has x, y, and z components, the
magnitude of the vector is £ = R’ + R+ R2 The angle #, that R makes with the
x axis is found from the expression cos #, = R, /R, with similar expressions for the an-
gles with respect to the yand z axes.

Example 1.3 The Sum of Two Vectors

Find the sum of two vectors A and B lying in the xy plane
and given by
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Figure ],]17 This geometric con-
structon ron the sum of two vectors
shows the relationship between the
components of the resultant R and
the componentis of the individual
VeCkors.

The magnitude of R is found using Equation :1.16

and B = (20i — 40j) m

A= (20i +20))m

Solution You may wish to draw the vectors to conceplualize = 45m

the situation. We categorize this as a simple plug-in problem.
Comparing this expression for A with the general expres-
sion A = Azi + Ayj, we see that A, = 20 m and 4; = 2.0 m.
Likewise, By = 2.0 m and By = —4.0 m. We obtain the resul-
tant vector R, using Equation | 14

tanf =

Ry
R,

R =R +R? = V(40 m)® + (~20m)> =20 m

We can find the direction of R from Equation 3.17:

—2.0m
=—= —0.50
4.0 m

R=A+B=(20+20)im+ (20— 40)jm
= (4.0i — 2.0§) m
or

Ry=40m —20m

Rj'=

Your calculator likely gives the answer —27° for #=
tan~!(—0.50). This answer is correct if we interpret it to
mean 27° clockwise from the x axis. Our standard form has
been to quote the angles measured counterclockwise from

the + xaxis, and that angle for this vectoris  ## = 333" .
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Examplel.4 The Resultant Displacement

A particle undergoes three consecutive d.ifplaj:en;lents:
d, = (15i + 30j + 12k) cm, dy = (23i — 14j — 5.0k) cm
and dz = (—13i + 15j) cm. Find the components of the
resultant displacement and its magnitude.

Solution Threedimensional displacements are more diffi-
cult to imagine than those in two dimensions, because the
latter can be drawn on paper. For this problem, let us coneef-
fualize that you start with your pencil at the origin of a piece
of graph paper on which you have drawn x and y axes. Move
your pencil 15 cm to the right along the x axis, then 30 cm
upward along the yaxis, and then 12 cm vertically amay from
the graph paper. This provides the displacement described
by d,. From this point, move your pencil 23 cm to the right
parallel to the x axis, 14 cm parallel to the graph paper in
the — y direction, and then 5.0 cm vertically downward to-
ward the graph paper. You are now at the displacement
from the origin described by dy + ds. From this point, move
your pencil 13 cm to the left in the — x direction, and (fi-
nally!) 15 cm parallel to the graph paper along the y axis.

Example 1.5 Taking a Hike

A hiker begins a trip by first walking 25.0 km southeast from
her car. She stops and sets up her tent for the night. On the
second day, she walks 40.0 km in a direction 60.0° north of

east, at which point she discovers a forest ranger's tower.

(A) Determine the components of the hiker's displacement
for each day.

Solution We conceptualize the problem by drawing a sketch as
in Figure] 1§ If we denote the displacement vectors on the

first and second days by A and B, respectively, and use the car
as the origin of coordinates, we obtain the vectors shown in
Figure 1.18 Drawing the resultant R, we can now cafegorize this
as a problem we've solved before—an addition of two vectors.
This should give you a hint of the power of categorization—
many new problems are very similar to problems that we have
already solved if we are careful to conceptualize them.

VECTORS
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Your final position is at a displacement d; + ds + dg from
the origin.

Despite the difficulty in conceptualizing in three dimen-
sions, we can categorize this problem as a plug-in problem due
to the careful bookkeeping methods that we have developed
for vectors. The mathematical manipulation keeps track of
this motion along the three perpendicular axes in an orga-

nized, compact way:
R = d| + d2 + ds

=(15+23—13)icm + (30 — 14 + 15)jcm
+ (12 — 5.0 + 0)k cm

= (25i + 31j + 7.0k) cm

The resultant displacement has components Ry = 25 cm,
By = 31 cm, and R, = 7.0 cm. Its magnitude is

R =R+ R+ R}

=V(25em)? + (3lem)® + (7.0cm)? = 40cm

Interactive

We will analyze this problem by using our new knowledge
of vector components. Displacement A has a magnitude of
25.0 km and is directed 45.0° below the positive x axis. From
Equations 3.8 and 3.9, its components are

A= Acos (—45.0° = (25.0km)(0.707) = 17.7km

A, = Asin(—45.0°) = (25.0 km)(—0.707) = —17.7km

The negative value of A, indicates that the hiker walks in the
negative y direction on the first day. The signs of A, and 4,
also are evident from Figure 1.18

The second displacement B has a magnitude of 40.0 km
and is 60.0° north of east. Its components are
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B, = Bcos 60.0° = (40.0 km) (0.500) = 20.0 km

B, = Bsin 60.0° = (40.0 km)(0.866) = 34.6 km

(B) Determine the components of the hiker’s resultant dis-
placement R for the trip. Find an expression for R in terms
of unit vectors.
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Figure { 13 (Example| 5 The total displace-
ment ot the hiker is the vecror R = A + B.
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Solution The resultant displacement for the tipR = A + B
has components given by Equation ] 15

R, = A, + B, = 17.7km + 200km = 37.7km

Ry=Ay+ By= —17.7km + 346km = 16.9 km

In unit—vector form, we can write the total displacement as
R= (37.7i + 16.9j) km

Using Equations 1.16 and 1.17 we find that the vector R
has a magnitude of 41.3 km and is directed 24.1° north of
east.

Let us finalize. The units of R are km, which is reason-
able for a displacement. Looking at the graphical represen-
tation in Figure 1.18 we estimate that the final position of
the hiker is at about (38 km, 17 km) which is consistent with
the components of R in our final result. Also, both compo-
nents of R are positive, putting the final position in the first
quadrant of the coordinate system, which is also consistent
with Figure{ 13
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