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Lecture 3 

Derivation of the Momentum Equations of the Rotating Coordinates  

3.1 Preface 

In Lecture 2, we talked about the rotating coordinates system, which is fixed, to the 

earth. We found a relationship for the total derivative between the non-inertial 

(rotating) coordinates and the inertial (non-rotating) coordinates, which will be 

useful to derive the momentum equation in the atmospheric dynamics.   

3.2 Full Derivation  

Question: Derive the victorial equation of the momentum for a rotating system. 

Sol.  From the equation of the total derivative of a vector in a rotating system: 

𝑑𝑎𝐴

𝑑𝑡
=

𝑑𝐴

𝑑𝑡
+  Ω⃑⃑⃑ × 𝐴           (1)     

and the Newton’s 2nd law of motion in absolute reference: 

𝑑𝑎𝑉⃑⃑𝑎

𝑑𝑡
= ∑ 𝐹⃑             (2) 

Apply equ. 1 to the position vector (𝑟):  

𝑑𝑎𝑟

𝑑𝑡
=

𝑑𝑟

𝑑𝑡
+ Ω⃑⃑⃑ × 𝑟           (3)    

∴   𝑉⃑⃑𝑎 = 𝑉⃑⃑ + Ω⃑⃑⃑ × 𝑟           (4)     

Now, we apply equ. 1 to the velocity vector (𝑉⃑⃑𝑎):  

𝑑𝑎𝑉⃑⃑𝑎

𝑑𝑡
=

𝑑𝑉⃑⃑𝑎

𝑑𝑡
+ Ω⃑⃑⃑ × 𝑉⃑⃑𝑎                                                                               (5) 

Substitute equ. 4 in equ. 5: 

𝑽⃑⃑⃑ is the velocity relative the 

coordinates, 𝛀⃑⃑⃑ × 𝒓⃑⃑ the velocity of 

the coordinate system itself 
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𝑑𝑎𝑉⃑⃑𝑎

𝑑𝑡
=

𝑑

𝑑𝑡
[ 𝑉⃑⃑ + Ω⃑⃑⃑ × 𝑟 ] +  Ω⃑⃑⃑ × [  𝑉⃑⃑ +  Ω⃑⃑⃑ × 𝑟 ]                                      (6) 

𝑑𝑎𝑉⃑⃑𝑎

𝑑𝑡
=

𝑑𝑉⃑⃑

𝑑𝑡
+

𝑑

𝑑𝑡
( Ω⃑⃑⃑ × 𝑟 ) +  Ω⃑⃑⃑ ×  𝑉⃑⃑ +  Ω⃑⃑⃑ × ( Ω⃑⃑⃑ × 𝑟 )                           (7) 

𝑑𝑎𝑉⃑⃑𝑎

𝑑𝑡
=

𝑑𝑉⃑⃑

𝑑𝑡
+ (

𝑑Ω⃑⃑⃑

𝑑𝑡
 × 𝑟 ) + ( Ω⃑⃑⃑ ×  

𝑑r⃑

𝑑𝑡
) + Ω⃑⃑⃑ × 𝑉⃑⃑ + Ω⃑⃑⃑ × ( Ω⃑⃑⃑ × 𝑟 )       (8) 

(
𝑑Ω⃑⃑⃑

𝑑𝑡
 × 𝑟 ) = 0     "𝑎 𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒 𝑜𝑓 𝑎 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡" 

∴    
𝑑𝑎𝑉⃑⃑𝑎

𝑑𝑡
=

𝑑𝑉⃑⃑

𝑑𝑡
+ ( Ω⃑⃑⃑ × 

𝑑r⃑

𝑑𝑡
) + Ω⃑⃑⃑ × 𝑉⃑⃑ +  Ω⃑⃑⃑ × ( Ω⃑⃑⃑ × 𝑟 )                          (9) 

𝑇ℎ𝑢𝑠   
𝑑𝑎𝑉⃑⃑𝑎

𝑑𝑡
=

𝑑𝑉⃑⃑

𝑑𝑡
+ 2( Ω⃑⃑⃑ ×  𝑉⃑⃑ ) + Ω⃑⃑⃑ × ( Ω⃑⃑⃑ × 𝑟 )                          (9) 

By using the vector triple product   A⃑⃑⃑ × (B⃑⃑⃑ × 𝐶) =(A⃑⃑⃑  ∙ 𝐶 )B⃑⃑⃑ − (A⃑⃑⃑  ∙ 𝐵⃑⃑ )C⃑⃑    to the last 

term in equ. 9 we get: 

Ω⃑⃑⃑ × ( Ω⃑⃑⃑ × 𝑟 ) =  (Ω⃑⃑⃑  ∙ 𝑟) Ω⃑⃑⃑ − (Ω⃑⃑⃑  ∙ Ω⃑⃑⃑ ) 𝑟    = −Ω2 𝑅⃑⃑                   (10) 

𝑇ℎ𝑢𝑠   ∑ 𝐹⃑ =
𝑑𝑎𝑉⃑⃑𝑎

𝑑𝑡
=

𝑑𝑉⃑⃑

𝑑𝑡
+ 2( Ω⃑⃑⃑ ×  𝑉⃑⃑ ) − Ω2 𝑅⃑⃑                                 (11) 

If the only forces acting on the atmosphere are: 

(i) pgf    (ii) gravitation       (iii)friction 

we rewrite Newton’s second law with the aid of equ. 11: 

𝑑𝑉⃑⃑

𝑑𝑡
= −2 Ω⃑⃑⃑ × 𝑉⃑⃑  −

1

𝜌
∇𝑝 + 𝑔⃑ + 𝐹⃑𝑟                                 (12) 

Where, the first term on the right is the Coriolis force, the second term on the right is 

the pressure gradient force (pgf), the third term on the right is the effective gravity 

(gravitation force + centrifugal force), the fourth term on right is the frictional force. 

This form of the momentum equation is the basic to most work in dynamic 

meteorology. 


