Coding Theory

Sheet 6 Solutions
Spring 2014

1. For Ham(r, q),
T—1
I , k=n-—r, d=3.
q—1
A code Cis MDS if d = n — k + 1. Hence Ham(r, ¢) is MDS when 3 = r + 1; that is,
r = 2. So, only Ham(2, ¢) is MDS.

n

2. (a) Ham(2,3) is a [4, 2] code.
0 1 1 1 1 1 1 0
{1012}_>{1201}_H'
1 0 2 2
G:{o 1 2 1]
(b) Ham(2,4) is a [5,3] code; Fy = {0,1,w,0 | 0 =w + 1 = w?}.

01111}_}[111(1)0]:}[‘

Hence

1 0 1 w @ 1 w @ 1
Hence
1 0 0 1 1
G=(0 1 0 1 w
O 0 1 1 @

(c) Ham(3,3) is a [13,10] code. Similarly, to the previous examples, let

0
0
1

o = O

1 1 1 1 1 1 1 1
o 0 1 1 1 2 2 2 0
1 2 0 1 2 0 1 2 0

N = O

0
H=1]1
1
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0
1

H

(d) Ham(3,4) is a [21, 18] code. Here,
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Hl

= [BI3].

[Iis BT].
(e) Ham(3,5) is a [31,28] code. Here, H

Then G’

[B I3], where

[A1 Ag] =

111111111111 111100P0

2222233333444 44010
0123401234012 34¢0°0°1

1111000011111
1234123401234

06000011111 1T1T171

] |

A

Ay

_B).

So G = []28
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(f) Ham(4,2) is a [15, 11] code.

o 0o0oo00O0O0OT1T 1111111

g - o 00111100001 1 11

N o1 1001 1001 1 00 11
1 0101 0 1 0 1 0 1 0 1 0 1]

o 000111 11 1 1 10 00

. o1 110001 1 1 1 01 00

1 01 101 1 001 1 0O0 10
'r1 10 1 1.0 1 0 1 0 1 0 0 0 1]

= H' =[B 1.
Then G = [Ill BT]
3. Use H as in 3(f). A coset leaderis O or /;, ¢ = 1,...,15. For a received message y;, let z;

be the corrected message.
(a) y1 = 0000000000 11111 = y; HT = 1011 = coset leader is l1;
= x1 = 0000000000 01111;

(b) o = 000001111111111 = yoHT = 0001 = coset leader is I,
= xo = 1000011111 11111,

(¢) ys = 11111 11111 11111 = y3H” = 0000 = x5 = ys.
4. Let Fy={0,1,w,0 | ©=w+1=w?}. Use H as in 3(d).

(a) y = 1111111 1111111 1111111 = yHT = 001 = z = 0111111 1111111 1111111;

5. Since x Ny = (x1Y1, - - -, TnYn), SO
xNy=(21,...,2,), where z; =1 S x; = y; = 1.

Also

T4y =(t,... t), witht; =1 & (z;,5:) = (1,0) or (0,1).
So

w(z+y) = number of I’s in
-+ number of 1’s in y
—2 x number of ¢ where z; = y; = 1
= w(x)+w(y) —2w(zNy).
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6. Let H=[c; - -¢,] in columns; also HzT =0 for z € C. So Ha® = xy¢; + -+ + 2,0, = 0.
Let ' = [z x,11]. Then, if x € C, we have 2’ € C' when z1 + - -+ 2, + 2,41 = 0. So

T
H'2'

T
1 ¢, 2 } :
1 1 1 T,
Tpt1
[ 24+ - Hapcat+ O ] . { 0 ]
1+ 0 FTpt Tpm 01"

Hence H' is a parity-check matrix for C".

7. Let H = [hla"

., h,]T be a parity-check matrix of C' = Ham(r,2) with rows hy, ..., h,,

and let h = >_ \;h; be an element of Ct. If (zy,...,,)T is the j—th column of H, then
the j—th coordinate of h is zero if Y A\;x; = 0. However, the number of non-zero solutions

(x1,...,x.) of > Nx; = 0 is the number N of elements of V(r,2)\{0} in a subspace of
dimension r — 1. Hence N =2""1 — 1. So

wh)=n—-—N = (2"—-1)— (21 =1)

— 2r o 2r—1 — 2r—1'



