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Definition 4.9.
(i) A function f: A — B is one-to-one or injective if each element of B appears at

most once as the image of an element of A. That is, a function f: A — B is injective
ifVvx,y €A fxX)=f(y) > x=yorVx,y €E Ax#+y=>f(x)#*f ().

(ii) A function f: A — B is onto or surjective if f(A) = B, that is, each element of
B appears at least once as the image of an element of A. That is, a function f: A —
B issurjective if Vy € B3x € Asuchthat f (x) = y.

(iii) A function f : A = B is bijective iff it is one-to-one and onto.

Injective Not injective
A B A B
Surjective i i
(bijective)
A B A B
Not surjective Rk i

Example 4.10. Let f : Z — Z be a function defined as f (x) = 3x + 7.
f=1{..,(-3,-2),(-2,1),(—-1,4),(0,7),(1,10),(2,13),... }.
(i) f isinjective. Suppose otherwise; that is,

fX)=f@W) >3x+7=3y+7 >3x =3y >2x =1y
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(if) f is not surjective. For b = 2 there is no a such that f (a) = b; thatis, 2 =
3a + 7holdsfora = — g which is not in Z.

Example 4.11.

(i) Show that the function f : R — {0} — R defined as

f(x) = (1/x) + 1 is injective but not surjective.

Solution.

We will use the contrapositive approach to show that f is injective.
Suppose x,y € R—{0}and f(x) = f(y). This means

§+ 1= i + 1 — x = y. Therefore f is injective.

Function f is not surjective because there exists an element b = 1 € R for which
f(x)=(1/x)+1+1 forevery x € R.

(ii) Show that the function f: Z x Z — 7Z X Z defined by the

formula f(m,n) = (m + n,m + 2n), is both injective and surjective.

Solution. Check

Definition 4.12. The composition of functions f: X - Y with g:Y — Z is the
functiongo f: X — Zdefinedby (go f)(x) = g (f(x)).

Remark 4.13.

(i) The composition g o f can only be defined if the domain of g includes the range
of f; thatis, R(f) € D(g), and the existence of g o f does not imply that f o g
even makes sense.

(ii) The order of application of the functions in a composition is crucial and is read
from right to left.

Example 4.14.

(i) Let A=1{0,1,2,3}, B={1,23}, C ={4567}.If f: A-> Bandg: B - C
are the functions defined as follows.

f=1{002),(1,3),(22),33)} g = {(1.7),(2,4),(3,5)}.
ge°f=1{004),(1,5),(24),(35)}
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(i) Iff: R - Randg: R — Rare functions defined as follows.
f(x)=x?and g(x) =+vx.Then (go (x) = g (f(x)) = g(x*) = Vx2.

Here (f) = [0,0) € D(g) = [0, ).

Theorem 4.15.

(i) Suppose f : A= B and g : B — C. If both f and g are injective, then g o f is
injective. If both f and g are surjective, then g o f is surjective.

(it) Composition of functions is associative. Thatis, if f :A—> B, g: B - C and
h:C - D,then(gef)oh=fo(goh).

Proof.

(i) Toprovego fisl-1l.Letx,y€e Aand (go f)(x) = (ge° f)(y). To prove x =

y.
(go N =g(f(0) =g(f») Def. of o

fx)=f) Since g is 1-1 and Def. of 1-1on g
X=y Since f is 1-1 and Def. of 1-1on f
~gofisl-1.

To prove g o fisonto. Let z € D, to prove 3 x € Asuch that (g o f)(x) = z.
(1) 3y € Bsuch that g(y) =z Since g is onto and Def. of onto on g

(2) 3x € Asuchthat f(x) =y Since f is onto and Def. of onto on f

From (1) and (2) we get g(f(x)) =z= (go f)(x) =z Def. of o

~ g o fisonto.

(if) Exercise.
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Theorem 4.16. Let f : X — Y be a function. Then f is bijective iff the inverse
relation £~ is a function from B to A.

Proof.

Suppose f : X — Y is bijective. To prove f~1 is a function from B to A.

(%) Let (v4,x1) and (y,, x,) € f~1 such that y, = y,, to prove x; = x,.

(x1,y1) and (xz,¥,) € f Def. of f~*
(x1,¥1) and (xz,¥1) € f By hypothesis (x)
X; = Xy Def.of 1-1on f

~ f~1is afunction from B to A.

Conversely, suppose f~1 is a function from B to A, toprove f : X — Y is
bijective, that is, 1-1 and onto.

1-1: Leta,b € X and f(a) = f(b). To prove a = b.

(a,f(a))and (b, f(b)) E f Hypothesis (fis function)
(a,f(a)) and (b, f(a)) € f Hypothesis (f (a) = f(b))
(f(a),a) and (f(a),b) € f1 Def. of inverse relation f~1
a=b Since f~1 is function

s fis1-1.

onto: Let b € Y. To prove Ja € A such that f(a) = b.

(b, f~1(b)) € f1 Hypothesis ( £~ is a function from B to A)
(f1(b),b) € f Def. of inverse relation f~1
Puta = f~1(b).
ac€Aand f(a)=>b Hypothesis ( f is function)
~ f is onto.
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