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Definitions 3.2.6.
(i) R is an equivalence relation A, if R is reflexive, symmetric, and transitive.
The set
[x] = {y € A: xRy}
Is called equivalence class.

(i1) R is a partial order on A(an order on A, or an ordering of A), if R is
reflexive, antisymmetric, and transitive. We usually write < for R, i.e.

x < yiff xRy.
(iii) If R is a partial order on A, then the element a € A is called least element of
A with respect to R if and only if aRx for all x € A.

(iv) If R is a partial order on A, then the element a € A is called greatest element
of A with respect to R if and only if xRa for all x € A.

(v) If R is a partial order on A, then the element a € A is called minimal element
of A with respect to R if and only if xRa then a = x for all x € A.

(vi) If R is a partial order on A, then the element a € A is called maximal
element of A with respect to R if and only if aRx then a = x for all x € A.

Example 3.2.7.
(i) The relation on the set of integers Z defined by
(x,y) € Rifx —y =2k forsomek € Z
Is an equivalence relation, and partitions the set integers into two equivalence
classes, i.e., the even and odd integers.
If y =0, then [x] =Z,. If y = 1, then [x] = Z,.
(if) The inclusion relation C is a partial order on the set of subsets P(S) of a set S.
(iii) Let A = {3,6,7}, and
Ri={(x,y) EAxA:x <y}, R, ={(x,y) EAX A:x = y}
R; = {(x,y) € A X A: y divisble by x}

are relations defined on A.

Rl = {(313)' (3'6)1 (317)7 (676)1 (617)7 (717)}1

RZ = {(3;3): (6,3), (676)' (773)' (7'6)7 (7,7)}

R3 = {(313)' (3'6)1 (676)1 (717)}
R,,R, and R are partial orders on A.
(1)The least element of A with respect to R; is
(2)The least element of A with respect to R, is
(3)The greatest element of A with respect to R, IS

Dr. Bassam Al-Asadi and Dr. Emad Al-Zangana
7



Foundation of Mathematics 1 Dr. Bassam Al-Asadi and Dr. Emad Al-Zangana
Mustansiriyah University College of Science Dept. of Math. (2017-2018)

(4)The greatest element of A with respect to R, is

(5)A has no least and greatest element with respect to R;.

(6)The maximal element of A with respect to R is

(7)The minimal element of A with respect to R is :

(iv) LetX ={1,2,4,7}, K = {{1,2},{4,7},{1,2,4}, X} and
R, ={(4,B) €K xK:A C B},
R, ={(A,B) €K xK:A 2 B},

are relations defined on K.

Rl= ({112}1{112})’ ({172}1{17214})’ ({112}'X)1
{473{47}), ({471 X),
({1.24},{1,24}), ({1,2,4},X),

X, X)

RZ = ({112}' {1'2})1

({4,73,{4.7}),
({1r214}1 {LZ})! ({11214}1 {1'214})’
X, {1,2}), X, {47}, X, {1,2,4}), X, X)

R;,R, and R5 are partial orders on K.

(1)K has no least element with respect to R; .

(2)The greatest element of K with respect to R, is
(3)The least element of K with respect to to R, is
(4)K has no greatest element with respect to R,.
(5)The minimal elements of K with respect to R, are
(6) The maximal element of K with respect to R, is
(7)The minimal element of K with respect to R, is
(8)The maximal element of K with respect to R, is

Dr. Bassam Al-Asadi and Dr. Emad Al-Zangana
8



Foundation of Mathematics 1 Dr. Bassam Al-Asadi and Dr. Emad Al-Zangana
Mustansiriyah University College of Science Dept. of Math. (2017-2018)

Remark 3.2.8.

(i) Every greatest (least) element is maximal (minimal). The converse is not true.
(if) The greatest (least) element if exist, it is unique.

(iii) every finite partially ordered set has maximal (minimal) element.
Properties of equivalence classes

(iv) a € [a].

(v) If aRb then [a] = [b].

(vi) [a] = [b] & (a,b) ER.

(vii) If [a]N[b] # @ then [a] = [b].

Definition 3.2.9. R is a totally order on A if R is a partial order, and xRy or yRx
forall x,y € A, i.e.if any two elements of A are comparable with respect to R.
Then we call the pair (4, <) a totally order set or a chain.

Example 3.2.10.

(i) Let A = {2,3,4,5, 6}, and define R by the usual < relationon N, i.e. aRb iff
a < b.Then R is atotally order on A.

(ii) Let us define another relation on N
a/b iff a divides b.

To show that / is a partial order we have to show the three defining properties of a
partial order relation:

Reflexive: Since every natural number is a divisor of itself, we have a/a for all

a € A.

Antisymmetric: If a divides b then we have either a = b or a < b in the usual
ordering of N; similarly, if b divides a,then b = aorb < a.Sincea < b and
b < a is not possible, a/b and b/a impliesa = b.

Transitive: If a divides b and b divides c then a also divides c. Thus, / is a partial
orderon N.

(iii) Let A = {x,y} and define < on the power set P(A) by
s < tiff s is asubset of t.

This gives us the following relation:
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0<0,0=<{x,0=<{h0=<{xy=Als XLix}<s yh ) <
Ohivi s oyh{xy} < {xy}

Exercise 3.2.11.

LetA = {1,2,...,10} and define the relation R on A by xRy iff x is a multiple of
y. Show that R is a partial order on A.
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