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Chapter Three
Relations on Sets

3.1 Cartesian Product
Definition 3.1.1. A set A4 is called

(i) finite set if A contains finite number of element, say n, and denote that by
|A| = n. The symbol |A| is called the cardinality of A4,
(if)infinite set if A contains infinite number of elements.

Definition 3.1.2. The Cartesian product (or cross product) of A and B, denoted
by A X B,isthesetA X B = {(a,b)|a € Aand b € B}.

(1) The elements (a, b) of A x B are ordered pairs, a is called the first
coordinate (component) of (a, b) and b is called the second coordinate
(component) of (a, b).

(2) For pairs (a, b), (c,d) we have (a,b) = (c,d) © a = candb =d.

(3) The n-fold product of sets A,, 4,, ..., 4, isthe set of n-tuples

Ap X Ay X ... XA, ={(a;,a,, ..a,)| a;€A;foralll < i < n}.
Example 3.1.3. Let A = {1,2,3}and B = {4,5,6}.

(i) AxB = {(1,4),(1,5),(1,6),(2,4),(2,5),(2,6),(3,4),(3,5),(3,6)}.

(2, 4) (2, 5) (2, 6)

(3, 4) (3. 5)

(3, 6)
-/
A x B
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(i) B xA = {(41),04,2),(4,3),(5,1),(5,2),(5,3),(6,1),(6,2),(6,3)}.
Remark 3.1.4.

(i) Forany set A,wehave A X @ = @ (and @ x A = @) since, if (a,b) €
A X @, thena € Aand b € @, impossible.

(i1) If |A] = nand |B| = m, then |A X B| = nm. Also, A or B is infinite set then
cross product A X B is infinite set.

(i) Example 3.1.3 showed that A X B # B X A .

Theorem 3.1.5. Foranysets A,B,C,D

i) AXB=B XA A=B,

(i) ifFASB,thenA XC<S B XC,

(i) AX(BNC)=((AXxXB)n (4 x (),
(iv AXxBUC)=((AXB)U (A x (),

vy (AxB)N({CxD)=(AnC)x (Bn D),
(v AX(B-C)=(AXxXB)—(AXC(C).

Proof.
(i) The necessary condition. LetA X B =B X A. To prove A = B.

Letxe A= (x,y) €A X B,Vy e B. Def. of x

= (x,y) EB X A By hypothesis
©xeEBANyeA Def. of x
(1) = xeB=ACB Def. of <

(2) By the same way we can prove that B € A.
Therefore, A =B Inf(1),(2).
The sufficient condition. Let A = B. Toprove A X B =B X A.
SinceA xXA=AXA= AXB=B xA By hypothesis.

(VjAX(B—C)=(AXxB)—(AXxD0).
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x,y) EAX(B—C)e=oxe€eANye(B—-C) Def of x

= x€ANYEBAy€CQ) Def. of —

S xeANxeANYEBAYy &) Idempotent Law of A

S (xeEANYEBANxeEANy €0) Comut. and Assoc. Laws of A
S (x,y) E(AXB)A(x,y) € (AXC) Def. of X

S (x,y) €E(AXB)—(AX0) Def. of —
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