Chapter 4

Vector Spaces over Finite Fields

Definition 4.1. V(n,q) = (GF(q)", +, x) = (F,)", +, X), where with z;,y;, A € F,

€T = (xla‘r%”‘?xn)? Yy = (y17y27”‘7yn)7
x+y:(xl+y17"'7xn+yn); A\ = (>\I1+>\$2,...,>\I’n).

Theorem 4.2. V(n,q) is a vector space over Fy; that is,
(i) (V(n,q),+) is an abelian group with identity 0 = (0,...,0); that is,

(a) z+y € Vi(n,q) for all z,y € V(n,q);

(b) (x+y)+z=a+ (y+2) foralzy,zeV(n,q);

(c) 0+z=x+0=ua foralxzeV(n,q);

(d) forxz € V(n,q) there exists —v € V(n,q) with v + (—z) = x + (—x) = 0;
(e) x4+y=y+a foralz,yecV(n,q).

(ii) With x,y € V(n,q) and A\, p € F,

(a) Mz +y) = Az + Ay;
(b) (A4 p)x = Az + pa;
(c) Az = A(px)

(d) 1z = x.

Definition 4.3. A subspace of V(n,q) is a subset of V(n,q) which is a vector space under
the same operations.

Theorem 4.4. A subset C' of V(n,q) is a subspace if
(i) z+yeC forallzyeC;
(ii)) e e C forallz e C, A€ F,.
Example 4.5. {(z1,72,0) | z; € F,} is a subspace of V (3, q).

Example 4.6. {0}, V(n, q) are subspaces of V(n, q).
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Example 4.7. If vy,... ,vs € V(n,q), then
{)\1’01 + - AU ’ A € Fq}
is a subspace; that is, the set of all linear combinations of vy, ..., v, is a subspace.

Definition 4.8. (i) vy,...,vs are linearly independent if \jvy + -+ + Avs =0=X\; =0
for all 1.

ii) v1,...,vs are linearly dependent if there exist Aq,..., Ay € F, not all zero such that
Y q
Avr + -+ Agug = 0.

Definition 4.9. (i) Let C' be a subspace of V(n,q). Then {vy,...,vs} is a spanning or
generating set for C' if every element of C' is a linear combination of vy, ..., v,; that is,
given x in C, there exist A\i,..., A\; € F, such that

T = AU+ -+ AU

(ii) If vy, ..., vs are linearly independent, then {vy, ..., vs} is a basis. In this case A1, ..., Ag
are unique.

Example 4.10. {(0,1,1),(1,0,1),(1,1,0)} generates a subspace
{2+ A3, A1+ A3, A + X)) | A\ € Fo}
of V(3,2). For example, {(0,1,1),(1,0,1)} is a basis.
Theorem 4.11. If C' a subspace of V(n,q),
(i) every generating set contains a basis;

(ii) every basis contains the same number of elements, called the dimension of C'

(iii) |C| = ¢*, where k = dim C'.
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Algorithm 4.12. Given a set of vectors generating C' find a basis and hence the
dimension of C.
Write the vectors as rows of a matrix A and perform the following operations:

(R1) r; — Ary any A € F \ {0};
(R2) 7 < ry;
(R3) 7, = r; + Arj any A € F,.

Hence reduce A to echelon form:

0 -+ 01 =
0 -~ 010 1
0 0[O0 O 1] =% *
0 0[O0 O 0 0
0O --- 0l0 O --- 010 --- 0

Example 4.13. ¢ =3 (2,1,2),(1,2,2),(0,1,2)

2 1 2 1 2 1 1 21 1 1
122 122 —001 — 1 2 k=3
01 2 01 2 01 2 0 01

Example 4.14. ¢ =2 (0,1,1),(1,0,1),(1,1,0)
01 1 1 0 1 1 01 1 01
101 —-011—-011-—2011 k=2
110 1 10 011 000

Example 4.15. ¢ =2 (0,0,1,1),(0,1,0,1),(0,1,1,0)

1
0
0

S = O

1
1 k=2
0

l
o O O

Example 4.16. ¢ =7 (3,4,2),(6,0,5),(0,1,6)

3 4 2 1 6 3 1 6 3 1 6 3
6 05 —-605—016—01F6 k=2
016 016 016 000
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