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Chapter One

Basic Concepts

1.1. Introduction

Electric circuit theory and electromagnetic theory are the two fundamental theories
upon which all branches of computer and electrical engineering are built. Many
branches of electrical engineering, such as power, electric machines, control,
electronics, communications, and instrumentation, are based on electric circuit theory.
Therefore, the basic electric circuit theory course is the most important course for a
computer and electrical engineering student, and always an excellent starting point for
a beginning student in computer and electrical engineering education. Circuit theory is
also valuable to students specializing in other branches of the physical sciences because
circuits are a good model for the study of energy systems in general, and because of the
applied mathematics, physics, and topology involved.

In computer and electrical engineering, we are often interested in communicating or
transferring energy from one point to another. Doing this requires an interconnection
of electrical devices. Such interconnection is referred to as an electric circuit, and each
component of the circuit is known as an element.

» An electric circuit 1s an interconnection of electrical elements

A simple electric circuit is shown on Fig. 1.1. It consists of three basic elements: a
battery, a lamp, and connecting wires. Such a simple circuit can exist by itself; it has
several applications, such as a flashlight, a search light, and so forth. Electric circuits
are used in numerous electrical systems to accomplish different tasks. Our objective in
this chapter is not to study various uses and applications of circuits. Rather our major
concern is the analysis of the circuits. By the analysis of a circuit, we mean a study of
the behavior of the circuit: How does it respond to a given input? How do the
interconnected elements and devices in the circuit interact? We commence our study
by defining some basic concepts. These concepts include charge, current, voltage,
circuit elements, power, and energy. Before defining these concepts, we must first
establish a system of units that we will use throughout the text.

Current
\

Battery Lamp

/

Figure 1.1 A simple Electric Circuit.
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1.2.  Systems of Units

As electrical engineers, we deal with measurable quantities. Our measurement,
however, must be communicated in a standard language that virtually all professionals
can understand, irrespective of the country where the measurement is conducted. Such
an international measurement language is the International System of Units (SI),
adopted by the General Conference on Weights and Measures in 1960. In this system,
there are six principal units from which the units of all other physical quantities can be
derived. Table 1.1 shows the six units, their symbols, and the physical quantities they
represent. The SI units are used throughout this text. One great advantage of the SI unit
is that it uses prefixes based on the power of 10 to relate larger and smaller units to the
basic unit. Table 1.2 shows the SI prefixes and their symbols. For example, the
following are expressions of the same distance in meters (m):

600,000,000 mm 600,000 m 600 km

TABLE 1.1 ' —— |
Six basic S| units and one derived unit relevant to this text.

Quantity Basic unit Symbol
Length meter m
Mass kilogram ke
Time second s
Electric current ampere A
Thermodynamic temperature kelvin K
Luminous intensity candela cd
Charge coulomb C

TABLE 1.2 y ——

The SI prefixes.
Multiplier Prefix Symbol

108 exa E
107 peta P
10" tera T
10° giga G
10° mega M
10° kilo k
10° hecto h
10 deka da
1071 dec1 d
1072 centi ¢
1073 milli m
10°° micro M
10~° nano n
10 lr‘j pico p
10 femto f
10 *® atto a




Fundamental of Electrical Circuits
Dr. Hussein Mohammed Ridha

Mustansiriyah University
College of Engineering
Dep. of Electrical Engineering

1.3. Charge and Current

The concept of electric charge is the underlying principle for explaining all electrical
phenomena. Also, the most basic quantity in an electric circuit is the electric charge.

The following points should be noted about the electric charge:

» The coulomb is a large unit for charges. In 1 C of charge, there are
1/(1.602 x 1071%) = 6.24 x 108 electrons. Thus, realistic or laboratory
values of charges are on the order of pC, nC, or uC.

» According to experimental observations, the only charges that occur in nature
are integral multiples of the electronic charge e = —1.602 x 1071° C.

» The law of conversation of charge states that charge can neither be created nor
destroyed, only transferred. Thus, the algebraic sum of electric charges in a
system does not change.

e FElectric Charge (q)

The electric charge is an electrical property of the atomic particles of which matter
consists, measured in coulombs (C). The charge e on an electron is negative and equal
in magnitude to (1.602x10—-19 C), while a proton carries a positive charge of the same
magnitude as the electron.

q= fttlzidt Eq. (1.1)

e Electric Current (i)

The electric current is the time rate of change of charge, measured in amperes (A).
j —
i=- Eq. (1.2)

The way we define current as i in Eq. (1.1) suggests that current need not be a constant-
valued function. There can be several types of current; that is, charge can vary with
time in several ways. If the current does not change with time, but remains constant, we
call it a direct current (dc).

A direct current (dc) is a current that remains constant with time. Where current is
measured in amperes (A), an

1 ampere = 1 coulomb/second

By convention the symbol 7 is used to represent such a constant current. A time-varying
current is represented by the symbol i. A common form of time-varying current is the
sinusoidal current or alternating current (ac).

An alternating current (ac) is a current that varies sinusoidally with time.

Such current is used in your household, to run the air conditioner, refrigerator, washing
machine, and other electric appliances. Figure 1.2.
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(a) (b)

Figure 1.2. Two common types of current: (a) direct current (dc), (b) alternating
current (ac).

Example 1.1:

How much is the charge represented by 4.600 electrons?
Solution:
Each electron has -1.602x107"° C. Hence 4.600 electrons will have:

-1.602x107'° C/electron x 4.600 electrons = -7.369 x 10°'° C.

Example 1.2:

The total charge entering a terminal is given by q = 5t sin4nt mC. Calculate the
currentatt = 0.5s.

Solution:

i = % = % (5t sin4mwt) mC/s = (5t sin4nt + 207t cos 4mwt)mA

Att = 0.5,
i =5sin2m + 10w cos2mt = 0 + 10w = 31.42 mA.

Practice Example:

If previous Example has ¢ = (10 — e™2%) mC, find the current at t = 0.5 s.
Answer:

7.36 mA.
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Example 1.3: Determine the total charge for entering a terminal between t = 1 s and
t = 2 s, if the current passing the terminal is i = (3t2 — t) A.

Solution:

2 2
q :.f idt = (3t?2 —t)dt
t

=1 t=1

=(t3—§)|i=(8—2)—(1—%)=5-5C-

Practice Example:

The current flowing through an element is

_FA, 0<t<1
9= 122 4, t>1

Calculate the charge entering the element fromt = 0tot = 2 s.
Answer:

6.667 C.

1.4. Voltage

As explained briefly in the previous section, o move the electron in a conductor in a
particular direction requires some work or energy transfer. This work is performed
by an external electromotive force (emf), typically represented by the battery in Fig.
1.3. This emf'is also known as voltage or potential difference. The voltage v, between
two points a and b in an electric circuit is the energy (or work) needed to move a unit
charge from a to b; mathematically:

Vap = — Eq. (1.3)
where w is energy in joules (J) and ¢ is charge in coulombs (C). The voltage v, or
simply v is measured in volts (V).

1 volt =1 joule/coulomb =1 newton-meter/coulomb

—O d
+

ab

o h

Figure 1.3. Polarity of voltage vg,,.
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Thus, Voltage (or potential difference) is the energy required to move a unit charge
through an element, measured in volts (V).

Figure 1.3 shows the voltage across an element (represented by a rectangular block)
connected to points @ and b. The plus (+) and minus (-) signs are used to define reference
direction or voltage polarity. The v,;, can be interpreted in two ways: (1) point a is at a
potential of v, volts higher than point b, or (2) the potential at point a with respect to

point b is v,y,. It follows logically that in general:
Vap = —Vpa Eq (14)

Current and voltage are the two basic variables in electric circuits. Like electric current,
a constant voltage is called a dc voltage and is represented by V, whereas a sinusoidally
time-varying voltage is called an ac voltage and is represented by v. A dc voltage is
commonly produced by a battery; ac voltage is produced by an electric generator.

1.5. Power and Energy

Although current and voltage are the two basic variables in an electric circuit, they are
not sufficient by themselves. For practical purposes, we need to know how much power
an electric device can handle. Power is the time rate of expending or absorbing
energy, measured in watts (W),

_dw
T

Eq. (1.5)

where p is power in watts (W), w is energy in joules (J), and # is time in seconds ().
From Egs. (1.1), (1.3), and (1.5), it follows that:

_dw_dw da_
" @ ag w = U Eq. (1.6)
Or
p =vi Eq. (1.7)

Thus, the power absorbed or supplied by an element is the product of the voltage across
the element and the current through it. If the power has a + sign, power is being
delivered to or absorbed by the element. If, on the other hand, the power has a — sign,
power is being supplied by the element

Current direction and voltage polarity play a major role in determining the sign of
power. It is therefore important that we pay attention to the relationship between current
i and voltage v in Fig. 1.4 (a). The voltage polarity and current direction must conform
with those shown in Fig. 1.4 (a) in order for the power to have a positive sign. This is
known as the passive sign convention.
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e or e

(a) (b)

Figure 1.4. Reference polarities for power using the passive sign convention: (a)
absorbing power, (b) supplying power.

Passive sign convention is satisfied when the current enters through the positive
terminal of an element and p = +wi. If the current enters through the negative terminal,
p = —Vi.

Unless otherwise stated, we will follow the passive sign convention throughout this
text. For example, the element in both circuits of Fig. 1.5 has an absorbing power of W
because a positive current enters the positive terminal in both cases.

3JA

—

@ ®)
Figure 1.5. Two cases of an element with an absorbing power of 12 W:
(Ap=4x3=12W,(b)p=4x3=12 12W

In Fig. 1.6, however, the element is supplying power of +12 W because a positive
current enters the negative terminal. Of course, an absorbing power of —12 W is
equivalent to a supplying power of +12W. In general,

+Power absorbed = —Power supplied

3A 3A
O e —
+ _
av D av D
— +
o C

(@) (b)

Figure 1.6 Two cases of an element with a supplying power of 12 W:

() p=—4x3=—12W,(b)p=—-4%x3=—-12W.
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Energy is the capacity to do work, measured in joules (J). The energy absorbed or
supplied by an element from time £, to time £ is:

w=[ pdt=[ vidt Eq. (1.8)
The electric power utility companies measure energy in watt-hours (Wh), where

1 Wh=3.600J

Example 1.4: An energy sources a constant current of 2 A for 10 s to flow through a
lightbulb. If 2.3 kJ is given off in the form of light and heat energy, calculate the voltage
drop across the bulb.

Solution:

The total charge is: Aq =i At =2 x 10 = 20 C.

Aw _ 2.3x103

The voltage drop is: v = vl vt 115 V.

Example 1.5: Find the power delivered to an element at t = 3 ms if the current entering
its positive terminal is i = 5 cos 60 t A, and the voltage is:

(a)v =3i,(b)v =3di/dt.
Solution:
(a) The voltage is v = 3i = 15 cos 60 mtt; hence, the power is
p = vi = 75 cos? 60t W.
Att = 3 ms,
p = 75c0s%(60m X 3 X 1073) = 75c0s%0.18m = 53.48 W.
(b) We find the voltage and the power as:
v = 32—;' = 3(=607)5 sin 60 rt = —9007 sin 60 7t V.
p = vi = —4500m sin 60 7t cos 60 wt W.
Att = 3 ms,
p = —45007 sin 0.18 w cos 0.18 1 W
= —14137.167 sin32.4° cos 32.4° = —6.396 kW.
Note: Converting radian to degree:
1 radian = 180/ r degree. Thus, 0.18x180 = 32.4.

Practice Example: Find the power delivered to the element in Example 1.5 at t =5
ms, if the current remains the same but the voltage is:

(@) v=2iV,(b)v=(10+5 [ idt)V.
Answer: (a) 17.27 W, (b) 29.7 W.

10
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1.6. Circuit Elements

An electric circuit is simply an interconnection of the elements. Circuit analysis is
the process of determining voltages across (or the currents through) the elements of the
circuit. There are two types of elements found in electric circuits which are:

» Active Elements: These elements are capable of generating energy such as
generators, batteries, and operational amplifiers

> Passive Elements: These elements are incapable of generating energy such as
resistors, capacitors, and inductors.
The most important active elements are voltage or current sources that generally deliver
power to the circuit connected to them. There are two kinds of sources:

> Independent Source: is an active element that provides a specified voltage or
current that is completely independent of other circuit elements.

> Dependent Source or controlled source: is an active element in which the source
quantity is controlled by another voltage or current.

Figure 1.7 shows the symbols for independent voltage sources. Notice that both
symbols in Fig. 1.7 (a) and (b) can be used to represent a dc voltage source, but only
the symbol in Fig. 1.7 (a) can be used for a time-varying voltage source. Similarly, an
ideal independent current source is an active element that provides a specified current
completely independent of the voltage across the source.

+
v @) V _
—0 —0
(a) ()

Figure 1.7. Symbols for independent voltage sources: (a) used for constant or time-
varying voltage, (b) used for constant voltage (dc).

Dependent sources are usually designated by diamond-shaped symbols, as shown in
Fig. 1.8. Since the control of the dependent source is achieved by a voltage or current
of some other element in the circuit, and the source can be voltage or current

—o0 —0

—o0 —o0
(@) (b)

Figure 1.8. Symbols for: (a) dependent voltage source, (b) dependent current source.

11
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Example 1.6: Calculate the power supplied or absorbed by each element in Figure.

. +
20V (i) 7 Pl |sv ps{h)> o021

Solution: We apply the sign convention for power. For p4, the 5-A current is out of the
positive terminal (or into the negative terminal). Thus,

p; = 20(—5) = =100 W Supplied power
For p, and ps3, the current flows into positive terminal of the element in each case.
p, =12(5) =60 W Absorbed power
ps = 8(6) =48 W Absorbed power

For p,4, we should note that the voltage is 8 V, the same as the voltage for p3, since both
the passive element and the dependent source are connected to the same terminals.
(Remember that voltage is always measured across an element in a circuit.) Since the
current flows out of the positive terminal,

ps = 8(—0.21) = 8(—0.2 x5) = —8 W Supplied power

We should observe that the 20-V independent voltage source and dependent current
source are supplying power to the rest of the network, while the two passive elements
are absorbing power.

prt+p,+p3+p,=-100+60+48—-8=0

The total power supplied equals the total power absorbed.

12
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Chapter Two
Basic Laws

2. Ohm's Law

2.1. Ohm's Law

Materials in general have a characteristic behavior of resisting the flow of electric
charge. This physical property, or ability to resist current, is known as resistance and
is represented by the symbol R. The resistance of any material with a uniform cross-
sectional area A depends on A and its length €, as shown in Fig. 2.1(a). We can
represent resistance (as measured in the laboratory), in mathematical form,

'3
R=p> Eq. 2.1)

where p is known as the resistivity of the material in ohm-meters. Good conductors,
such as copper and aluminum, have low resistivities, while insulators, such as mica and
paper, have high resistivities.

v 3R
Material with
resistivity p
Cross-sectional
area 4 =
(a) (b)

Figure 2.1 (a) Resistor, (b) Circuit symbol for resistance.

Ohm’s law states that the voltage v across a resistor is directly proportional to the
current [ flowing through the resistor.

voci Eq. (2.2)

Ohm defined the constant of proportionality for a resistor to be the resistance, R. (The
resistance is a material property which can change if the internal or external conditions
of the element are altered, e.g., if there are changes in the temperature.). The Eq. (2.2)
becomes:

v = iR Eq. (2.3)

The resistance R of an element denotes its ability to resist the flow of electric current;
it is measured in ohms (2 ).

13
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Eq. (2.4)
So that
120=1V/A Eq. (2.5)

Since the value of R can range from zero to infinity, it is important that we consider the
two extreme possible values of R. An element with R = 0 is called a short circuit, as
shown in Figure 2.2 (a). For a short circuit,

v=iR=0 Eq. (2.6)

showing that the voltage is zero but the current could be anything. In practice, a short
circuit is usually a connecting wire assumed to be a perfect conductor. Thus,

A short circuit is a circuit element with resistance approaching zero.

Similarly, an element with is known as an epen circuit, as shown in Fig. 2.2(b). For an
open circuit,

i = lim Z=0 Eq. (2.7)

indicating that the current is zero though the voltage could be anything. Thus,

An open circuit is a circuit element with resistance approaching infinity.

(a) ()
Figure 2.2: (a) Short circuit (R — 0), (b) Open circuit (R — ).
A useful quantity in circuit analysis is the reciprocal of resistance R, known as
conductance and denoted by G:

c=1=!
R

L
v

Eq. (2.8)

The circuit symbol for the resistor is shown in Fig. 2.1(b), where R stands for the
resistance of the resistor.

Conductance (G): is the ability of an element to conduct electric current; it is measured
in mho (O) or Siemens (S).

The same resistance can be expressed in ohms or siemens. For example, 10 Q is the
same as 0.1 S. Thus,

14
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Eq. (2.9)

The power dissipated by a resistor can be expressed in terms of R, as follows:

2

p=vi=i’R= % Eq. (2.10)
The power dissipated by a resistor may also be expressed in terms of G, as follows:

p=vi=vG=" Eq. (2.11)
Example 2.1: In the circuit shown below, calculate the current i, the conductance

G, and the power p.

= <
30\?@) 5KQ S v

Solution: The voltage across the resistor is the same as the source voltage (30 V)
because the resistor and the voltage source are connected to the same pair of terminals.
Hence, the current is

v 30
R~ 5x103

= 6mA

1=

The conductance is

| =

1
R 5x103

G = =0.2mS

The power can be calculated in various ways:

p =vi=30(6x%x10"3) =180 mW
Or p=i*R=(6x1073)25x 103 = 180 mW
Or p =v%G = (30)%0.2 x 1073 = 180 mW

Example 2.2: A voltage source of 20 sintt V is connected across a 5-k{} resistor. Find
the current through the resistor and the power dissipated.

Solution:
v 20 sinmt .
i=—-= = 4 sinnt mA
R~ 5x103
Hence, p = vi = 80sin’ it mW

Practice Example: A resistor absorbs an instantaneous power of 20 cos? t mW when
connected to a voltage source v = 10 cost V. Find i and R.

Answer: 2 cost mA, 5 k(.

15
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2.2.  Nodes, Branches, and Loops

We study the properties relating to the placement of elements in the network and the
geometric configuration of the network. Such elements include branches, nodes, and
loops.

e A branch represents a single element such as a voltage source or a resistor.
¢ A node is the point of connection between two or more branches.
e A loop is any closed path in a circuit.

The circuit in Fig. 2.3 has five branches, namely, the 10-V voltage source, the 2-A
current source, and the three resistors.
a 5Q b

ov (* 29?39? (D.?A

-
Figure 2.3: Nodes, branches, and loops.

A loop is a closed path formed by starting at a node, passing through a set of nodes, and
returning to the starting node. A network with b branches, n nodes, and I independent
loops will satisfy the fundamental theorem of network topology:

b=Il+n—-1 Eq. (2.12)

e Two or more elements are in series if they exclusively share a single node and
consequently carry the same current.

e Two or more elements are in parallel if they are connected to the same two
nodes and consequently have the same voltage across them.

Example 2.3: Determine the number of branches and nodes in the circuit shown in
Figure below. Identify which elements are in series and which are in parallel

50
—\MW

10V (‘:) g.sg G 2A

Solution: Since there are four elements in the circuit, the circuit has four branches: 10
V,5Q, 6, and 2 A. The circuit has three nodes as identified in Figure below. The 5
Q resistor is in series with the 10-V voltage source because the same current would flow
in both. The 6-() resistor is in parallel with the 2-A current source because both are
connected to the same nodes 2 and 3.

16
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l=2,b=4,n=3 1 5Q 2
b=l+n-1 (f_MM
ov (* g 6Q 2A
4=2+3-1=4 ) G
C b

2.3. Kirchhoff's Laws

Ohm’s law by itself is not sufficient to analyze circuits. However, when it is coupled
with Kirchhoff’s two laws, we have a sufficient, powerful set of tools for analyzing a
large variety of electric circuits. Kirchhoff’s laws were first introduced in 1847 by the
German physicist Gustav Robert Kirchhoff (1824—1887). These laws are formally
known as Kirchhoff’s current law (KCL) and Kirchhoff’s voltage law (KVL).

o Kirchhoff’s current law (KCL) states that the algebraic sum of currents entering
a node (or a closed boundary) is zero. Mathematically, KCL is expressed as:

N 1i,=0 Eq. (2.12)

where N is the number of branches connected to the node and i,, is the nth current
entering (or leaving) the node. By this law, currents entering a node may be regarded
as positive, while currents leaving the node may be taken as negative or vice versa as
shown in Fig. 2.4:

Figure 2.4: Currents at a node illustrating KCL.
i1+ (i) +ig+is+(=is) =0
By rearranging the terms, we get:
i1 +iz3+i, =10 +is5

The sum of the currents entering a node is equal to the sum of the currents leaving the
node.

o Kirchhoff’s voltage law (KVL) states that the algebraic sum of all voltages
around a closed path (or loop) is zero.
Expressed mathematically, KVL states that:

M
m=1 VUm

=0 Eq. (2.13)

17



Fundamental of Electrical Circuits
Dr. Hussein Mohammed Ridha

Mustansiriyah University 0l 4
College of Engineering 'l “‘,ﬂ
Dep. of Electrical Engineering .

where M is the number of voltages in the loop (or the number of branches in the loop)
and v,, is the mth voltage.

To illustrate KVL, consider the circuit in Fig. 2.5. The sign on each voltage is the
polarity of the terminal encountered first as we travel around the loop. We can start
with any branch and go around the loop either clockwise or counterclockwise. Suppose
we start with the voltage source and go clockwise around the loop as shown; then
voltages would be —v;, +v,, +v3, —v,, and +vs, in that order. For example, as we
reach branch 3, the positive terminal is met first; hence we have +v5. For branch 4, we
reach the negative terminal first; hence, —v,. Thus, KVL yields

+ 2 4 ¥ _
VA WA —
© () @
— vy t+

Figure 2.5. A single-loop circuit illustrating KVL

V1 +V,+V3 -V, +v5=0 Eq. (2.14)
Rearranging terms gives:
Vy+v3+Vs=v1+v, Eq. (2.15)
which may be interpreted as:
Sum of voltage drops = Sum of voltage rise Eq. (2.16)
Example 2.4: For the circuit in Figure below, find v; and v,.
20 20
AN Wy
+ 0 - + oy -
20v (1) n33o  20v (D) ﬁ) "< 30
+7 [ +7
(@) (b)

Solution: To find v; and v,, we apply Ohm’s law and Kirchhoff’s voltage law.
V1 = Zl, Uy, = —3i
Applying KVL around the loop gives:

—20+171—v2=0

18
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—204+2i+3i=0 or5i=20=>i=4A
v1=8V, v2=_12V

Example 2.5: Determine v, and i in the circuit shown below.

1,40 2, 49 20,
AN & A 4o
12V C_D 4V G> 12V @) Q AV CZ)
60 60
AW A
y — + y —
(a) (b)

Solution: We apply KVL around the loop as shown in Figure. The result is
—12+4i+2v,—4+6i=0

Applying Ohm's law to the 6 Q resistor gives:

v, = —6i

—-16+10i —12i =0 = i =-8A,and v, =48 V.

Practice Example: Find v, and v, in the circuit of figure below.

10Q
AR
+ g -
35V j:) 2u

Answer: 10V, -5 V. ] 50

AN
Example 2.6: Determine i, and v, in the circuit shown below.
Solution: We apply KVL to node a, we obtain a
34050, =i,=>i,=6A . o

5j A
For the 4 Q resistor, Ohm's law gives: 0.5, {4 U"_g = )34
vy =4i, =24V
Practice Example: Find v, and i, in the circuit shown below.
E .
e = i = .
6A"\_+_,-’I zﬂa f *> 80 }f‘_::_'!a

Answer: 8V, 4 A
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Example 2.7: Find currents and voltages in the circuit shown below:
s 1B

. s
a 8Q a

a- |} T

+ + +
30v () nZ30 5260 30v (%) @ »n 230

(®)

+ <.
Loop2 ) #3260

(@
Solution: We apply Ohm's law and KVL's law. By Ohm's law,
Uy = 3i29

U1 = 8i19 U3 = 6i39

Since the voltage and current of each resistor are related by Ohm’s law as shown, we
are really looking for three things: (v4, v,, v3) or (iy, i3, i3). At node a, KCL gives:

i1 —i,—i3=0

Applying KVL to loop 1,

—30+ v +v, =0 =-30+8i, +3i, =0 =iy = 22

Applying KVL to loop 2,

U +v3=0 =2v;, =v;

since the two resistors are in parallel. We express v; and v, in terms of i; and i,,
6i; = 3i, = i3 = %2, Substituting in the first equation,

GO i, — 2 = 0 multiply by 8, = 30 —3i, — 81, —4i, =0 = I, =2

i1=3A,i3=1A,v1=24V,vz=6V,v3=6V

Practice Example: Find currents and voltages in the circuit shown below:

20 T B 40
A MMMy
oy - *;‘,"" I
Answer: v; =3V, v, =2V, v3 =5V, LT 3
. . . ol '/.:’:-\\' fa = ] T
i =15A,i, =025A,i; = 1.25 A, SVE) n 2 8Q (=) 3V

2.4. Series Resistors and Voltages Division

The need to combine resistors in series or in parallel occurs so frequently that it warrants
special attention. The process of combining the resistors is facilitated by combining two
of them at a time. Consider the single-loop circuit of Fig. 2.6 The two resistors are in
series, since the same current i flows in both. Apply both to each of the resistors, we
obtain,
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i . R Ry
—
— A A,
oy - Ty -
P aarin
v [T
p
b

Figure 2.6. A single-loop circuit with two resistors in series.

vy =iRqy, v, =1IR, Eq. (2.17)
If we apply KVL to the loop (moving in the clockwise direction), we have:

—-v+v,+v,=0 Eq. (2.18)
Combining the two previous equations, we get:

v=v,+v; =i(R; +R;) Eq. (2.19)
Or

v

i = Eq. (2.20)

Notice that Eq. (2.20) can be written as follows:
v = iR, Eq. (2.21)

the two resistors can be replaced by an equivalent resistor R4 as shown in Fig.2.7.

Req = Ry + Ry Eq. (2.22)
e Fe
" VN :‘_.‘\. ‘,_
e
[ '\:_,-'I
0

Figure 2.7. Equivalent circuit of Fig.2.6 circuit.

The equivalent resistance of any number of resistors connected in series is the sum
of the individual resistances.

For N resistors in series then,
Reg=Ry+Ry+ -+ Ry= YN R, Eq. (2.23)

To determine the voltage across each resistor in Fig. 2.7, we substitute Eq. (2.20) into
Eq. (2.17) and obtain the following:
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_ R _ R
= v, vz =
R{+R;y R{+R;y

121 Eq. (2.24)
Notice that the source voltage v is divided among the resistors in direct proportion to
their resistances; the larger the resistance, the larger the voltage drop. This is called the
principle of voltage division, and the circuit in Fig. 2.6 is called a voltage divider. In
general, if a voltage divider has N resistors (Rq, Ry, ..., Ry) in series with the source
voltage v, the nth resistor (R,) will have a voltage drop of
v, = —n
n R1+RZ,...,Nv

Eq. (2.25)
2.5. Parallel Resistors and Current Division

Consider the circuit in Fig. 2.8, where two resistors are connected in parallel and
therefore have the same voltage across them. From Ohm’s law,

i -
. Node a .
B
.f-]_ * .i': *
o Iaf-_"'xl = =
= -
" = Rl = Rl
a Y
& A
I Tﬂdf b

Figure 2.8. Two resistors in parallel.

v=i,R, =i,R, Or i;= Ril i, = Riz Eq. (2.26)

Applying KCL at node a gives the total current i as:
i =i+, Eq. (2.27)
Substituting Eq. (2.26) into Eq. (2.27), we get:

LY R A
l_R1+Rz_v(R1+R1)_Req Eq. (2.28)

where R, is the equivalent resistance of the resistors in parallel:

1 _ 1 1 1 _ R1+R>
e =n O p-=T7t Eq. (2.29)
_ RiRy
Reg = p o Eq. (2.30)

The equivalent resistance of two parallel resistors is equal to the product of their
resistances divided by their sum.

. iR1{R
v =iR, = ﬁ Eq. (2.31)
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. iRy . iR1
l1 = , lp =
R1+Ry R1+R;

Substituting in Eq. (2.26)

Eq. (2.32)

which shows that the total current i is shared by the resistors in inverse proportion to
their resistances. This is known as the principle of current division, and the circuit in
Fig. 2.8 is known as a current divider. Notice that the larger current flows through the

smaller resistance.

Example 2.8: Find R, for the circuit given below: 40 10

[ JTATARLY J "W
20

R s =
=1 TI—I $5Q
. 260 =30

8 L2 = <
I AAAN I [

Solution: To get R4, we combine resistors in series and in parallel. The 64 and 30

resistors are in parallel, so their equivalent resistance is

" ‘,"\,'.'\‘_.v‘v'\.

L

60130 = 22 = 20
6+3
Also, the 1Q and 5Q) are in series = 1Q + 5Q = 6Q 10
. . . .. . VWA
According to right figure, the circuit is reduced, we notice 1
=20
) . . ) R, < z
That the two 20 resistors are in series, so the equivalent BN E = 6Q
20
. . <
Resistance is, 8%\ [
20 + 20 = 4Q. Now, the 4() is parallel with 6(), thus their @
40
equivalent resistance is O—"ﬁx‘u"\-“
4X6 . Req :-t 240
40Q||6Q = e = 2:40.In the right figure (b), there are three — s+
8Q
resistors are in series. The equivalent resistance for the circuit is i :;b}
Rpq =40 + 240 + 80 = 14.40Q
Practice Example: Find R, for the circuit given below:
20 30 40
C—AAN AN V‘h‘%"‘j
H Re = = >
10 30
—ANA WA
Example 2.9: Find R, for the circuit given below: e 10 4 10
a o AW AW Wiy
Solution: 7,84
Rab = -
P 302 a0
1+5=60,2—==30,2"=20, VAN
120
bo
b b
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100 10
In figure (a), we have: & oA
v _ i )
m—ZQ,andZQ+1Q—3.Q :%29_ ,;Egg_ :':.:.6_0
3x2 [
222 — bo
el 1.2Q, 5 5 5
Thus, the Ry, = 104+ 1.2 = 11.2 Q. (@)
e .
ac VA J J
Zo0 230
b e
b b
)]
Practice Example: Find R, for the circuit given below: 0O
A
80 50
G '\\'ﬁ'."‘-'\l"“'.’ "‘I\fﬂ.‘\".\f..\t'
18 Q / ,\ 200 L
Answer: 110). R_f’... Y = i =
- T 90 2 z10
/ 2 Q\
b AN
Example 2.10: Find i, and v, in the circuit given below. Calculate the power dissipated
in the 3 Q resistor.
i i,
Solution: — \413 a —"]
3X6 4 T
60 ”3Q:E: 20 v () 60 %30
In Fig. (b), notice that it is not affected by the combination ( [
b
of the resistors because the resistors are in parallel and @
a
therefore, have the same voltage. From Fig.(b), we can _
.40 a
obtain in two ways. One way is to apply Ohm’s law to get, VWA
.12 o . e ' 2
l—m—ZA,vo—21—2x2—4V. 2V(Z) "’iTﬂ-‘-
Another way is to apply voltage division, ),
vy = —(12) = 4 V. (b)

2+4

Similarly, i, can be obtained in two ways. One approach is to apply Ohm’s law to the

3 Q resistor in Fig. (a),

) . 4
v,=3i,=4 = lo=§A
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Another approach is to apply current division to the circuit in Fig. (a),

. 6 . 2 4
lo—al—E(ZA)—gA.

The power dissipated in the 3 Qisp, = i,v, = 4 (g) = 5.333 W.

Practice Example: Find v; and v, in the circuit shown below in figure. Also calculate
i; and i, and the power dissipated in the 12 Q and 40 () resistors.

i
— 120
+ ,'_,lv -

Answer: v; =5V, i; =416.7 mA, p; = 2.083 W, 60
MM, .
v, =10V, i, = 250 mA, p, = 2.5 W. }o

+
15V :t} E’ 100 = E; 400

Example 2.11: For the circuit shown below, find: (a) the voltage v,, (b) the power
supplied by the current source, (c) the power absorbed by each resistor.

Solution:
6kQ
(a) The 6 Q and 12 ( resistors are in series, so 6+12=18 Q “"“‘“‘T
We apply current division technique to find i; and i,: s0ma (§) {_:'; sk Z12k0
i = —220 (30 mA)=20mA [
9000+18000 @
. 9000
t2 = Sooos1s000 (30 M0 mA o, B
v, = 9000i; = 18000, = 180 V. EL

0ma(d)  wZoko Zi3k0
(b) Power supplied by the source is -

Po = Volp, = 180(30) mW =54 W.
(c) Power absorbed by 12 k() resistor is
p =iv =i,(i,R) = i,?R = (10 x 1073)2(12000) = 1.2 W
Power absorbed by 6 k() resistor is
p =iv=i"R=(10 x 1073)2(6000) = 0.6 W

. . vZ 1802
Power absorbed by 9 k() resistor is p = = = 5000 = 3.6 W
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Practice Example: For the circuit shown below, find: (a) v; and v,, (b) the power
dissipated in the 3  and 20 () resistors, and (c) the power supplied by the current

sources. 10
AAN
Answer: .
= M o -, - =
(a) 15V,20V, (b) 75 mW, 20 mW, 3kQ S 7 ':‘L 10mA  Z5k0 @3
(c) 200 mW.

2.6. Wye-Delta Transformations

Situations often arise in circuit analysis when the resistors are neither in parallel nor in
series. For example, consider the bridge circuit in Fig. 2.9.

Rl
ANV
16 ¥ool

Figure 2.9. The bridge network.
2.6.1. Delta to Wye conversion

Each resistor in the Y network is the product of the resistors in the two adjacent A
branches, divided by the sum of the three A resistors.

R:
A B
A B o\ /’
R: R:
R R
Rs
c c
— RpR¢ _ RqRc _ RqRp
Ri=imire B~ rmae B~ rimine Eq. (2.33)

2.6.2. Wye to Delta conversion

Each resistor in the A network is the sum of all possible products of Y resistors taken
two at a time, divided by the opposite Y resistor.
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ia.\\ //'13 A
R R
Y R
Rs
C
_ R{R;+RyR3+R3Rq _ R{R;+RyR3+R3Rq
Ra - R ’ Rb - R >
1 2

R
B
R
C
R, = Rl“l“‘;‘:ﬂs’“ Eq. (2.34)

Example 2.12: Convert the A network in the below figure to an equivalent Y network.

Solution:
a R( b
R = RpRc o AN
1= R RARS 250
atRp+Rc -
10x25
Rl = — = 5 QO
15+10+25 2, 10Q 150
RoR. Ry R,
RZ e ——
Ra+Rp+R¢
25x15
R,=————=750Q
15+10+25
R4R
R3: alth
Rq+Rp+Rc (@)
15%10
Ry=————=30Q
15+10+25

(b)

Example 2.13: Obtain the equivalent resistance R, for the below figure and use it to

find i.
Solution:

R,=10Q,R, =20Q,R; =50Q

10X204+20X5+5x10

Ri{R;+R3R3+R3Rq
Raz = =
Ry 10
R1Ry;+R3R3+R3R
Rb=12 2113 31=17SQ
R
R1R;+R3R3+R3R
RC:12 ;3 31:7OQ
3
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a o L 4
4.545 Q)
a o /
125Q o e 2273Q 1.8182Q § 300
70 Q 300Q 79297 Q) c n
15Q "5/135 ° e 15Q 20Q
10.5Q
b b bo
(a) (b) (c)
701130 =222 =210
70+30

12.5]]17.5=7.292 Q
15]35=10.5Q
Rap = (7.292 +10.5) | 21 =9.632 Q

=2 =2 12458 A

Rgp  9.632
Practice Example: Find R, for the circuit in the figure below:
2040
ANV

Answer: 11 () 8Q 5Q

e
g, o
-
d -
=
2 =
- =
<
M :\
/_q:
4
b =
=] =
v

Practice Example: For the bridge network in Figure below, find R, and i.

Answer: 40 Q, 6 A.

28
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Chapter Three
Methods of Analysis

In this chapter, we will prepare to apply these two laws: Ohm's and Kirchhoff's laws,
to develop two powerful techniques for circuit analysis: nodal analysis, which is based
on a systematic application of Kirchhoff's current law (KCL), and mesh analysis,
which is based on a systematic application of Kirchhoff's voltage law (KVL). These
two techniques are so important to be understood.

3.1. Nodal Analysis

Nodal analysis provides a general procedure for analyzing circuits using node voltages
as the circuit variables. Choosing node voltages instead of element voltages as circuit
variables is convenient and reduces the number of equations one must solve
simultaneously. To simplify matters, we shall assume in this section that circuits do not
contain voltage sources. Circuits that contain voltage sources will be analyzed in the
next section.

In nodal analysis, we are interested in finding the node voltages. Given a circuit with
n nodes without voltage sources, the nodal analysis of the circuit involves taking the
following three steps.

Nodal analysis is also known as the node-voltage method.
Steps to Determine Node Voltages:

1. Select a node as the reference node. Assign voltages to the remaining nodes.
The voltages are referenced with respect to the reference node.

2. Apply KCL to each of the nonreference nodes. Use Ohm’s law to express
the branch currents in terms of node voltages.

3. Solve the resulting simultaneous equations to obtain the unknown node
voltages.

We shall now explain and apply these three steps. The first step in nodal analysis is
selecting a node as the reference or datum node. The reference node is commonly
called the ground since it is assumed to have zero potential. A reference node is
indicated by any of the three symbols in Fig.3.1.

1

Figure 3.1. Common symbols for indicating a reference node, (a) common ground,
(b) ground, (c) chassis ground.

i

(a) (©)
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Once we have selected a reference node, we assign voltage designations to nonreference
nodes. Consider, for example, the circuit shown. Node 0 is the reference node while

nodes 1 and 2 are assigned voltages v1 and v, respectively. I
P
Each node voltage is the voltage rise from the reference ~
. . R, S
node to the corresponding nonreference node or simply Ll VY 2
the voltage of that node with respect to the reference node. +L +1
The second step, we apply KCL to each nonreference node o4 = R = Rs
in the circuit. We now add i,, i,, and i3 as the currents through 0 T
resistors Ry, R,, and R3, respectively. —
(@)
At node 1, applying KCL gives: Figure 3.2. Typical I
I,=1,+iy+ i, Eq. (3.1) circ‘uit‘for nodal O
2 R’ 2
U]_ W !'12

At node 2: L §+ ! ¥
’ I ( ) Ry % Ry

(b)
We now apply Ohm’s law to express the unknown currents iy, i,, and i3 in terms of
node voltages.

Note: Current flows from a higher potential to a lower potential in a resistor.

We can express this principle as:

i = Zhlgher~Viower Eq. (3.3)
. -0 . _ V-V . — 270
W= R77%, BT, Fa- G4

Substituting Eq. (3.4) in Egs. (3.1) and (3.2) results, respectively, give:

I, =1, +;—1+’“R—‘2"2 Eq. (3.5)
V1—V2 _ V2

Rz  R3

I, + Eq. (3.6)
The third step in nodal analysis is to solve the node voltages. If we apply KCL to n —
1 nonreference nodes, we obtain n — 1 simultaneous equations such as Egs. (5) and
(6). We solve Egs. (5) and (6) to obtain the node voltages v4 and v, using any standard
method, such as the substitution method, the elimination method, Cramer’s rule, or
matrix inversion. To use either of the last two methods, one must cast the simultaneous
equations in matrix form. For example, Egs. (5) and (6) after we simplify them, can
be cast in matrix form as:

121 (Ril+Riz)—v2 (Riz) =1,—1, Eq. (3.7)
v, (Rl3 + Riz) — v, (Rlz) =1, Eq. (3.8)
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Ry R, R> L1 _ Il - IZ
1 1 [vz] - I, Eq. 3.9)
R Rz +R3 |

Which can be solved to get v4 and v,.

Example 3.1: Calculate the node voltages in the circuit shown below:

5A
Solution: 4@7
At node 1, applying KCL and Ohm's law gives: . «jv{\f\ 2
: L - -0
l1=lz+13=>5:vl4—vz+mT = %"'%_%:5 3;‘1% 6!’2§ $)10A
101 1
v (3+3)-v,(3)=5 = 3w -, =20 Eq.()) T
At node 2, (a)
iy +iy=i+is > 2410=5+2" P
ZoBi%o10-5 2 v (-1)+v(t+1)=5 bums s
4 4 6 i\72)"v2376) = h o 40 | s 10
3, +5v, =60 Eq.(2) . | WA iﬂ
i B i
Note that the Eq. (1) and Eq. (2) can be solved in two ways: - § co § P 10a
e Elimination technique,
we add Eq. (1) and Eq. (2) 1
4v, =80 = v, =20V (b)
Substituting v, in Eq. (1) gives, 3v; — 20 =20 = v; = 13.333V
e Cramer's rule
3 —=11[Y1] _ [20 . )
[_3 5 ] [Uz] = [60]’ we now obtain v; and v, as:
A - _1] 20X5—(~1x60) _ 160
_ 81 __leo 51 _ 20x5—(~1X60) _ 160 _
Vi=3 = [3 —1] T 3x5-(-1x-3) 12 13333V
-3 5
_ By _ [_33 28] _ 3X60-(20x=3) _ 180460 _ 1 <,
Va=73 = [3 ‘1] T 3x5-(-1x-3) 12
-3 5
To compute the values of each current,
iy =5A, 10, ="14;”2= 1.6668 A, is =”2—1= 6.666 A, i, = 10 A, i =”§: 3.333 A
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Practice Example: Obtain the node voltages in the circuit shown below:

Answer: vy = -2V, v, =-14 V.

1

6Q
AW

1a(}) §m

m§ (D 4A

L
Example 3.2: Determine the voltages at the nodes in the figure given below:
4Q 4Q
N
i ' . f*l . i y i l'jl
A2Q 2 80 2Q y7_2..8£2 _i
1 T A 3 5] - U3
3A 1 iy i L i
e () 10 1 2, 3a(}) a0 {
o i
(@) (b)
Solution:
Atnode 1,

_ ; — D17V | V1mVs A LT 0 _ 1
3=h+iy = 3= T T2 = 3—v1<4+2) vZ(z) U3(4)
3171 — sz — v3 =12 Eq (1)

At node 2,
R O B CIE N B
_4U1 + 7172 — U3 = 0 Eq (2)

At node 3,

2y =iy + iy = 2 Dty
61]1 = 9172 + 31]3 = O
2v1 —3v,+v3 =0 Eq. (3)

¢ FElimination technique, we add Eq. (1) and Eq. (3)

12
V1 =V = Eq. (4)

Adding Eq. (2) and Eq. (3)
—2v, +4v, = 0 = v, = 2v, Eq. (5),
substituting Eq. (5) into Eq. (4)

2172 — Uy = 12/5 = U, = 24‘V, U= 4.8 V, V3 = —-24V

32

= 8w, —vy) = 2(v; —v3) + (v — v3)



Mustansiriyah University
College of Engineering
Dep. of Electrical Engineering

Fundamental of Electrical Circuits
Dr. Hussein Mohammed Ridha

e Cramer's rule

2 12
. We now obtain v4, v,, and v; as:

v, ==, v, ==, and v3 = A , we have 3x3 matrix, which can be solved by

X a’
repeating first two rows and cross multiply.

A=1-4 7 -=1|=

2 -3 1

=21-12+4+14—-9-8=10

3 -2 —1]

12 -2 -1
12 -2 -1 0 7 —1]
A=|0 7 —1]= 0 -3 1 |=844+0+0-0-36—0=48
0o -3 11 |12 -2 —1J
Lo 7 -1
312 -1y
3 12 —-11 [-4 0 -1
Ay=|-4 0 —1]= 2 0 1 |=0+0-24—0-0+48=24
2 0 1 3 12
L4 0
3 2
3 -2 121 |-4 7 o
Ay=|-4 7 0]= 2 3 0|=0+144+0-168—0—0=—24
2 -3 ol [3 -2 12
L4 7 0
Wefindv, =2 =2=48V, v, =2=2=24V,andv; =2 =""=-24V

Practice Example: Find the voltages at three nonreference nodes in the circuit shown
below:

20

A

iQ )

1 A £

Answer: v; =80V, v, = —64 V,v; =156 V. 10a (¥) =

L/

=
s

33
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3.2. Nodal Analysis with Voltage Sources

We consider how voltage sources affect nodal analysis. We use the circuit in Fig. 3.3.

40
MW Supernode
A
L T sy T
207 ) X
vy AWV T () 3}
le, R lfs

10v (2) §SQ §GQ

Figure 3.3. A circuit with supernode.

e Case 1: If a voltage source is connected between the reference node and a
nonreference node, we simply set the voltage at the nonreference node equal to
the voltage of the voltage source. In Fig. 3.3, for example,

v,=10V Eq. (3.11a)

e Case 2: If the voltage source (dependent or independent) is connected between
two nonreference nodes, the two nonreference nodes form a generalized node
or supernode; we apply both KCL and KVL to determine the node voltages.

A supernode is formed by enclosing a (dependent or independent) voltage source
connected between two nonreference nodes and any elements connected in parallel with
it.

il + i4 = iz + i3 Eq (3113)
Or

V11—V +‘!71—‘U3 — v1—0 +173—0
2 4 8 6

Eq. (3.11b)

To apply Kirchhoff’s voltage law to the supernode in Fig 3.3. We redraw the circuit
as shown in Fig 3.4. Going around the loop in the clockwise direction gives,

___________________________________

Figure 3.4. Applying KVL to a supernode.
—172+5+173 =0 = Vp—V3 = 5 Eq (312)
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Note the following properties of a supernode:

1. The voltage source inside the supernode provides a constraint equation needed
to solve the node voltages.

2. A supernode has no voltage of its own.

3. A supernode requires the application of both KCL and KVL.

Example 3.3: For the circuit shown below, find the node voltages.

Solution: The supernode contains the 2 V source, 10Q

Nodes land 2, and the 10 € resistor.

"

™
+/ <
=
(3]

Applying KCL to supernode as shown in the Fig. (a) gives
2=i1+i,+7 ZACD §2§1 4Q§

2 — v1—0

®

2 +2247 o 8=2v,+v,+28

Orv, = =20 — 2v, Eq. (1)

=

To get the relationship between v; and v;. We apply KVL to the circuit in Fig. (b).
v —24+v,=0 = v,=v;,+2 Eq. (2),

From Eq. (1) and Eq. (2), we have

Uy, =V, +2=-20—-21;

Or

3vyy=-22 = v; = —=7.333 V.

v, =v; +2=-5333V.

Note that the 10 £ resistor does not make any difference because it is connected across
the supernode

! 2V |
_____ L B 2
R
) : ! : :
‘J TA : iyl q vy | !
= (b)

Fig. Applying: (a) KCL to the supernode. (b) KVL to the loop.
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Practice Example: Find v and i in the circuit shown below:

. oV
10
AV 3
Answer: -0.6 V, 4.2 A. . i
21V (3) 3&1:551_1# 20

3.3. Mesh Analysis

Mesh analysis provides another general procedure for analyzing circuits, using mesh
currents as the circuit variables. Using mesh currents instead of element currents as
circuit variables is convenient and reduces the number of equations that must be solved
simultaneously. Recall that a loop is a closed path with no node passed more than once.
A mesh is a loop that does not contain any other loop within it. Nodal analysis applies
to KCL to find unknown voltages in a given circuit, while mesh analysis applies to
KVL to find unknown currents. Mesh analysis is not quite as general as nodal analysis
because it is only applicable to a circuit that is planar. A planar circuit is one that can
be drawn in a plane with no branches crossing one another; otherwise, it is nonplanar.
Mesh analysis is also known as loop analysis or the mesh-current method.

To understand mesh analysis, we should first explain more about what we mean by a
mesh. A mesh is a loop which does not contain any other loops within it.

I I
a 1 R, b 2 R, c
AMAN

b
@ Ry ’ (:> 72

do

MY

&..H
™
=Y

Figure 3.6. A circuit with two meshes.

In Fig. 3.5, for example, paths abefa and bcdeb are meshes, but path abcdefa is not a
mesh. The current through a mesh is known as mesh current. In mesh analysis, we are
interested in applying KVL to find the mesh currents in a given circuit.

Steps to Determine Mesh Currents:

1. Assign mesh currents iy, i5, ..., I,, to the n meshes.

2. Apply KVL to each of the n meshes. Use Ohm’s law to express the voltages in
terms of the mesh currents.

3. Solve the resulting n simultaneous equations to get the mesh currents.

The first step requires that mesh currents i; and i, are assigned to meshes 1 and 2.
Although a mesh current may be assigned to each mesh in an arbitrary direction, it is
conventional to assume that each mesh current flows clockwise.
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As the second step, we apply KVL to each mesh. Applying KVL to mesh 1, we obtain:
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SO g gno”

—Vi+Ryiy + R3(i; — i) =0 = Vi — Ryiy —i1R3 + R3 =0

i;(Ry + R3) — iR =V, Eq. (3.13)
For mech 2, applying KVL gives:

“i,Ry — R3(iy— i) =V =0 = —iyRy — iyRs +iyR3 —Vy = 0

i\Rs — i,(R, + Ry) = V, Eq. (3.14)

The third step is to solve the mesh currents. Putting Eqgs. (3.13) and (3.14) in matrix
form yields:

R, + R3 —R3 ] [il] [Vl]
1 = Eq. (3.15
R; —(R; + R3)[ i, V, q- (3.15)

Which can be solved to obtain the mesh currents i; and i,. After finding the mesh
current:

11:i1,12:i2,13:i1—i2 Eq (316)

Example 3.4: For the circuit in Figure below, find the branch currents I, I, and I3

using mechs analysis. Lo s Lo
) ) ERaPYYVA YV
Solution: We first obtain the mesh currents using KVL: lfg
For loop 1: § 10Q
15+ 5i, + 10(i; — i) + 10 = 0 sv@® (w) (n) Zao
5i; + 10i; — 10i, =5 @ v
3i; —2i, =1 Eq. (1)
For loop 2:

6i, + 4i, +10(i, —i;) —10=0 = 20i, —10i; =10
—i1+2i,=1 Eq. (2)

e Elimination technique
2 +0=2 = i1 =1A
3—-2i,=1 = i, =1A.Thus,
L=i=1AL=i,=1A13=i;,—i,=0

e Cramer's rule
[—31 _22] [i;]z[ﬂAz[—i _22124’ Al:ﬁ _22124’A2= —31 1 =%
=P =1A0=2=1A
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Practice Example: Calculate the mesh currents i; and i, of the circuit shown below.

20 90
Answer: i; =2 A, i, =0A. L - 120 |
=LA v () (4 f) 1) 2av
)
AN
10 3Q

Example 3.5: Use mesh analysis to find current /,, in the circuit shown below.

Solution: We apply KVL to the three meshes in turn. noo, b
For mesh 1, Pﬂ
= iy <

—24+10(i; —ip,) +12(i; —i3) =0 1002 <240

v (F) : 4Q
22i; —10i, — 12i; = 24 uvio) @ AV
11i; — 5i, — 6iy = 12 Eq. (1) 120 2 Q > 4,
For mesh 2,

10(i, —iy) + 24i, +4(i, —i3) =0

—10i; + 38i, —4i; =0

—5i; + 19i, — 2i3 =0 Eq. (2)

For mesh 3,

12(i3 —iy) + 4(i3 — i) + 4i, = 0, but at node A, i, =i; — i,

12(i3 — i) +4(i3 —iy) +4(i; — i) = 0divideby 4 = —2i; —2i, +4i3=0
—ip—i,+2i3=0 Eq.(3)

11 -5 -—6][i (12
-5 19 -=2[|iz|=]0
-1 -1 21l L 0

11 -5 -6
A=]-5 19 =2|= =418 —-30—-10—-114 —22 - 50 = 192
-1 -1 2

Similarly we solve A;, A,, and A

12 -5 -6

12 -5 -6 0 19 -2
Ar=|(0 19 —2] =1 0 -1 2 |=456—24=432

0 -1 2 12 -5 -6

0 19 -2
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r11 12 -6
11 12 -6 -5 0 -2
Ay=|-5 0 —2]= -1 0 2 [=24+120=144
-1 0 2 11 12 -
-5 12 —ZJ
11 -5 12
11 -5 12 -5 19 0
A3 =|-5 19 0]= -1 -1 0(|=60+ 228 =288
-1 -1 0 11 -5 12
=5 19 0 J
Wefindiy =22 =12 =225A, i, =2=""=075A,;; ==""=15A

l0=ll_12=15A

Practice Example: Using mesh analysis, find i, in the circuit shown below.
6 )

WA

Answer: -5 A. fof 40 @ 80

‘\.,J\‘.-’\‘_.ﬁ.

A, ATATY

3.4. Mesh Analysis with Current Sources

Applying mesh analysis to circuits containing current sources (dependent or
independent) may appear complicated. But it is actually much easier than what we
encountered in the previous section, because the presence of the current sources reduces
the number of equations. Consider the following two possible cases.

Case 1: When a current source exists only in one mesh: Consider the circuit in Fig. 3.7,
for example. We set i, = 5 A and write a mesh equation for the other mesh in the usual
way; that is,

10+ 4i; +6(i;— i) =0 = iy = -2 A Eq. (3.17)
40 30
A AR

"'f""u"'h""\-'

62 (1) (})sa

T ."/.-_.-h\'l -
10W Ui @

Figure 3.7. A circuit with a current source.
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Case 2: When a current source exists between two meshes: Consider the circuit in Fig.
3.8 (a), for example. We create a supermesh by excluding the current source and
any elements connected in series with it, as shown in Fig. 3.8 (b). Thus,

A supermesh results when two meshes have a (dependent or independent) current
source in common.

60 100
ANAA - AN
: l ‘ 60 100
20 ) VWA WA
A _I. : 5 |
20V :ifjl @ i ] ' @ ?E 40 A i - - i >
A ! 20V (Z) ! @ @ =240
6A '\_f ) ; - E i
I ,;H L 1
i"-1- 0 h
Exclude these )
(a) elements

Figure 3.8. A circuit with a current source.
Therefore, applying KVL to the supermesh in Fig. (b) gives,
—20 + 6iy + 10i, + 4i, = 0 Or 6i, + 14i, = 20 Eq. (3.18)

We apply KCL to a node in the branch where the two meshes intersect. Applying KCL
to node 0 in Fig. 3.8 (a) gives,

ip=i;+6 Eq. (3.19)
Solving Egs. (3.18) and (3.19), we get,

ip=-3.2A,i,=2.8A Eq. (3.20)
Note the following properties of a supermesh:

1. The current source in the supermesh provides the constraint equation
necessary to solve for the mesh currents.

2. A supermesh has no current of its own.

3. A supermesh requires the application of both KVL and KCL.

Example 3.6: For the circuit in shown below, find I; to I3 using mesh analysis.

10Q

w® ) BN @
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Solution: We don't know the voltage across the current source. Therefore, we remove

the whole branch that includes the current source. 0o

Applying KVL around the supermesh, /D
12

Applying KCL around the supermesh,

ip =5+13 60 40
ip +0i, —iz =5 Eq. (2)

Applying KVL around the i,,

10i, + 2(i, —i3) + 3, —i1) =0

—3iy + 15i, — 2i3 =0 Eq. (3)

9 -5 611 [50
1 0 -—1]|li2l=15
-3 15 -=21li3 | 0

9 -5 6]
9 -5 6 1 0 -1 |
A=|1 0 —1‘=—3 15 —-2|/=04+90—-15—-04+135—10 = 200
-3 15 -2 9 -5 6
L1 0 -1

Similarly, we solve A4, A,, and A5

50 -5 6
50 -5 6 5 0 -1
A=[5 0 —1]=0 15 —2|=450+ 750 — 50 = 1150
o 15 -21 |50 -5 6
5 0 -1
"9 50 6
9 50 6 1 5 -1
A2=[1 5 —1]= 3 0 —2|=-90+ 150+ 90 + 100 = 250
3 0 -2 9 50 6
1 5 -1
9 —5 50
9 -5 50 105
As=[1 o0 5]= 3 15 0|=750+75- 675 = 150
-3 15 0l |9 -5 50
L1 0 5
Weﬁndi1=%=%50°=5.75A,i2=%=%=1.25A,v3=%=%=0.75A
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Chapter Four

Circuit Theorems
4. Introduction

A major advantage of analyzing circuits using Kirchhoff’s laws as we did in Chapter 3
is that we can analyze a circuit without tampering with its original configuration. A
major disadvantage of this approach is that, for a large, complex circuit, tedious
computation is involved. The growth in areas of application of electric circuits has led
to an evolution from simple to complex circuits. To handle the complexity, engineers
over the years have developed some theorems to simplify circuit analysis. Such
theorems include Thevenin’s and Norton’s theorems. Since these theorems are
applicable to linear circuits, we first discuss the concept of circuit linearity. In addition
to circuit theorems, we discuss the concepts of superposition, source transformation,
and maximum power transfer in this chapter. The concepts we develop are applied in
the last section to source modeling and resistance measurement.

4.1. Superposition

If a circuit has two or more independent sources, one way to determine the value of a
specific variable (voltage or current) is to use nodal or mesh analysis as in Chapter 3.
Another way is to determine the contribution of each independent source to the variable
and then add them up. The latter approach is known as the superposition. The idea of
superposition rests on the linearity property.

The superposition principle states that the voltage across (or current through) an
element in a linear circuit is the algebraic sum of the voltages across (or currents
through) that element due to each independent source acting alone.

The principle of superposition helps us to analyze a linear circuit with more than one
independent source by calculating the contribution of each independent source
separately. However, to apply the superposition principle, we must keep two things in
mind:

1. We consider one independent source at a time while all other independent
sources are turned off. This implies that we replace every voltage source
by 0 V (or a short circuit), and every current source by 0 A (or an open
circuit). This way we obtain a simpler and more manageable circuit.

2. Dependent sources are left intact because they are controlled by circuit
variables.

Steps to Apply Superposition Principle:

1. Turn off all independent sources except one source. Find the output (voltage
or current) due to that active source using the techniques covered in
Chapters 2 and 3.

2. Repeat step 1 for each of the other independent sources.

3. Find the total contribution by adding algebraically all the contributions due
to the independent sources.
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Analyzing a circuit using superposition has one major disadvantage: it may very
likely involve more work. However, superposition does help reduce a complex circuit
to simpler circuits through replacement of voltage sources by short circuits and of
current sources by open circuits.

Example 4.1: Use the superposition theorem to find v in the circuit shown below.
3Q

Solution: Since there are two sources, let AMAA,

V= Ul + vz /L\

where v; and v, are the contributions due to the 6 V voltage 6VIL/

source and the 3 A current source, respectively. To obtain vy, [

we set the current source to 0. Applying KVL to the loop:

12i; —6=0 = i; = 05A.

Thus, eV
vy =4, =2V

We may also use voltage division to get v; by writing:

4%(6)=2V 80

To get v,, we set the voltage source to 0. Using current division, B
P — i — 4 ;Ei'fa \\‘ 3
l3_8+4(3)_2A 402 0 CJ_A
Hence,

Uy, = 4‘l3 =8V

Andwe find v=v;+v,=2+8=10V.

Ulz

Practice Example: Using superposition theorem, find v, in the circuit shown below.
30 50
AW ’\u"‘v\w&

Answer: 6 V. T
})aa )V

| 4
— AW
(B
| Lo
| 5

Example 4.2: Use the superposition theorem to find v, in the circuit shown below.

4A
Solution: Let v, = v; + v, + V3, —-“-“m@u
where v, v,, and v5 are due to the independent sources. 80 12V

.
ZACD 10 0 50> Vo

8Q

To find v, see the figure below,

.
100 50 Vi

| |

vy = 5% — |

2 =43478V
5+8+10
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To find v,, see the figure below,

8
5+8+10

=5X 4=6956V

U,

To find v, see the figure below,

v, =-12(==—) = —2.6087 V

v, = 4.3478 + 6.956 — 2.6087 = 8.6956 V

FyY
a3
K&y
30
N
100 s0° W
12V
LEN]
fa
N
100 50 V3

Example 4.3: Apply the superposition theorem to find v, in the circuit shown below.

Solution: Let v, = v,; + v,y + V3,

where v,4, V,,, and v,3 are due to the independent sources.

To find v,,, see the figure below,
61](4+2)=30Q

vy = =20 =10V

To find v,,, see the figure below,

36=2Q

Vo2 = [4+§+2] @ =1V

To find v,3, see the figure below,
6] (4+2)=30Q
Vo3 = —2X3=-6

v, =10+1—-6=5V

60

60

24
-
"

40 20

0V f) CDIA 3a

60

40

+
* ig Vo
20V - -

ln

40

10

10 ~ Ve 30> Vo
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Example 4.4: Use the superposition principle to find v,in the circuit shown below.

. io 100 20 0
Solution: Let v, = v,; + v,,, where v,; and v, —

Solution — 5
Vo -
are due to the 6 A and 30 V sources. nre -
6A ~ 400 4io (D 30V
To find v, see the figure below,

At node a, Apply KCL

= Yo 4 Va7V i 100 20 0
6= T Va—p Vb —
+V1-
240 = 5y, — 4v, Eq. (1)
6A 40 Q 4i

Atnode b, Apply KCL

I+ 4 =220
YaV 4 4 (—”“"’b) = x 20
10 10 20
10v, — 10y, = v,
v, = 1.1y, Eq. (2), substituting (2) into (1)

240 =5(1.1v,) —4v, = v, =160Vandsov, =1.1x160=176V

However, vy = v, —v, =16V

To find v,, consider the figure below,

iz 100 v, 200
—p —» S
v . (vc—30)
5—g+4lo+cz—0:0 +V2-
40 Q 4 io . 30V
Buti, = =< ()
50 ’
Zpa(k)4 D=
50 50 20
e 4 W39 _ X 100
50 20

10V, + 50, — 150 =0 = 1, =10V

V¢ 10
lp=—=—=
50 50

U2=10i2=2V

1
5

vo=v1+v2=16+2=18Vandi0=’1’—g=1.8A.
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Example 4.5: Use the superposition theorem to find i, in the circuit shown below.

Solution: the circuit in the figure has a dependent source, s\f\i
Which must be left intact. We let,
i,=i, +i,’ 30 §

5i

where i, and i,"" are due to the 4 A current source and

10
20 V voltage source. To obtain i,’, we turn off the 20 V. 44 (‘D M

We apply mesh analysis to find i,’, as shown in the below ‘0 §
Figure. For loop 1,
ih=4A Eq. (1)

But at 0,

i =is+i,

oy =iy — I3 Eq. (2)

For loop 2,

3(iy, — iy) + 2iy — 5i," 4+ 1(i, — i) = 0
—8i; + 6i, +4i3=0, Hence iy = 4
6i, + 4i; = 32 Eq. (3)

For loop 3,

5(iz —iy) + 1(i3 — i) + 5i," +4i3 =0
Siy —5iy +iz — iy + 5i, +4i3 =0

—5i; — i, + 10i3 + 5i; — 5i3 = 0 re-arrange and i, = i; — i3
—i,+5i3=0 Eq. (4)

Using Cramer rule, for equations 3 and 4,
_|6 4 _ —
a=|2 g|=30+4=34
_16 32]_ _
b= | =0+32=32

. _A . . .
i3 = XZ = % = 0.941, substitute in equation 2

i,, =4—0.941 = 3.058 A

l'.y."\_."\ ‘,’\

< : < 50 = s <40
S50 I3 240 -

._
-
wa

A
A
|\
W,

:
y

[=]

(] -
S X
-t

(a) (b)

To obtain i,”’, we turn of the 4 A current source as shown in figure (b),
For loop 4, applying KVL,
31:4 + 21,4 - 5i0” + 1(14 - 15) =0
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6i, —is — 5i," =0 But i.=-i,” Eq.(5)

6i, + 4is =0 Eq. (6)

For loop 5, applying KVL,

Sig + 1(is — i) + 5i," + 4is —20 =10
S5i5 + i — iy — S5i5 + 4is = 20

—i4 + 5i5 = 20 Eq. (7)

Using Cramer rule,

16 4 _ _ _16 0 | q00_0=
a=]° f=30+4=3408,=7 O |=120-0=120,
i5=%=3.529,hence s = —i,

Thus, i, = 3.058 + (—3.529) = —0.471 A

Practice Example: Using superposition theorem, find v, in the circuit shown below.

20Q o

’—'V\.-"\.*' ‘

Answer: v, = 25 V. TN 4a 'fb 10

1
20V ( =

|

L

G} 0.1z

Example 4.6: For the circuit shown below, use the superposition theorem to find i.
24V

s

8Q

Solution: In this case, we have three sources, Let W
el wo
where i4, i,, and i3 are due to the 12 V, 24 V, and 3 A sources. } i
To get i1, Consider the circuit given below (a): 16 Z30 ®)3a
4 () in series with 8 Q =12 Q. ] i
12 Q in parallel with 4 =3 (), see Fig. (a).

ih=12/6 =2 A. 80

To get i,, see Fig. (b), Applying mesh analysis, ‘0 ' 4“% .

For loop ig, MWW
24 — 8i, —4i, — 4(iy —iy) = 0 \_“
4ig —1p = —6 Eq. (1) & 2 |
For loop iy, T

4(i, —iy) +3i, =0 @

—4ig+7i,=0 > ig=<i,  Eq.(2) WY g 50
Eq. (2), substituting in Eq. (1)
p=1ip=-1 40 ﬁ) 40 10 5 4Q \
To get i3, see Fig. (c), Applying nodal analysis, W [ P WY WA — U . WA —=—] 2

=3 =3

For nodal 1,

JolzyTvio g Tyt n (w) 230
8 4 8 4 4 '
24 = 3v, — 21, Eq. (3) 1

® ©
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N, o 3y, =10v,
4 4 3
10 o .
v, = 3”1 Eq. (4), substituting Eq. (4) into Eq. (3)

. 1%
v1=3,hen0613=?1=1A

i=i+i,+i3=2—1+1=2A.

Practice Example: Find I in the circuit shown below using the superposition principle.
20

6 L-E\,_EW I 80
AN A A A
LA . WY
)
A W P

16v () 4A () 2v

Answer: [ = 0.75 A.

4.2. Source Transformation

Source transformation is another tool for simplifying circuits. Basic to these tools is
the concept of equivalence. We recall that an equivalent circuit is one whose v-i
characteristics are identical with the original circuit. It is therefore expedient in circuit
analysis to be able to substitute a voltage source v, in series with a resistor R for a
current source ig in parallel with a resistor R, or vice versa, as shown in Fig. 4.1.
Either substitution is known as a source transformation.

R
AMAN, oa

Figure. 4.1. Transformation of independent sources.

If the sources are turned off, the equivalent resistance at terminals a-b in both circuits
is R. Also, when terminals a-b are short-circuited, the short-circuit current flowing from
ato bis iy, = vg/R in the circuit on the left-hand side and iy, = i for the circuit on the

right-hand side. Thus, % = [ in order for the two circuits to be equivalent. Hence,
source transformation requires that

ve=igR  or ig== Eq. (4.1)
we should keep the following points in mind when dealing with source transformation

1. Note from Fig. 4.1 that the arrow of the current source is directed toward the positive
terminal of the voltage source.

2. Note from Eq. (4.1) that source transformation is not possible when R = 0, which is
the case with an ideal voltage source. However, for a practical, nonideal voltage source,
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R # 0. Similarly, an ideal current source with R =oo cannot be replaced by a finite
voltage source. More will be said on ideal and nonideal sources

Example 4.7: Use source transformation to find v, in the circuit shown below.

20 10
Solution: We first transform the current and voltage AR, AAAA,
sources to obtain the circuit in Fig. (a). < <t —_|
& (@) 102 3a(y) sezs (D)nv
Combining the and resistors in series and transforming ] ] -
the 12-V voltage source gives us Fig. (b). We now
combine the 30 and 6 Q resistors in parallel to get 2 () in parallel. We also combine the
2-A and 4-A current sources to get a 2-A source. Thus, by repeatedly applying source
transformations, we obtain the circuit in Fig. (c).
40 20
A AMN
| -]
12v (3) s0s 230 () 4a
(a)
™ - ™ - TR | # - : ()
( ) 3 S S 3¢ . 3 s
EA.\L} 6!2,; snj_,;_fg ?_;:311 udjcm su{j_fg ,;2;1 I.\L,ZA
(b) (c)
We use current division in Fig. (c) to get:
i=-2(2)=04A,andv, = 8i =3.2 V.
248
Alternatively, since the 8 (1 and 2 () resistors in Fig. (c) are in parallel, they have the
same voltage v, across them. Hence,
8x2

v, = (8] 2)(2) =%= 3.2V
Practice Example: Find i, in the circuit shown below using the source transformation.

(5;‘; 10

L+ M

Y ‘ i W
Answer: 1.78 A. s i .S s ™ .

6z sa(h) 303 103 3a(h) 03
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Example 4.8: Find v, in the figure below using source transformation.

40
Solution: The circuit in Fig. involves a voltage-controlled ANAN
dependent current source. We transform this dependent 2,0 0.254
. A &
current source as well as the 6-V independent voltage
+
source as shown in Fig. (a). The 18-V voltage source 6V I::i:: 20 ig U -;ifj:
is not transformed because it is not connected in series
with any resistor. The two 2 ) resistors in parallel combine to give 1 Q a resistor, which
is in parallel with the 3-A current source. The current source is transformed into a
voltage source as shown in Fig. (b). Notice that the terminals for v, are intact.
40 N 10 4Q N
A A - VWA =
L | | : 1
34 ( /\| 20 ‘ 20 i_fx .(_ ::;- 18V 3V (f) z, q () sv
@ (b)
Applying KVL around the loop in Fig. (b) gives,
—-3+5i+v,+18=0 Eq. (1)
Applying KVL to the loop containing only the 3-V voltage source, the 1 ) resistor, and
v, yields
-3+1li+v,=0
v, =3 —1 Eq.(2), substituting this equation into (1), we obtain,
15+5i+3—-i=0, i=—-45A.
Alternatively, we may apply KVL to the loop containing vy, the 4 Q resistor, the
voltage-controlled dependent voltage source, and the 18-V voltage source in Fig. (b).
We obtain,
v, +4i+v,+18=0, i=45A.
Thus, v, =3 —-i=75V.
Practice Example: Find i, in the circuit shown below using the source transformation.
50
_ S
Answer: 7.056 mA. A “ x
24mA (4 ) :} 100 L 2,
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Example 4.9: Using source transformation, find the power associated with the 6 V

source. 40 Yy R
200 (

‘_') 40V

40 60

So, the circuit becomes as follows: ‘ l l

Solution: First, the 40 V in series with 5 Q l

60
@
6V ~ o
100

6V C*) 300 200 50 40/5-8 A

4 O o0

Then, take 5 () in parallel with 20 (),

6V CD 30 Q

‘ 10 O l

Ur=8/07
-]
.

The current 8 A in parallel with 4 Q

40 6Q 40

o
-
&
L 4
3
=]
D
A 4
ATE=t (V)8

. 100

Then, 4 O + 6 QO + 10 Q in series 10 2on

40

The voltage source 32 V in series with 20 Q l

0T/Te

=S
«

Jei

N4
N
=]
=]
2
=
=]

VoL

The 30  in parallel with 20 Q, 40

=N
-
(D
L
U T =0c/0g
-t
=
-

The current source 1.6 A in parallel with 12 () o 2o
— N —— N\ ——— ~

:

i= 1:;21—26 = 0.825 A, VP, = vi = 6(0.825) = 495 W 6V C) C) E

AT6T
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4.3. Thevenin's Theorem

It often occurs in practice that a particular element in a circuit is variable (usually called
the load) while other elements are fixed. As a typical example, a household outlet
terminal may be connected to different appliances constituting a variable load. Each
time the variable element is changed, the entire circuit has to be analyzed all over again.
To avoid this problem, Thevenin’s theorem provides a technique by which the fixed
part of the circuit is replaced by an equivalent circuit. The Thevenin equivalent circuit,
it was developed in 1883 by M. Leon Thevenin (1857-1926), a French telegraph
engineer.

Thevenin’s theorem states that a linear two-terminal circuit can be replaced by an
equivalent circuit consisting of a voltage source Vyj, in series with a resistor Rpp,
where Vrpj, is the open-circuit voltage at the terminals and Rpp is the input or
equivalent resistance at the terminals when the independent sources are turned off.

Steps to Find Thevenin's Equivalent Circuit:

1. Remove the load R from the circuit terminals a and b (The load may be a single
resistor or another circuit) and redraw the circuit. The two terminals (a and b) have
become open-circuited.

2. Calculate Ry, by first setting all independent sources to zero (voltage sources
are replaced by short circuits and current sources are replaced by open circuits)
and find the resultant resistance between the network terminals.

3. Calculate Ep, by first returning all sources to their original positions and finding
the open circuit voltage between the network terminals. If the circuit has more than one
source, it may be necessary to use the superposition theorem. In that case, it will be
necessary to determine the open-circuit voltage due to each source separately and then
determine the combined effect.

4. Draw the Thevenin's equivalent circuit with R; from where it was previously
removed.
5. Finally, calculate the current flowing through the R; by the following equation:
a RTh a
ATATAVAY
I
T i &
Linear = o\ D
circuit = Ry ¥V =/ > R
b
b
(a) (b)

Figure. 4.2. A circuit with a load: (a) original circuit, (b) Thevenin equivalent.

% R
I, = RL"‘TI’;Th, Ve, =1,R, = Ih+—;frn (Vrn) Eq. (4.2)
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Example 4.10: Find the Thevenin equivalent circuit of the circuit shown in Fig. below,
to the left of the terminals a — b. Then find the current through R; = 6, 16, and 36 ().

Solution:

We find Ry, by turning off the 32-V voltage
source (replacing it with a short circuit) and
the 2-A current source (replacing it with an

open circuit). The circuit becomes in below figure.
40 10

WY v—r WA—0 a
4- xX12 >

Ry =4]12+1
+1=40Q

203

|

(@)
To find Vrp, apply mesh analysis,
—32+4i; +12(i; —i,) =0,buti, = -2 A
ip =0.5A.
Vep = 12(iy —i,) =12(0.5+2) =30V

Or can apply nodal using KCL,
T2 =" 5 96— 3V, + 24 = Vi,

To find I; through R;,
Vrn 30

IL = - 5
RTh+RL 4+R],

when RL =61s

I, = 1—0 =3 A.

when R, = 161s

[ =2=15A.
20

when R;, =36 1is

I, =2=075A.

Practice Example: Using Thevenin's theorem, find the equivalent circuit to the left of

40 19
'\. .'\- .‘ "" ."'.“f“.v.'\ _{
r 12 0 -’E‘ '
322V (. = Mo2a j 'R,
b
19w 10
MM MW—C a
{ +
R T . 4_-) . e
B qy Q h) nas (s d_/. 24
)b ‘ o b
(b)
= VTh == 30 V.

the terminals in the circuit of figure below. Then find /.

Answer: Vrp, =9V, R, =3Q, =225 A.

ANAN, AAAA | -ﬂ' L
1BV Xi\ iﬂ 3A : 40 :i
| L, ]

b
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Example 4.11: Find the Thevenin's equivalent of the circuit shown below at terminals
a-b. 2w,

Solution: There is dependent source and we keep it as it.

To find Ryj, we may set v, = 1 V connected to the 20 20

terminal and our goal are to find i, at terminal. Then,

Rrn = 1/i,, sa(h) 403 %
po e

2o, 24,

~ _

2Q 2Q a 2Q 2Q

AR AN Wit Wiy O a

.+ J
- < L P . TN <
40 1& = Q 1 60 @ (D) =1V 5A d‘_/. @ 402

Applying mesh analysis for loop 1, as seen in Fig. (a)
—va + 2(11 - lz) =0

Or Uy =11 — Iy

But —4i, = v, = i; — i,; thus, —4i, = i; — i,

i1 =-3i, Eq. (1)

Applying KVL for loop 2

4i, +2(i, — i) +6(i, —i3) =0 = —2i; +12i, —6i3=0
—iy +6i, —3i3 =0 Eq. (2)

Applying KVL for loop 3

6(i3 —iy)+2i3+1=0

—6i, + 8iz = —1 Eq. (3)
Substituting Eq. (1) into Eq. (2),

3i, +6i, —3i3=0 = iz = 3i,, substituting into Eq. (3)
1

—6ip +24i; = =1 = i =—==-0.055,i3 = —0.1666, i = 0.1666,
But i, = —i; = 0.1666 A
Rrpn=-==60

To get Vrp, we find v, in the circuit of Fig. (b). Applying mesh analysis,
For loop 1,

ih=5 Eq. (4)

For loop 3,

—2v, + 2(i3— i) =0 = v, =i3—i, Eq.(5)
For loop 2

4(iy, — i) +2(i, —i3) + 6i, =0

—4i; +12i, — 2i3 =0 Eq. (6)
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But 4(i; — i) = v,, solving these equations leads to,

Obtaining 4(i; — i) = v, in Eq. (5)

4(i; —i,) = i3 — i, andi; =5, = i3 = —3i, + 20, substituting in Eq. (6)
—-20+12i, +6i, —40=0 = i, =3.33A.

Vrn = Voo = 60, =20 V.

Practice Example: Using Thevenin's theorem, find the equivalent circuit to the left of
the terminals in the circuit of figure below.

s L300

AN AN o a
Answer: Vy, = 533V, Ry, = 0.44 Q LS, 4Q
o b
4.4. Norton's Theorem
Norton’s theorem states that a linear two-terminal circuit can be replaced by an
equivalent circuit consisting of a current source Iy in parallel with a resistor Ry, where
Iy is the short-circuit current through the terminals and Ry is the input or equivalent
resistance at the terminals when the independent sources are turned off.
Thus, the circuit in Fig. 4.3 (a) can be replaced by the one in Fig. 4.3 (b).
Ry = Rrp
Iy=1i .
N VSTL,; Linear
Iy = Rrn Figure. 4.3. (a) Original circuit, two-terminal
Epn = IyRy (b) Norton equivalent circuit. curent o b
(a)
g O
I\." \\-+ T R‘,\r
o b
(b)
R1h=-R~x a
S
240 ‘ *
+
—— Emhn=INRN
_ @ <. RTh=RN
e In= Eth/Rn \ @
b
Thevenin equivalent circuit Norton equivalent circuit
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The following steps provide a technique which allows the conversion of any circuit into
its Norton equivalent:

1. Remove the load from the circuit.

2. Label the resulting two terminals. We will label them as @ and b, although any
notation may be used.

3. Set all sources to zero. As before, voltage sources are set to zero by replacing
them with short circuits and current sources are set to zero by replacing them
with open circuits.

4. Determine the Norton equivalent resistance, Ry, by calculating the resistance
seen between terminals a and b. It may be necessary to redraw the circuit to
simplify this step.

5. Replace the sources removed in Step 3, and determine the current which would
occur in a short if the short were connected between terminals a and b. If the
original circuit has more than one source, it may be necessary to use the
superposition theorem. In this case, it will be necessary to determine the short-
circuit current due to each source separately and then determine the combined
effect. The resulting short-circuit current will be the value of the Norton current
Iy.

6. Sketch the Norton equivalent circuit using the resistance determined in Step 4
and the current calculated in Step S. As part of the resulting circuit, include
that portion of the network removed in Step 1. The Norton equivalent circuit
may also be determined directly from the Thevenin equivalent circuit by
using source conversion technique.

Example 4.12: Find the Norton equivalent circuit of the circuit shown below at

terminals a-b. 80
Solution: we find Ry similar to Ry, set independent Y °a
Sources to zero, see Fig. (a) below. 4Q
_ _20%5 2A CD § 50
Ry =5/ (8+4+8)=5120= = =40 v
To find Iy, we short-circuit terminals a and b. A o b
We ignore 5 ) as it has been short-circuited. 8Q
80 3Q a
Applying mesh analysis, q )
. i 40
i =2A Eq. (1) 10 50 & 24 (}
4(l2 — ll) + 16l2 —12=0 N 12v 5Q
—4i; +20i, —12=0 Eq.(2) _ 0 s 84

So,i, =1A=i,, =1y
8Q
O
¢
() 210 ()

2A G) 5Q Vo = ¢

12v

(©
56

l isc = IN



Mustansiriyah University
College of Engineering
Dep. of Electrical Engineering

. } Fundamental of Electrical Circuits
& Dr. Hussein Mohammed Ridha

%, i &
S o
“O€ o gno\Y

Alternatively, we can find
Iy = Zrn apply mesh analysis
Rrh
iz=2A Eq. 3)
25i4 —4i3; — 12 =0 Eq. (4)
i, =08A
UOC = VTh = 5l4 = 4V
—Vrn _ 4 _
Iy = Ren 1 1A
Voc 4

From Fig. (c), we can find Ry, = — = 1= 40

lsc

Practice Example: Find the Norton equivalent circuit for the circuit shown below, at

tern’linals a-b. 30 30
‘ AN AN ) a
r (G N
Answer: Ry =3 Q, Iy = 4.5A. 15V ‘\_T/ 4A \J/'
b b
Example 4.13: Using Norton's theorem, find Ry and Iy of the circuit shown below at
terminals a-b. 2i,
==
Solution: To find Ry, we set independent voltage source
to zero and connect a voltage source of v, = 1 V. _ 5Q
we ignore 4 Q as it is short-circuited. Hence i, = 0. % l L VWY ©a
Atnode g, i, = 51—; = 0.2 A. 4Q =2 C‘D 10V
e :
R’V_io_o.s_SQ ob
To find Iy, we short-circuit terminals a and b and find current i,
: 10
Ly = : =25A.

At node a, KCL gives,
e ==+ 20, =2+2(25) =7 A=Iy.

'71-.\' 31\’
- -
50 ; 50 “
i l AW ¥ i, l AV
a
40 (5 =1V 40 C:; 10V e = I
b b

(@) (b)
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Practice Example: Find the Norton equivalent circuit for the circuit shown below, at

terminals a-b. 20,
Answer: Ry =1Q, Iy =10 A. 3 O a
+
_ /" ,
60Q 10A '\D 203 &
o b

4.5. Maximum Power Transfer

The Thevenin equivalent is useful in finding the maximum power a linear circuit can
deliver to a load. We assume that we can adjust the load resistance R;. If the entire
circuit is replaced by its Thevenin equivalent except for the load, as shown in Fig. 4.3,
the power delivered to the load is

2
_:2p _ (_Vrn
p =i?R, = (RTh+RL) R, Eq. (4.3)
R’[‘h a
AAN i ;
V’[‘h C—t} /gRL
b

Figure. 4.3. The circuit is used for maximum power transfer.
For a given circuit, Vyj, and Ry, are fixed. By varying the load resistance R; the power
delivered to the load varies as sketched in Figure. We notice from Fig. 4.4 that the
power is small for small or large values of R; but maximum for some value of R
between 0 and co. We now want to show that this maximum power occurs when R; is
equal to Ryp. This is known as the maximum power theorem.
PA

pmax

-

0 Ry R,

Figure. 4.4. Power delivered to the load as a function of R;.
Maximum power is transferred to the load when the load resistance equals the Thevenin
resistance as seen from the load (R, = Rrp).
To prove the maximum power transfer theorem, we differentiate p in Eq. (4.3) with
respect R, to and set the result equal to zero. We obtain,

dp 2 [Rrp+RL)?—2RL(RTp+RL)
- VTh 2
dRy, (RTr+RL)
— 2 M]
Th [ (Rpp+Rp)3

0= (Rrp +R, —2R,) = (Rrp —Ry)
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So, R; = Ryp, Eq. (4.4)
showing that the maximum power transfer takes place when the load resistance R,
equals the Thevenin resistance Rrj,. We can readily confirm that Eq. (4.4) gives the

d?p

T <0.

The maximum power transferred is obtained by substituting Eq. (4.4) into Eq. (4.3),
for

maximum power by showing that

2
_Vrn

Pmax = jo Eq. (4.5)
Equation (4.5) applies only when R; = Ryp,. When R, # Ryp,, we compute the power
delivered to the load using Eq. (4.3).

Example 4.14: Find the value of R; for maximum power transfer in the circuit of fig.
below. Find the maximum power. 60 30 20 4

Vv l "\.’\"‘.a“-.:—c:—L

Solution: We find Ry, and Vyy, 2v (&) o (h)2a pe
Rin=2+3+6[12=5+22=90, ] | ]
b
60 3Q 2Q 60 30 2Q
WYY PATATAY Wiyyy—U J ATATY [ WYY J '-,—:.-
\'_: Rn . AT, = - Y
1; 120 - 12V T @ : 120 Q IT/: 2A Ve
(@) (b)
To find Vrp, applying mesh analysis,
—-12 +18i; — 12i, =0,
iz =—-2A
Therefore, iy = —2/3. Applying KVL around the outer loop to get V), across terminals
a-b.
Ven = 22 V.
Maximum power transfer is R; = Rrp, = 9 Q. So,
Vrp? | 222
Pmax = _4;:;1 = =13.44W.
Practice Example: Determine the value of R;, that will draw the maximum power from
the rest of the circuit in Fig. below. Calculate the maximum power.
20 40
Answer: Ry = 4.22 Q, pmax = 2.901 W. VWA [ A —O—
+ g -
| 10 I
3y 1
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Chapter Five
Single-phase A.C. Circuits

5. A.C. Circuits

The flow of electricity can be done in two ways like AC (alternating current) and DC
(direct current). Electricity can be defined as the flow of electrons throughout a
conductor such as a wire. The main disparity among AC & DC mainly lies within the
direction where the electrons supply. In direct current, the flow of electrons will be in
a single direction & in the alternating current; the flow of electrons will change
directions like going forward & then going backward.

A DC voltage or current has a fixed magnitude (amplitude) and a definite direction
associated with it. And do not change their values with regards to time, they are constant
values flowing in a continuous steady state direction.

R Constant
I - I Uni-directional
—P—/\N\v— i Current
E ﬁ-
+ R
Vs — =V
) R
0 » time

The term alternating indicates only that the waveform alternates between two

prescribed levels in a set time sequence.
Sine wave Complex wave

+W +W
@
=]
= 0 t + + + = time o = time
£
- -V
Triangular wave Square wave
+V +\
@
p=}
- 0 time 1] t t + t = time
=
<
i} -V
Sawtooth Waveforms
g Slow
ow Stesp Vertical negative
positive Decay | Rise ramp
ramp |
A \ / . \ /
|
© |
o |
= |
= |
c |
=y |
|
o f + + — - . + ‘o
T 2T ar 47 | T 2T T time
Period : Period
. —i | i
|
|

Positive Ramp Megative Ramp
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5.1. The Sinusoidal Source
Circuits with alternating current (AC) are functions whose values vary in both

magnitude and direction.

+Vpaak
RYE d AC Voltage 240V DC Voltage
I~
(240V) / N
D -
time time
'VII"’S
LY
pess _ One Full Cycle -

Definitions: A few basic terms will be defined in this section which can be applied to

any waveform.

A path plotted as a function of some variable such as time, position, degree,
radian, temperature, and so on.

Periodic waveform: a waveform that continually repeats itself after the same
time interval.

Period (T): the time interval between successive repetitions of a periodic
waveform or the time of one cycle.

Cycle: the portion of a waveform contained in one period at a time.
Frequency (f): the number of cycles that occur in 1 second, the unit used for
measuring frequency is cycle per second or hertz (Hz).

1
f= ) f=Hz, T = second (s)

Instantaneous value: the magnitude of the waveform at any instant of time.

Amplitude or Peak value: the maximum value of a waveform.

Angular velocity (w): the velocity with which the radius vector rotates about the
center.

A sinusoidal current source (independent or dependent) produces a current that
varies sinusoidally with time.

v(t) =V, sin wt

Where;
Vp 1s the amplitude of the sinusoid

w is the angular frequency in radians/s

wt is the argument of the sinusoid
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v(t)
A

vm N

L I/ » w! (rad)
3 2w

m

2

o
[y

-V

m

vﬂi N

The function repeats itself every 2r radians, and its period is therefore 2x radians. A

sine wave having a period T must execute 1/T period each second; its frequency f is

1/T hertz, abbreviated Hz. Thus,

f= %, w = 2nf

1 hertz (Hz) = 1 cycle per second (c/s)
Radians = (ﬁ) X (degrees)

Degrees = (%) X (radians)

wT = 2m,

A more general form of the sinusoid,
v(t) =V, sin(wt + 0)

Includes a phase angle 6 in its argument. So, we can say that:
V., sin(wt + 0) leads V, sin(wt) by 6 rad.

V.. sin(wt) lags V,, sin(wt + 0) by 0 rad.

[ ]
(]
Thus, leading or lagging, we say that the sinusoids are out of phase. If the phase angles

are equal, the sinusoids are said to be in phase.

A
m V,, sin wf
\ / \ \ / \/ > i
[0/ |~ T 2
=Viul~  V,,sin (wf +6)
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Some geometric relations:

1. sin(—wt) = —sin(wt)

2. cos(—wt) = cos(wt)

3. sin(a+ b) =sinacosb + sinbcosa
4. cos(a+ b) =cosacoshb +sinasinb
5. sin (a)t + g) = + cos(wt)

6. cos (wt + g) = Fsin(wt)

7. sin(wt + m) = —sin(wt)

8. cos(wt + ) = — cos(wt)

9.

sin?(wt) = %(1 — cos(2wt))
10. cos?(wt) = %(1 + cos(2wt))

Example 5.1: What is the period T and the frequency f of a period current that has 42

cycles in 50 ms.

Solution: period T is the time of one cycle, T = dmet _30M _119m
cycle 42

f=7=——=840Hz.

T 119m

Example 5.2: Sketch V = sin(377t) against time in seconds.

Solution: w = 377 = 2nf = f = % - zi;714 = 60 Hz 16.6 m

T=1=21-00166 = 16.6 ms.
f 60

Example 5.3: Find the phase relations for the following waveform.
a. V =10sin(wt + 307)
i = 5sin(wt + 70°)
b. V = —2cos(wt —607)
i = 3sin(wt — 150°) 70 30
c. V =5cos(300t —10°)
i = 105sin(600t + 30°)
Solution:
a. ileads V by 40’
Or V lags by i 40°
b. V =2sin(wt -2 —60") = 2sin(wt — 150")
So, V and i are in phase (phase shift = 0)
c. No phase relation between V and i.

Example 5.4: An alternative voltage of frequency 60 Hz has a maximum value of 120
V. Write down the equation for its instantaneous value. Taking time from instant the
current is zero and is becoming positive, find (a) the instantaneous value after 2.8 ms,
and (b) the time taken to reach 96 A for the first time.
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Solution:
V =120sin(2rft) = 120sin(377t)
a. V =120sin(377 x 2.8 x 1073) = 104.4 V.
b. 96 = 120sin(377 X t) = sin(377 X t) =96/120
sin(377 x t) = 0.8 = (377 x t) = sin"10.8

(377 x t) = 53.130 x ( ) = (377 xt) = 0.927

s
180°
—_ Degrees Radians
t = 0.00246 sccond.

5.2. Average and rms values of waveforms
5.2.1. Average value

The average value of a periodic waveform whether it is a sine wave, square wave or
triangular waveform is defined as: “Average value is defined as the area under the
curve divided by the baseline of the curve”. In other words, the average of all the
instantaneous values along time axis with time being one full period, (T).

For symmetrical waves like sinusoidal current or voltage waveform, the positive half
cycle will be exactly equal to negative half cycle. Therefore, the average value over a

Degrees vs. Radians

complete cycle will be zero. The work is done by both positive and negative cycle and
hence the average value is determined without considering the signs. So, the only
positive half cycle is considered to determine the average value of alternating quantities

io il IHHM n

gort

area under curve
Average =
lenght of base

I Fo).dt

_ ; fOT f(¢).dt Or -

Example 5.5: Find the average value of the signal i = I,,, sin(wt).

Solution: one period time wt = 1 [
1m

T =2m andg =1
For complete cycle, average = 0.

T

Zf(6).d " Iy si : Tmy ©
For half cycle, average = Jo f(Tt) - Jo Im n;wt) at n

2
Im[=cos(w)]g _ Iml[=(=cos(m)—cos(OD] _ Im[=(=1=D] _ 2Im _ 0.637
Vs Vs Vs
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5.2.2. Root Mean Square (RMS)
"RMS" stands for "Root-Mean-Squared", also called the effective or heating value
of alternating current, which would provide the same amount of heat generation in a
resistor as the AC voltage would if applied to that same resistor.
Suppose I to be the value of D.C. current passing through the resistance R and
producing a heating effect equal to the average heating effect of the A.C. current.

Ppc =Py
T

1
IR =1I%,R = T f Ri(t)?.dt
0

1 T
Iegp = I = ?] Ri(t)*.dt
0

[T 2. dt

2T

RMS =

» For any periodic function X (t), the rms value is given by,
1 T
Xoms = |= | x%dt
rms T j;) X

» For the sinusoid i(t) = I,, cos(wt + 0), T = 2:”, the rms value of i(t) is

o

1 to+T
Ims = —J I, cos?(wt + 0).dt
t

» For sinusoidal current or voltage

I

I rms — \/_E’ Vrms - E

Example 5.6: Find the average value of the signal I,,, sin(6)
Solution:

Jo T sin(8)]12.d6 100 [ Iy sin(6)]2.d0
Iops = . =

T

1. T
\/100 f(;t%(l—cos(ze)).de 100[9—55111 29]0

T 21

_ \/ 100[(m—sin 2m) ~(0—3sino)] _ \/ 100](7-30)~(0-3©))]

21 2T

\/100[(”‘0)_(0_0)]=Jloo[n]z %:7.07

2T 21T
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5.3. Series A.C. circuits
5.3.1. AC Sources
An AC circuit consists of circuit elements and a power source that provides an
alternating voltage Av. This time-varying voltage is described as:

Av = AV 104 Sin Wt
where AV,,, is the maximum output voltage of the AC source, or the voltage
amplitude. There are various possibilities for AC sources, including generators and

electrical oscillators. In a home, each electrical outlet serves as an AC source.
1 w

The units of AC are cycles per second f = e Or w = 2nf.

5.3.2. Resisters in an AC Circuit

Consider a simple AC circuit consisting of a resistor and an AC source, as shown in
Figure below. At any instant, the algebraic sum of the voltages around a closed loop in
a circuit must be zero (Kirchhoft’s loop rule). Therefore,

I Ay I

i"l'llllhl

o

fo

e

Ly

A= Al s wf

Av+Avg =0
So that the magnitude of the source voltage equals the magnitude of the voltage across
the resistor:
Av = Avg = AV a0y Sin ot Eq. (1)

: . . A
where Avgp is the instantaneous voltage across the resistor, and R = Tv The

instantaneous current in the resistor is:

., _ Avgp _ AVpgaxsinot .
lp = T = T = Imaxsmwt

where 4, 1s the maximum current:

I __ AVijaxsinwt
max —

, substituted in Eq. (1) we get:

Avp = L0 R sin wt

5.3.3. Inductors in an AC Circuit
Consider an AC circuit consisting only of an inductor connected to the terminals of an

AC source, as shown in Figure below. If Av; = ¢, = —L% i1s the self-induced

instantaneous voltage across the inductor. Then Kirchhoff's loop rule applied to this
circuit gives,

0

R T) . ST
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Av+ Av, =0, Or Av

When we substitute Av = AV 4 Sin wt, we obtain:
AVpaxsinowt =L =0 = AVygesinwt =L
Solving this equation for dI, we find that:
dl = AV max Sin wt

L

Integrating this expression gives the instantaneous current I; in the inductor as a
function of time:

AV, . AV
I; =%fsmwtdt = —%coswt

We give the inductor reactance X; = wC, because this function varies with frequency.
We can write Eq. as:
Inax = X1AV oy

5.3.4. Capacitors in an AC Circuit

Figure below shows an AC circuit consisting of a capacitor connected across the
terminals of an AC source. Kirchhoff’s loop rule applied to this circuit gives,
Av+Ave=0 . A,

AV = Ave = AV gy Sin ot Eq. (1) |

where Av, is the instantaneous voltage across the capacitor.

o

We know from the definition of the capacitance that q/Av
q = CAV 0y sSin wt Eq. (2)
where q is the instantaneous charge on the capacitor.

Because I = dq/dt differentiating Eq. (2) with @
Respect for time gives the instantaneous current in the circuit: At = A b SN
I = 21 = WCAV gy sin ot

Using trigonometric identity

cos wt = sin (wt + ;—t)

dq .
Ic = 21 = WCAV gy sin (wt +3) Eq. 3)
For a sinusoidally applied voltage, the current always leads the voltage across a
capacitor by 90°.
From Eq. (3), we see that the current in the circuit reaches its maximum value when
coswt = 1:

AVmax

Lnax = WLAV 1y = 1 Eq. (4)

(a)C

We give the capacitive reactance X, = - because this function varies with frequency.
We can write Eq. (4) as:
AV.
Imax = =5 Eq. (5)
Xc

Combining Eq. (5) and Eq. (1), we can express the instantaneous voltage across the
capacitor as:
Av = Ave = AV 0 sin ot = 1, X ¢ sin wt
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Example 5.7: An 8 uF capacitor is connected to the terminal of a 60 Hz AC source
whose rms voltage is 150 V. Find the capacitive reactance and the rms current in
the circuit.

Solution:

o =2nf =2mw X 60Hz = 377 sec™!

1 1
Xe=0c= (377 sec1)(8x10-6F) 3320
_ AVpms _ 150V

Irms = X¢ :%: 0452A

5.3.5. The RLC Series Circuit and Resonance

Figure below shows a circuit that contains a resistor, an inductor, and a capacitor
connected in series across an alternating voltage source. As before, we assume that the
applied voltage varies sinusoidally with time. It is convenient to assume that the
instantaneous applied voltage is given by:
Av = AV 10, Sin ot

. ) ——.pe '
While the current varies as: . ,_’ .
i = A4, sin(wt — 0)
where 6 is some phase angle between the current and .

the applied voltage. The current at all points in a series

I.,.-_ Ay _...I.._ Apy _...I.._.'l "y _-|..|

AC circuits have the same amplitude and phase. We can ial
express the instantaneous voltages across the three circuit elements as:
Ayr= I axR sin ot = AV sin wt

Ayr= Lnax X sin (wt + g) = AV cos wt
AVC= ImaxXC sin ((Dt — %) = —AVR cos wt

where Ayg, Ay, and Ay are the maximum voltage values across the elements:

Ayr= LpaxR, Ay = Inax Xy, and Ayc= oy Xc- aly

At this point, we could proceed by noting that the instantaneous Az
voltage Av across the three elements equals the sum: .
Av = Ayg + Ayp + Ayc ol

In the right figure, we see that the vector sum of voltage o faan AV

Ak

amplitudes Ayg, Ay, and Ay equals a phasor whose length
is maximum applied voltage Av,,,, and which makes an

angle 0 with the current phasor I,,;,4y-

The voltage phasors Ay, and Ay are in opposite directions Ak -al
Along the same line, we can construct the different phasors:

Ay — Ayc, which is perpendicular to the phasor Aypg.

From either one of the right triangles:

AV opax = \/AVRZ + (AVL - AV(J)2 = \/(ImaxR)Z + (ImaxXL - ImaxXC)2

AVipax = Imax\/(R)z + (XL - XC)Z
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Therefore, we can express the maximum current as:
AVmax

Imax = o %02

where Z = /(R)% + (X, — X¢)? is called the impedance.
AVmax = LinaxZ

Find that the phase angle 8 between the current and voltage is:

tan" 10 = (M)

R
The resonance condition for the Series RLC circuit is given by,

0 = 0, which implies: X; = X, from which we obtain
w,L=1/w,C
The resonant frequency is w, = 1/vVLC

Example 5.7: A series RLC AC circuithas R = 425 Q, L = 1.25H,C =35 uF, w =
377 sec™ !, and V4, = 150 V. (A) Determine the inductive reactance, the capacitive
reactance, and the impedance of the circuit, (B) Find the maximum current in the circuit.
(C) Find the phase angle between the current and voltage. (D) Find both the maximum
voltage and the instantaneous voltage across each element.

Solution: The reactance is X; = wL =471 Q, X, = L =7580Q.

wC
The impedance is:

Z=\(R)2+ (X, —Xc)2=27=,/(425)2 + (471 — 758)2 = 513 Q
_ 1 (XL—Xc\ _ —1 (471-758\ __ o
0 = tan~ (K256) = tan~1 (2752) _ 34

425
AVg = Ing R = (0.292 A) (425 Q) = 124V
AV, = L. X, = (0.292 A) (471 Q) = 138V
AV = LygXe = (0.292 4) (758 Q) = 221V
Ayr= LnarR sinwt = AVgsinwt = (124 V) sin377t

By1= InaxXy sin (0t +5) = AV, cos wt = (138 V) cos377t

Aye= 0o Xc sin (wt —2) = —AVg cos wt = (~221V) cos377t

Example 5.8: Consider a series RLC circuit for which R =150 Q, L = 20 mH,
AV,ms =20 V, and w = 5000 sec™!. Determine the value of the capacitance for
which the current is a maximum.

Solution:
1 1 1
Do =TI ™ wy?L _ (5000 sec-1)2(20x10-3) ZuF
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5.3.6. Parallel RLC Circuit and Resonance

Consider the parallel RLC circuit shown in Figure below. The AC voltage source is:

Av = AV 14, Sin Wt

Unlike the series RLC circuit, the instantaneous voltages across all three circuit
elements R, L and C are the same, and each voltage is in phase with the current through
the resistor. However, the currents through each element will be different. The current

in the resistor is:
AVR _ AVpax sin wt

Ip=—= = Iax Sin Wt ®

R R
The voltage across the inductor is:

AV = AV yge sinwt = Lo

I Vinax . v
[tdl = [ % sinwtdt = — % coswt
0 0 L wlL

Vmax - -
I, = X—Lsm (wt - g) = ILaxSiN (wt - g)

The voltage across the capacitor is:
AV ¢ = AV 0, Sin wt, which implies:

d AV ,
Ic = d—z = WCAV a0y Sin Wt = %sm (wt + g)

Ic = 1,,,4,SiN (wt + g)

2R

Using Kirchhoff's rule, the total current in the circuit is simply the sum of all three

currents:
I = IR +IL +IC

I = 1,0 Sinwt + 1,4, 5in (wt — g) + I haxSin (wt + g)

From the phasor diagram the maximum amplitude of the total current can be obtained

as:

I= JIRZ + UL~ 1)?

I= Vmax\/% + (wC - ﬁ)z |

1 1+(1 1)2
Z A\ R? Xc Xy

Vmax_Vmax

tan~10 = Ic-1yp) _ ( Xc Xy, ) _ R(l 1)

Ir Vimax A

Xc X1
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The resonant frequency is: w, =

1
VvLC

w, =
5.3.7. Power in an AC Circuit

For the RLC, we can express the instantaneous power P as:

P = iAv = 1,4, sin(wt — 0)AV 4, Sinwt

P = L0 AV pax Sinwt sin(wt — 0)

sin(wt — 0) = sinwt cosO — coswt sind

P = 1,45 AV oy Sinwt (sinwt cosO — coswt sinB)

P = L,45 AV oy Sin*wt cosO — 1,5, AV 4, Sinwt coswt sinf

The time average of the second term on the right is identically zero because

, 1, 1, :
sinwt coswt = - sin2wt and the average value of 3 sin2wt is zero and the average

, 1
value of sinwt = > Therefore, we can express the average power P, as:

1
Py, = Elmax AV nax €c0SO

It is convenient to express the average power in terms of rms current and rms voltage

defined by I, = I"’ﬁ and AV s = Ni/"%“x
Py = s AV cOSO Eq. (1)

where the quantity cos 0 called the power factor and the maximum voltage across the

Imax R

resistor is given by AVg = AV 0, €080 = I, R and cos0 = , substituted in

max

Eq. (1), we get:
Poy = Iips AVins €OSO = Irms(

I'nax :\/Elrms
Py, = Izrms R

AVmax) Imax R — I Imax R
V2 ) Wonar rms” 5

Example 5.9: A series RLC AC circuithas R = 425Q,L = 125 H.C = 3.5uF, w =
377 sec™!, and V,,q, = 150 V. Calculate the average power delivered to the series
RLC circuit.

Solution:

AVppax 150V
AVps = 8% = 222 = 106 V
Al = A’;’%‘” = O'Zj;A =0.206 A

Poy = Lrms AVems cos8
0 =-34" = cos—34 =0.829
P,, = (0.206 A)(106 V)(0.829) = 18.1 W.
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Chapter Six

Phasors in AC Circuits

6. Phasors

6.1. Introduction

Sinusoids are easily expressed in terms of phasors, which are more convenient to work
with than sine and cosine functions.

A phasor is a complex number that represents the amplitude and phase of a sinusoid.

Phasors provide a simple means of analyzing linear circuits excited by sinusoidal
sources; solutions of such circuits would be intractable otherwise. The notion of solving
ac circuits using phasors was first introduced by Charles Steinmetz in 1893.

A complex number z can be written in rectangular form as:
z=x+jy
where j = v/—1, x is real part of z; y is the imaginary part of z.
j*=-1
The complex number z can be written in polar or exponential form us:
z=1rs¢p =re?
where 7 is the magnitude of z, and ¢ is the phase of z. The z can be represented in
three ways:
z=x+jy Rectangular form
zZ=r1rsQ Polar form
z=re? Exponential form
The relationship between the rectangular form and the polar form is shown in Figure
below, where x axis represents the real part and the y axis represents the imaginary part
of a complex number. Given x and y, we can get r and ¢.

r=.x%+ yz’ ¢ = tan_li Inlagin‘::ry axis
if we know r and ¢, we can obtain x and y, as: :
X =17 cos, y=r sin¢g l
Thus, z may be written as: ¥r r : ¥
z=x+jy=rs¢p =1(cos¢ + j sin¢) J
0 \d)I 5 L > Real axis
—j L
25

6.2. Phasors Operations

The addition and subtraction of complex numbers are better performed in rectangular
form: multiplication and division are better done in polar form. Given the complex
numbers:

z=x+jy=r<sé, Zy=X1+Hjy1=1T14¢1, Zz =X+ ]y2 =72 4¢;
The following operations are important:
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Addition:

Z1+ 2y = (x1+x2) +j(y1 +y2)
Subtraction:

zZy— 2= (X1 —x2) +j(y1—¥y2)
Multiplication:

Z1Zy =T L1 + Py

Division:

Z1_n _
1 L2py — Py

Reciprocal:

1

1
P

Square Root:

Vz =+rs¢p/2

Complex Conjugate:
Z'=x—jy=rs—¢=rel?
From Reciprocal Equation, we get:

7=

Note: j = 290’

The idea of phasor representation is based on Euler's identity. In general:

ret/? = cos ¢ + jsin¢

which shows that we may regard cos ¢ and sin ¢ as the real and imaginary parts of
e/?; we may write:

cosp = Re(ej"’)

sin¢ = Im(ej‘l’)

For given sinusoid

v(t) =V, cos(wt + ¢p) = Re(Vmef(“’“"i’)) Or
v(t) = Re(V,e/®el®t)

Thus,

v(t) = Re(Vel®?)

where

V=V, =V,s¢

V is thus the phasor representation of sinusoid v(t).

For example, phasors V = V,,,2¢ and I = I,,,£ — ¢ are graphically represented in Fig.
below. Such graphical representation of phasors is known as phasor diagram.

73



Fundamental of Electrical Circuits
Dr. Hussein Mohammed Ridha

Mustansiriyah University
College of Engineering
Dep. of Electrical Engineering

Imaginary axis
A

Leading direction

.

» Real axis

/ Lagging direction

Fig. A phasor diagram showing V = V,,2¢ and | = [,,£ — ¢.
The transform of sinusoid from the time domain to the phasor domain. This
transformation is summarized as follows:
v(t) =V,cos(wt+¢) & V=V,2¢

Table. Sinusoid-phasor transformation.

Time domain representation Phasor domain representation
V.. cos(wt + @) V.2
V.. sin(wt + ¢) Vit —90°
I, cos(wt + ¢p) I,2¢
I,,, sin(wt + ¢) I,,2¢ —90°

The frequency is not explicitly (or time) factor e/? is supposed to and frequently is not
shown in the phasor domain representation because w is constant. However, the
response depends on w. For this reason, the phasor domain is also known as the

frequency domain. Since v(t) = Re(Ve/*t) = V,, cos(wt + ¢), so that

% = —wV,, sin(wt + ¢) = wV,, cos(wt + ¢ + 90")
Re(V,,e/*te/?ei®") = Re(jwVel®t)

This shows that the derivative v(t) is transformed into the phasor domain as jwV,

dv .
, S joV
(Time domain) (Phasor domain)

Similarly, the integral of v(t) is transformed to the phasor domain as V/jw,

14
[vdt & ”
(Time domain) (Phasor domain)

The previous equations of derivative and integral are useful in finding the steady-state
solution, which does not require knowing the initial values of the variable involved.
This is one of the important applications of phasors.
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The difference between v(t) and V should be emphasized:
1. v(t) is the instantaneous or time domain representation, while V is the
frequency or phasor domain representation.
2. v(t) is time dependent, while V is not.
3. w(t) is always real with no complex terms, while V is generally complex.

Example: Evaluate these complex numbers:
(a) (40450° + 20£—30")1/2
10£-30"4(3—j4)
(b) (2+j4)(3-j5)*

Solution:
(a) Using polar to rectangular transformation,
40£50° = 40(cos 50° + j sin50°) = 25.71 + j30.64
204 — 30" = 20[cos(—30°) + j sin(—30")] = 17.32 — j10
Adding them up gives
40£50° + 202 — 30° = 43.03 + j20.64 = 47.72225.63°
(40250° + 202 —30)Y/2 = 6.91,12.81°

(b) Using polar to rectangular transformation, addition, multiplication, and

division,
10£-30°+(3—j4) _ 8.66—j5+(3—j4) _ 11.66—j9 _ 14.73.-37.66
(2+j4)(3—j5)*  (2+j4)(3+j5)  —14+j22  26.082122.47°

= 0.5652—160.13"

Practice Example: Evaluate the following complex numbers:
(a) [(5+j2)(—1+j4) —5260°]"

(b) —“”fij:‘“’ +10230° + 5

Answer: (a) -15.5- j 13.67, (b) 8.293+ j7.2

Example: Transform these sinusoids to phasors:
(a) i = 6cos(50t —407) A
(b) v = —45sin(30t + 50°) V
Solution:
(a) i = 6cos(50t — 40°) has the phasor, so [ = 62 — 40" A
(b) Since —sin A = cos(4 + 90°),
v = —4sin(30t + 50°) = 4 cos(30t + 50" + 90") = 4 cos(30¢t + 140°) V
The phasor V = 42140° V

Practice Example: Transform these sinusoids to phasors:
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(@) v="7cos(2t +40°) V
(b) i = —4sin(10t — 10") A
Answer: (a) = 72£40° V, (b) I = 4£100° A

Example: find the sinusoids represented by these phasors:
()l =-3+j4A
(b) V = j8e~i20 v
Solution:
(@) I ==3+j4=1/(=3)2+ (4)? = 5.0 = tan"\(=) = —53.123",
6 = 180°—53.123" = 126.87,
5£126.87 transforming this into the time domain gives,
i(t) = 5cos(wt + 126.87°) A
(b) j = 1290°
V =j8s—20" = (14£90°)(84 — 20°) = 8270° V, converting to time domain
v(t) = 8cos(wt +707) V

Practice Example: Find the sinusoids corresponding to these phasors:
(a) V=-10430"V
(b) I =j(-j12) A
Answer: (a) v(t) = 10 cos(wt + 210" Vor v(t) = 10 cos(wt — 150°) V.
(b) i(t) = 13 cos(wt + 22.62°) A.

Example: Given i, (t) = 4 cos(wt + 30") A and i,(t) = 5sin(wt — 20°) A find their
sum.

Solution: Using phasors for summing sinusoids of the same frequency.

I, = 4430°.

The i,(t) in cosine form, the rule for converting sine to cosine is to subtract 90°, so
i»(t) = 5cos(wt — 20" —90") = 5cos(wt —110°) = 52 — 110".
I=1,+1,=44£30"+ 52— 110’

3.464 + j2 —1.71 — j4.698 = 1.754 — j2.698

= 3.2182 - 56.97" A.

Transforming this to time domain,

i(t) = 3.218 cos(wt — 56.97") A

Practice Example: If v; = —10 sin(wt — 30°) V and v, = 20 sin(wt — 45") V, find
v=v;+ v,
Answer: v(t) = 12.158 cos(wt + 55.95") V.

6.3. Phasor Relationships for Circuit Elements
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One may legitimately ask how we apply this to circuits involving the passive elements
R, L, and C. What we need to do is transform the voltage-current relationship from the
time domain to the frequency domain for each element.

If the current through a resistor R is i = I,,, cos(wt + ¢), the voltage across it is given

by Ohm's law as: e iz = Im
v = iR = RI,, cos(wt + ) - : y
The phasor form of this voltage is v 2R v IR I
V'=RlIns¢p 8 v=iR z\'=1R \d’ R
But the phasor representation of the current is I = I,,2¢ 4 ke
V =RI

i I
For the indicator L, assume the current through it is 5 i
i = I,, cos(wt + ¢). The voltage across the indicator is ’ i = 3,
V= L% = —wLI,, cos(wt + ¢p), - [ i
Since —sin = A = cos(4 + 90"), the voltage is o=r 4 VoLl
v = wlLl,, sin(wt + ¢ + 90°) ;ﬂ ®
Which transforms to the phasor o
V = wLl, /@) = gLl e/%e/% = wLl,,z¢ +90° WV \\\

I
ButI,,2¢ = I, and /°° = j. Thus, A

V=jwLI 0 B
For capacitor C, the voltage across it is v = V,,, cos(wt + ¢). Current through C is
i I
i=C % Thus, the same previous steps, we can obtain, —— S
; _ L
I =jwCV = V= TaC ) el 5 =g
Summary of voltage-current relationships i=C 5;-‘; I=joCV
Element Time domain Frequency @ ®)
domain Im 4
R v =Ri V =RI
o= V=jw ;
dt v
C dv I
[ = C— V=—
T joC /<b
0 Re
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Example: the voltage v = 12 cos(60t + 45°) is applied to a 0.1-H indicator. Find the
steady-state current through the inductor.

Solution: for the inductor, V = jwLI, where w=60 rad/s and V=12£45° V.

v 12245°  12245°
[=—=- = = 24 — 45°A
jwL — j60x0.1  6290°

Convert this to the time domain,

i(t) = 2 cos(60t — 45°) A.

Example: the voltage v = 10 cos(100t + 30°) is applied to a 50 uF capacitor. Find
the current through the capacitor.

Answer: 50 cos(100t — 120°) mA.

6.4. Impedance and Admittance

The voltage-current relations for the three passive elements as:

V =RI, V=jwLl, V=-—
JwC

From these three expressions, we obtain Ohm's law in phasor form for any type of
element as:

where Z is a frequency-dependent quantity known as impedance, measured in ohms.

The impedance Z of a circuit is the ratio of the phasor voltage V to the phasor
current I, measured in ohms (Q).

Table. Impedances and admittances of passive elements

Element Impedance | Admittance
R Z=R 1
Y=—
R
L Z=jwlL Y=1/jwL
C Z=1/jwC Y =jwC

As a complex quantity, the impedance may be expressed in rectangular form as:
Z=R+jX

where R = Re Z is the resistance and X = [,,, Z is the reactance. The reactance X may
be positive or negative. We say that the impedance is inductive when X is positive or
capacitive when X is negative. The impedance Z = R + jX is said to be inductive or
lagging since current lags voltage, while impedance Z = R — jX is capacitive or
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leading because current leads voltage. The impedance, resistance, and reactance are all

measured in ohms. The impedance may also be expressed in polar form as:
Z=|Z|+¢

We infer that Z = RjX = |Z|2£¢

where |Z| = VR? + X2, ¢ = tan‘I%

and R = |Z|cos¢p, X = |Z|sing

Example: Find v(t) and i(t) in the circuit shown below:

Solution: from the voltage source V; = 10 cos 4t, w = 4,

1 [ =

2= 10 cos 4t I(-:/,
V, =1020"V [
) . 1 1 .
The impedanceis Z =5+ — =5+ - =5—-j250Q
jwC Jj4x0.1
_ Vs _ 1020 _ 10(5+j25) _ 50 . 25
Hence the current [ = Z  5-j25 524252 3125 +J 31.25

Magnitude: |I| = V1.62 + 0.82 = 1.789, Angle ¢ = tan_lo;: = 26.57

1.

=1.6+j0.8 = 1.789 4+ £26.57° A
The voltage across the capacitor is
j=290°

I 1.789226.57°  1.789226.57°  1.789 o o
V=I01=—=— = — = £26.57 — 290 =
jwcC jAx0.1 0.4X2£90 0.4

4.47,—-63.43°V

Converting I and V to the time domain, we get:
i(t) = 1.789 cos(4t + 26.57") A
v(t) = 4.47 cos(4t — 26.43") V

Notice that i(t) leads v(t) by 90" as expected.

Practice Example: Find v(t) and i(t) in the circuit shown below:

e

I 4Q

Answer: 8.944sin(10t + 93.43") V ‘ |
. v, =20 sin(101+30°) V ()
4472 sin(10t + 3.43") A. ’
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6.5. Kirchhoff's Laws in the Frequency Domain

For KVL, let v4, v;, ..., v, = 0 be the voltage around a closed loop.

In the sinusoidal steady state, each voltage may be written in cosine form, as:
Vi cos(wt + @) + Vo cos(wt + @) + -+ Vi cos(wt + ¢p,) = 0
This can be written as:

Re(V,,,1€/%1e/°t) + Re(V,2€/%2e/%) + .- + Re(V,,,e/%me/®t) = 0

Or

Re[(V 191 + V%2 + -+ V,, e/%)e/®] = 0

Similar to the current use, KCL is held in the frequency domain.

6.6. Impedance Combinations

Consider the N series-connected impedances shown in figure below. The same current
flows through the impedance. Applying KVL around the loop gives,

I Z, Z,
V=V1,V2,...,VN=I(Z1,Z2,...,ZN) e
T R
The equivalent impedance at the input terminals is Foe :
Vv x\’._\_;}
Zoy="=12,2, .. ,Z _
eq — ;4L 42, &N i—’
Z

If N = 2, as shown in the figure below, the current through the impedances is,

= , since Vq = Z;I and V, = Z,I, then e G
Z1+Z, |
Z; Z, R
Vl = V) VZ = |4 + A i
Z1+Z; Z1+Z, v (V) V5 z,
Which is the voltage-division relationship 3

Similar for N parallel-connected impedances shown in figure below. Applying KCL at
the top node, 1

I=11+ IZ+...+IN=I(%1+Z_12+...+%) - ‘Il lIz &I_\,

1@ v U 2, D z Za

The equivalent impedance is

1 1 1 1 1
— —_—_—— - +_+...+_
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When N = 2, as shown in figure below, the equivalent impedance becomes,

1 1 1 Z1Z
Zeq = —= =4 = 122 + l L lls
qu Y1+Y, z+z Z1+Z,

Also, since g :;"*":l ¥ D & D &

V:IZeq211Z1212Z2 =

The current in the impedances is:

__Z
- Z1+Zy

__4
- Z1+2Z,

I I, I,

Which is the current-division principle.

The delta-to-wye and wye-to-delta transformations that we applied to resistance circuits
are also valid for impedances. With reference to figure below, the conversion formulas
are as follows:

Y-A conversion:

Z1Zy+Z2Z3+7Z37Z4
Z, =
Zy
Z1Zy+Z2Z23+7Z374
Zb e —
Z3
VAVA R AV ARIAY A
7, =22zt ish
Z3

A-Y conversion:

— Zch
17 z.+Zp+2,

Z.Z

ZZ — c~c
Zoy+Zp+Z,

Z,7

Zg — atb
Zo+Zp+Z,

A delta or wye circuit is said to be balanced if it has equal impedances in all three
branches.

When a A-Y is balanced, the previous equations become:
ZAZSZY OrZY=§ZA

where Zy =2, =2Z,=ZzandZp\=2Z,=2,=Z,.
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Example: Find the input impedance of the circuit in figure below at w = 50 rad/s.

2 mF >
Solution: Let, ; H [ O'H
Z,= Impedance of 2-mF capacitors % Z30 It
—_— > f 8Q
Z,=Impedance of the 3 () resistor in series 10 mF JF 10 mF
Zs=Impedance of the 0.2 H inductor in series with 8 () resistor.
1 1 .
Zy = jwC — j50x2x10~3 —j10 Q2
1 1 .
Z;=3 +ja)_C =3 -I_j50><1o><10—3 =B-j2a
Z3 =8+ jwlL =8+j50x0.2=(8+,10) Q
Input impedance is Z;, = Z; + Z,||Z; = —j10 + Bo/2EH10) _ 399 - —Jj11.07 Q

11+j8
Example: Find the input impedance of the circuit in figure below at w = 50 rad/s.
Answer: 129.52 — j295 il ER

ETIR

il VWA v
£ j

e —— 1mF <2000

Example: Determine the v, (t) in the circuit of figure below.

Solution: First, transform the time domain to GOQ

frequency domain, as shown in figure below. 20 cos(4f— 15°) | *) 10mF == 5SH I’ t’a
vy = 20 cos(4t — 15") = v, = 20415V, w = 4 I i
10 mF = ]wic = m = —j25Q e {
SH = jwC=j4Xx5=j200 2015 (F) —25Q== j200Q: :o

e d

Z,= Impedance of the 60 Q resistor ’

Z,=Impedance of the parallel combination of the 10-mF capacitor and the 5 H inductor.

Z1= 60 Q

—Jj25%j20
—j25+j20

Z, = —j25]| j20 = = j100 Q

Using voltage divider principle,

Z, _ _j1oo
Z4+Z, 5 60+j100

V= ————(202—15") = (0.85752£30.967)(202—15") = 17.1215.96°

We convert this to the time domain and obtain

v,(t) = 17.15 cos(4t — 15.96") V.
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Explain transformation

60 +j100 = V602 + 1002 = V13600 = 116.62 Magnitude

—1 100

tan™! — =59.04" Phase

j100 100290
> 60+j100  116.62£59.04°

= 0.8575230.96°

Practice Example: Determine the v, (t) in the circuit of figure below.

05H

Answer: v,(t) = 14.142 cos(10t — 35°). [—[

20 cos(10¢ + 100°) :ff). 10Q Lp

+

11
&

(=)

Example: Find current [ in the circuit of figure below.
. - —j4Q
Solution: ZQ |

The delta network connected to nodes: I o 40
J

b
a, b, and ¢ can be converted to the Y network e ol l

8Q

as shown in the figure below. Computes Y as 50£0°

A-Y conversion: Z, " Z,

— Zch
Zoy+Zp+Z,

Z,

_ ZZ I po

2= Zo+Zp+Z, —AVVW— a W) c

— _ZaZp 2 j6Q
Zy = —2afb e ;
Zo+Zp+Z, 50,0° (1) 30 = [

Il

o . 2380
= JHeY _ 202D _ 16+ j0.8 0
Jj4+2—j4+8 10

an

Zm=2 =320, 2, =2 = (1.6-j3.2) 0

The total imepdance at the source terminal is
Z=12+4Zgy + (Zpn — jOI(Zcp +j6 + 8)

=12+ 1.6 +j0.8 + (j0.2)[|(9.6 + j2.8) = 13.6+ 0.8 + "—"'2;9;;2'8)
=13.6 + j1 = 13.6424.204°

The desired current is

v 5020°
===
z

=—" _ =3.666,—4.204".
13.6444.204
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Practice Example: Determine the I in the circuit of figure below.

Answer: 6.364,3.8°

oxr ’/:\|
30,200V (D)

j4Q ,C/\,—j 3Q
&

8Q Jj5Q

AU
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Chapter Seven
Network Theorem in AC

7. Sinusoidal Steady State Analysis
7.1. Introduction

We want to see how the mesh analysis, nodal analysis, Thevenin's theorem, Norton's

theorem, and source transformations are applied in analyzing AC circuit.

Analyzing AC circuits usually requires three steps:
1. Transform the circuit to phasor or frequency domain.
2. Solving problems using techniques (mesh analysis, nodal
superposition, etc.)
3. Transform the resulting phasor to the time domain.

7.2. Mesh Analysis
Kirchhoff's voltage law (KVL) forms the basis of mesh analysis.

analysis,

Example: Determine current /, in the circuit of Fig. below using mesh analysis.

s/0°A (}) @

Solution: Applying KVL to mesh 1, we obtain,
(8+j10 —j2)I; — (—j2)I, — j10I3; =0 Eq. (1)

For mesh 2, |

40
h
— s =
jloQ . i
o ﬁ) 1\: ) 20/90°V
8Q = @ == 20

(4 —j2—j2)I, — (—j2)I; — (—j2)I3 + 20£90° = 0 Eq. (2)

Note: 20£90° = j20

For mesh 3, I3 = 5. Substituting this in previous equations, as follows:
(8+j8)I; +j2I, = j50 Eq. 3)

j2I, + (4 — j4)I, = —j20—j10  Eq.(4)

From Egs. (3) and (4) can be put in matrix form as:
8+/8 j2 L] _[J50

2 e alll =120

A= [872]8 4]_2].4 =34(1+/)(1—)) + 4 = 68

A = [8 +j8 j50
271 j2 —j30

I, = A2 _ 416.1724-35.22° — 612/—-3522° A

A 68
Ip = =1, = 416.172144.78" A
Because multiplying by —1 in phasor form adds 180° to the angle.

= 340 — j240 = 416.172—35.22° A
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Practice Example: Find /, using mesh analysis.

Answer: 3.582,65.45"

6/0°A
—
— —--—
b

—52Q 6Q

Io ¢ l_-’ }__—VVAVAI/“J’—
o 7\ %7
2 340 (7)) 30430°V
8Q 2 3/ ) 3R
|

Example: Solve for I/, in the circuit of Fig. below using mesh analysis.

Solution: From figure below, a supermesh between
Meshes 3 and 4 due to the current source. KVL gives,
For mesh 1,

-10+ (8 —j2)I; — (—j2)I, —=8I3 =0

Simplified as:

(8 —j2)I; +j2I, — 813 =10 El. (1)
For mesh 2,

[, =-3 Eq. (2)

For supermesh,

(8—j2)I3 -8l + (6 +j5), —j5I, =0 Eq.(3)
In the supermesh 3 and 4:

I,=13+4 Eq.4)

Combining Eq. (1) and (2),

(8—j2)I; —8I; =10+ j6 Eq.(5)

Combining Egs (2), (3), and (4):

—-4Q = g >
38Q jsQ |

S

- : D
10,0°V (Z) FI==, 4)3£0°A

1 Py ': =
G40 =— | @ 4A (b @ § 2

—8I; + (8 —j2)I5+ 24 + j20 + 615 + (j5)I; +j15=0

—81; + (14 + j3)I; = —24 — j35 Eq. (6)
From Egs. (5) and (6) can be put in matrix form as:

8—j2 -8 J[L]_[ 10+j6
[—8 14+j3] [13]—[—24—]'35
[8-j2 -8
A‘[ —8 1443

A= [ 10 + j6 -8
17 ]-24-j35 14+,3
= —70 — j166 = 32456,67.14°

_ Ay 32456£67.14° o
I, = T 11.084£62.82

=112 + j24 — j28 + 6 — 64 = 54 — j4 = 2932,4.32°

= 140 + j30 + j84 — 18 — 192 — j280

Vo = —j2(I; — 1) = —j2(11.08262.82° + 3), Convert 11.08262.82 in
rectangular form 11.08(cos 62.82° + j sin 62.82°) = 11.08(0.4536 + j0.8915)

(5.02 + j9.89) + 3 = 8.02 + j9.89

—j2(8.02 + j9.89) = —j16.4 + 19.78 = 25.47,—39.2° V
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7.3. Nodal Analysis

The basis of nodal analysis is Kirchhoff's current law. We can analyze AC circuits by
nodal analysis. The following example illustrates this.

Example: Find i, in the circuit of Fig. below using nodal analysis.

100 1H
Solution: We first convert the circuit to the r s L) ﬂg ‘
Frequency domain: 20 cos 41V j) L 01F 2, ;‘ 05H
20cos4t = 200", w = 4rad/s ‘
IH = jwL=j4 T
05H = joL =2 -
1 j . 1 . . .
01F = jw—cz—ﬁz—]z.S,]—,z—] = jl-pH=—j =-(-1)=1
Thus, the frequency of domain equivalent circuits is as shown below.
10Q Vi A4Q W
Applying KCL at node 1, s o
200Vy _ Vi | VicVy L llx . -
10 —j2.5 ja 20V (2) =250 L) g 20
2 —0.1v; =;0.4V; — 0.25jV; + 0.25V,
(0.1 4+0.15j)V; +j0.25V, = 2 simplified x 10 T

(1+j1.5)V, + j2.5V, = 20 Eq. (1) =

At node 2,

2L, + % = \],/—22, Butl, = _;]21.5 substituting this gives,
% + % - ‘]’—; = —0.8jV, + 0.25j(V; — V,) = 0.5jV, = —0.55V, = 0.75V,

11V, + 15V, = 0 Eq.(2)  thisis x 100 then + 5

From Egs. (5) and (6) can be put in matrix form as:
[1 +j1.5 j2.5] [V1] v [20]
1 Lo

11 15
1+j15 j2.5 .
A= =15—5
| 11 15 ] J
20 j2.5 1+j15 20
A = =300,A, = = —220
t7lo 15 ] 2 [ 11 0]
v, =2 =3% —1897,1843°V
A~ 15-j5
V, =22 =222 ~1391,1983°V
A 15-j5

Vi _ 189721843

— = = =759,108.4"
—j2.5 2.52-90

The current I, is given by I, =

Convert to time domain
I, = 7.59 cos(4t + 108.4°) A
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o | T e N
Answer: | 2 A §
v, (t) = 33.96sin(2t + 60.01°) V . " e i
v,(t) = 99.06 sin(2t + 57.12°) V WEaEgy Nz 3 2H 34,

1

7.4. Thevenin Analysis

Thevenin’s and Norton’s theorems are applied to ac circuits in the same way as they
are to dc circuits. The only additional effort arises from the need to manipulate complex
numbers. The frequency domain version of a Thevenin equivalent circuit is depicted
in Fig. below, where a linear circuit is replaced by a voltage source in series with an
impedance. The Norton equivalent circuit is illustrated in Fig. below, where a linear
circuit is replaced by a current source in parallel with an impedance. Keep in mind that
the two equivalent circuits are related just as in source transformation. Vyp, = Zyly is
the open-circuit voltage while [ is the short-circuit current.

Vrn = Zyly, Ly =1y
Zyy
—0 a a —2 a
Linear . N\ Lmeaf I
circuit Vs (&) circuit N \*
—O0 b o b —0 b

Figure. (a) Thevenin equivalent (b) Norton equivalent

If the circuit has sources operating at different frequencies, the Thevenin or Norton
equivalent circuit must be determined at each frequency. This leads to entirely
different equivalent circuits, one for each frequency, not one equivalent circuit with
equivalent sources and equivalent impedances.

Example: Obtain the Thevenin equivalent at terminals a-b of the circuit below.
Solution: Find Z; by setting the voltage source to d

Zero, as seen in Fig. below. R , 4Q

Zy = —j6|(8 = 2=, multiply by 8 + j6

8- 5 o |/I\ e Oa bo c

_ —j48(8+j6) _ —j384-288 RSV %

T 8%2+62 100 A,

= 2.88 — j3.84 O AL

i jl2X4 . . F;

Z, =4||j12 = i1z’ multiply by 4 — j12

48j(4—j12) _ 576+j192
16+144 160

=3.6+j1.20Q 8Q ‘) =f6 Q== 10 3o

Zep = 721+ Z, =2.88—j3.84+3.6+j1.2

fd fd
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Zon = 6.48 — j2.64 Q

To find Vyy,, consider the circuit below. The currents I; an d
I, = 120475 Al = 120475 - HI
8—j6 4+j12 —j6Q \ 4Q
Applying KVL around loop bcdeab gives: 120,75V () ol o Yy —_‘ :
Vrn = 41y + (=j6)]1; = 0 T g ® g
. b3 = J12
VTh == 4‘12 +]6Il <I |%
_ 480275 | 720275 +90° 7
T 4+j12 8—j6 ®)
T = WD~ 37.95,3.43°
4+j12  12.649.71.565
7204165 _ 7204165 _ 4 504 g7°
8—j6 102-36.87
= 37.95£3.43" + 722201.87°
= 37.95(cos 3.43° + j sin 3.43") + 37.95(cos 201.87" + j sin 201.87°)
= 37.88 4 j2.27 + (—67.02) — j26.32 = —29.14 — j24.04, convert to polar
r =/(—29.142) + (—24.05%) = \/1427.5 = 37.78
6 =tan” (o) = 39.2
-29.14
Both parts are negative = 3" quadrant, thus add 180°
Vo = 37.782£219.2°
Practice Example: Find the Thevenin equivalent at terminals a-b of the circuit below.
Answer: 68 20 4
Zrn = 12.4 — j3.2 Q. RallBIRER
Vo, = 47.4224-51.57" 75200V () == -j4Q 310Q

Example: Obtain the Thevenin equivalent at terminals a-b of the circuit below.

Solution: 4Q  j3Q
To find Vrj, we apply KCL at node in Fig. below, L ¢ WWA—TY ——oa
15 =1, + 0.5], i !
I,=10 A s00a(d) 220 D osi,
Applying KVL to the loop on the right-hand side in % 40

5 b

Fig. b, we obtain:
—I,=(2—-j4)+051,(4+3)+Vy, =0
Ve = 10(2 — 4j) — 5(4 + 3j) = —j55
Thus, the Thevenin voltage is

Vrp = 5524-90° V

L os, 430 g e o . - F
T R su [ .
’ I + Io$ +
o
15A (D 2-j4Q q 05, Vp D 2-j4Q 0s1, V, (D L=3/0°A
‘ o b o
= b

@ ®)
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To obtain Z7j, we remove the independent source. Due to the presence of the dependent
current source. We connect a 3-A current source (3 is an arbitrary value chosen for
convenience here, a number divisible by the sum of current leaving the node) to
terminals a-b as shown in Fig. b. At node, KCL gives,

3=1,+ 0.5,

I,=2A

V, =1,(4+j3+2—j4) = 2(6 — )

The Thevenin impedance is Zqy, = ‘I’— =20 = 4 - j0.6667 Q

Practice Example: Determine the Thevenin equivalent of the circuit in Fig. below as

seen from the terminals a-b. 8Q j4Q
Answer: rll) 3 i
Zrn = 44732-7.64" Q P
o By -
Vep = 29.42472.9 V. 2= ~—
] 20/0° A D oy
10 = e
C ob
7.5. Norton Analysis
Example: Obtain current I, in Fig. below using Norton’s theorem.
Solution: Our first objective is to find the g
Norton equivalent at terminals a-b. Zy is found in L /-l\ 3APA ¢Io
5Q 2 @ 0

the same way as Zrj,. We set the sources to zero S go -2Q S 200
as shown in Fig. a. as evident from figure, the Wi {I, <l
]

(8 —j2) and (10 + j4) impendences are short i)

40,90°V (2) 5] S J15Q

circuited, so that £ j4Q [
-l
Iy =50 b
l a L a I
a
[ o e A e i I
5 ! l )
B 2 @ h
‘_Hﬁ B A i i 20

4
v

(@) (b) ©

To get Iy, we short-circuit to find the Norton equivalent at terminal a-b in the Fig. b
and apply mesh analysis. Notice that meshes 2 and 3 form a supermesh because of the
current source linking them. For mesh 1,

—j40 + (18 +j2)I; — (8 = 2j)I, — (10 + j4)I; =0 Eq. 1

For supermesh,
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(13 =j2)I + (10 + 4/)I; — (18 +j2)I; =0 Eq.2

At node a, due to the current source between meshes 2 and 3,

L=1,+3 Eq.3

Adding Egs. 1 and 2 give

—40j + 51, =0

I, =j8

From Eq. 3,

L=1,+3=3+8

The Norton current is

Iy=1=3+j8 A

Fig. ¢ shows the Norton equivalent circuit along with the impedance at terminals a-b.

by current division,
5 _ 3+j8

0 = — [y = —— = 1.465238.48" A
5+20+j15 5+j3

Practice Example: Determine the Norton equivalent of the circuit in Fig. below as seen

from the terminals a-b. Use the equivalent to find I,,.

Answer: o PO
Zy = 3.176 + j0.706 () 2118
Iy = 4.1982—32.68" A. 80 10 =3 ol .
I, = 985.52-2.101" mA. I = L
10,00V (£) ) 2,90°a N jiwn
J —j5Q
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