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1. INTRODUCTION

In this book on fluvial hydraulics — here taken to be synonymous to open-channel
hydraulics — we shall treat the flow and flow-related phenomena in artificial and natural

channels with a free surface subjected to the atmospheric pressure.

This chapter of introduction begins with a presentation of the different types of channels
as well as with the corresponding flow regimes. Subsequently, the notions of the
distribution of velocity and of pressure are exposed.

A list of references as well as a list of symbols shall be presented in the final pages of this

volume.

1.1

1.2

1.3

1.4

TABLE OF CONTENTS

CHANNELS
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DISTRIBUTION OF PRESSURE
1.4.1 Uniform Current
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1.1.
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CHANNELS

A channel is a transport system where water flows and where the free surface is
subject to atmospheric pressure.

The hydraulic study of a channel often confronts the engineer with a question of the
form :
for a given longitudinal bed slope, a certain discharge must be conveyed;
the form and the dimensions of the channel are to be determined.

1.1.1 Kinds of Channels (see Fig. 1.1)

10

20

30

Two categories of channels are to be distinguished :

i) natural channels,
if)  artificial channels.

Natural channels are watercourses, which exist naturally on (or under) the earth,
such as gullies, brooks, torrents, rivers, streams and estuaries.

The geometric and hydraulic properties of such channels are generally rather
irregular. The application of the hydraulic theory gives only approximate results,
since numerous assumptions have to be made.

Artificial channels are watercourses developed by men on (or under) the earth, such
as open channels (navigation channels, power canals, irrigation and drainage
channels) or closed channels where flow does not fill the entire section (hydraulic
tunnels, aqueducts, drains, sewage canals).

The geometric and hydraulic properties of such channels are generally rather
regular. The application of the hydraulic theory gives reasonably realistic results.

N Lvd &
= SN hvd £

open covered

natural artificial

Fig. 1.1 Kinds of channels.


http://code-industry.net/

1.1.2 Geometry of Channels (see Fig. 1.2)
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20
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The (transversal) section of a channel is a section in the cross-sectional plane being
normal to the direction of flow.

The section, or better the wetted surface, A, is the portion of the cross section
occupied by the liquid.

S¢ ‘%‘TW
o (weak)

Fig. 1.2 Geometric elements of a channel section.

A channel, whose section does not vary and whose longitudinal slope and
roughness remains constant — however the flow depth may vary — is called a
prismatic channel; otherwise the channel is a non-prismatic one.

The geometric elements of a section or wetted surface, A, are the following :

i)  The wetted perimeter, P, of the channel, being formed by the length of the
line of contact between the wetted surface and the bed and the side walls, but
does not include the free-water surface. -

ity  The hydraulic radius, R, , being the ratio of wetted surface, A, to its wetted
perimeter, P, or : «

A
Ry =5 (1.1)

being often used as a length of reference.
iii)y  The (top) width, B, of the channel being the width at the free surface.
iv) The hydraulic depth, D,, , of the channel being defined by :

A
Dy =g (1.2)

v)  The flow depth, h, or the water height — if not defined otherwise — is
considered to be the maximum depth.
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Table 1.1 Geometric elements for different sections of channels.

'f“—_B_—"f‘ 1 B 1 t B + f‘L‘P f_“"B—“’l'
— | 7| X7 1@ | S
- ! h NG/
b N RS DT g
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radius b + 2h 2 41 o
Ry, b+2nV1em® | 2V1em b 3B° + 8h
Width (sin 6/2) D
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Dy, b+2mh 2 sin6/2 ] 8 3

* Valid for 0 <€ <1, with& = 4/B. IfE> 1: P = (B/2) Vi + B4 1E 1n(§ Vs &2) ]

4°

50

60

Formulas for the geometric elements for five different types of channel sections
(see Chow, 1959, p. 21) are given in Table 1.1. A natural watercourse might have
a rather irregular geometric form, but often it can be rather well approximated by a
trapezoidal or parabolic section.

Besides the geometric elements, the longitudinal slopes are also to be considered,
namely the :

i)  slope of the bed (bottom or floor), S¢,

i)  slope of the water surface (piezometric), S,, .

The value of the bottom slope depends essentially on the topography of the terrain;
it is generally weak, thus may be expressed by : S¢ = tg o0 = sin a.

The wetted perimeter, P, can be composed of a fixed or immobile bed (concrete,
rock) or of a mobile bed (granulates of sediments).
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1.2

10

20

FLOW IN CHANNELS

Flow in natural or artificial channels is flow with a free surface, being the surface
of separation between air and water; the pressure is there equal to the atmospheric
pressure.

Flow in open channels is essentially due to the inclination (slope) of the bed, while
flow in closed conduits (see Graf & Altinakar, 1991, chap. PP.1), is due to a
difference in the charge between the sections.

1.2.1 Types of Flow

10

20

A classification of open-channel flow may be done according to the change of the
flow depth, h or Dy, , with respect to time and space :

Dh = f(t’ x)
Time variation (see Fig. 1.3)

Flow is steady (stationary or permanent) if the average velocity of flow, U , and
point velocity, u, but also the flow depth, h or Dy, , remain invariable with time, in
magnitude and in direction. Consequently the discharge remains constant :

Us=Q (1.3)

between the different sections of the channel (see sect. 2.1 and eq. 2.6), supposing
there is not lateral inflow or outflow.

Fig. 1.3 Scheme of steady and unsteady flows.

Flow is unsteady if the flow depth, Dy (t), as well as the other parameters vary with |
time. Consequently, the discharge is no more constant (see sect. 2.1 and eq. 2.1).

Strictly speaking, open-channel flow is rarely steady. However, the temporal
variations are often sufficiently slow and the flow may be assumed to be steady and
this at least for relatively short time intervals.
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Space variation (see Fig. 1.4)

Flow is uniform if the flow depth, Dy, , as well as the other parameters, remain
unchanged at every section of the channel. The line of the bottom slope is thus
parallel to the one of the free-water surface, or S;=S,,.

Flow is non-uniform or varied if the depth, D,(x) , as well as the other parameters,
vary along the length of the channel. The bottom slope is thus different from the
slope of the water surface, or S;#S,, .

Non-uniform flow can be steady or unsteady.

Varied flow can be accelerated, dU/dx > 0, or decelerated, dU/dx < 0, depending
on the variation of velocity in the direction of flow.

If flow is a gradually varied one, the depth, Dy (x) = Dy, , as well as the other
parameters, vary slowly from one section to another. Over a small length of the
channel, one may assume that the flow is quasi-uniform and the velocity, U,
remains essentially constant.

uniform non-uniform uniform non-uniform uniform
grad. var. rap. var , grad. var jrap rap. var.
decel. decel. dec accel,
Z
Wm R -
=
weir = N S,
jump S
drop

Fig. 1.4 Scheme of steady, uniform and non-uniform flows.

If flow is a rapidly varied one, the depth, Dy(x) , as well as the other parameters,
change abruptly over a comparatively short distance, sometimes with a
discontinuity. This happens generally in the neighbourhood of a singularity, such
as at a weir or at a change of channel width, but also at an hydraulic jump or an
hydraulic drop.
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The kinds of flow one encounters in fluvial hydraulics (see Fig. 1.3 and Fig. 1.4)
can be summarised as follows :

uniform

l) Steady ﬂow gradua“y

non-uniform {rapidly

uniform (rare)

i) Unsteady flow gradually

non-uniform {rapidly

1.2.2 Flow Regimes

10

20

The physics of open-channel flow is governed basically by the interplay of the :

- inertia forces,
- gravity forces,
- friction (viscosity and roughness) forces.

The (reduced) equations of motion (see Graf & Altinakar, 1991, sect. FR.7.2)
involve the following dimensionless numbers :

i)  the Froude number, being the ratio of gravity to inertia forces, or :

L -
g _ g gy and  Fr = ¢ (1.4)
pU /L. c i
iiy  the Reynolds number, being the ratio of friction to inertia forces, or :
U, /L’ v
L@c/Le) Re'  and  Re = Jeke (1.5)

ou /L,  Ule ™
Added to these two numbers is still :

iiiy the relative roughness, being the ratio of the roughness height, k, , to a
characteristic length, or :

(1.6)

ey

o
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U, and L are characteristic velocity and length; one takes often U. = U and
chRhor LC =Dh .

In the hydraulics of open-channel flow, one generally defines these dimensionless
numbers as :

4 k
Fr = y : Re = ARyU or Re = RyU : 55— (1.7)
\ngh \Y% \Y h

The Reynolds number is used to classify the flow (see Graf & Altinakar, 1991,
chap. FR.3) as follows :

- laminar flow Re' < 500
- turbulent flow Re' > 2000
- transition flow 500 < Re' < 2000

From numerous experiments with different artificial channels (see Chow, 1959,
p. 10) it results that flow is turbulent if the Reynolds number, Re’, reaches a value
of 2000.

In general, flow in open channels is a turbulent and often rough flow.

The Froude number is used to classify the flow (see sect. 2.3.3) as follows :

- subcritical (fluvial) flow Fr<i
- supercritical (torrential) flow Fr>1
- critical flow Fr=Fr. =1

In general, flow in open channels can be of the three types.

Consequently, the combined effect of the Reynolds number, Re’, and the Froude
number, Fr, gives the following four regimes of flow :

- subcritical-laminar Fr <1 , Re' < 500
- subcritical-turbulent Fr < 1 , Re' > 2000
- supercritical-laminar Fr > 1 , Re' < 500
- supercritical-turbulent Fr > 1 . Re’ > 2000

A relationship depth/velocity, taken from the experiments by Robertson et Rouse,
is given in Fig. 1.5; it is valid for very wide rectangular channels.
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Fig. 1.5 The four regimes of open-channel flow.

1.3  DISTRIBUTION OF VELOCITY

1° In flow along a wall (the bottom of a channel), a distribution of velocity (see Graf
& Altinakar, 1991, chap. FR. 6) is encountered. Being zero at the wall, the point
velocity, u, increases rapidly towards the free surface; its maximum value is often
found slightly below this free surface. The velocity profile is approximately
logarithmic.

2° Steady flow depends in general on the three variables, x, y and z ; this is called
three-dimensional flow. For a rectangular channel with a bed and vertical side
walls, a schematic distribution of the point velocity, u(x, y, 2), is given in Fig. 1.6.

If such a channel has a large width, B — large in comparison with the depth,
B > 5 h — flow is considered two-dimensional, with the exception of a small
distance close to the vertical side walls.
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Hydraulic calculations are considerably simplified, if one assumes the flow to be
one-dimensional. The average velocity, U(x), in a vertical or in a section, is
expressed by :

{n | B
U = h u(z) dz or U = A [ | u(z) dzdy (1.8)
[¢] g 0

In open channels of simple geometry, one encounters generally turbulent flow
where the point velocity, u(x, z), differs little from the average velocity, U(x). In
the steady state, such an hypothesis allows to consider the flow as one-
dimensional.

~N

3D-flow
if B<3h

872}
2D-flow
T ) if B>5h
o) 1D-flow
U U udz

Fig. 1.6 Distribution of velocity.

it
|
O\.—.B_
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1.4

10

20

For a determination of the average velocity, U, in a given section, the following
approximate relations can be used (see Fig. 1.7) :

U = (0.820.9)y (formula of Prony)
U = 0.5 (uy, +uyg) (formula of USGS) (1.9
U = ugy

where U, ,, Uy, Uy 4 and ug are the point velocities at given positions .

s
o

Ugg

U=05(ug,+u,y |

U=u,,

08h

Uog

04h

Fig. 1.7 Average velocity.

DISTRIBUTION OF PRESSURE

The equation of steady motion for an incompressible fluid (see Graf & Altinakar,
1991, p. 132), written for the normal component, n(= z), is :

U 1 0 :
Tz—;é_;(p+YZ) (110)

where (UZ/r) is the centrifugal acceleration of a mass-fluid, which displaces itself
on a curved line, r (see Fig. 1.8).

Assuming that U and r remain reasonably constant and after integration of eq. 1.10,
one obtains :

, ZUZ U’
p+y7d)=-p —r-dn +Cte = —-p Tz + Cte (1.10a)
[¢]
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Fig. 1.8 Flow over a concave bottom.

Taking a point on the bottom of the channel and another one on the free surface,
one respectively writes :
for z=0(z'=0) : p=ps where:  ps=Cte
2
for z=h(E' =h) :p=p, where : pa+yh'=—p%—h+Cte

An expression for the relative (with respect to the atmospheric pressure) pressure
on the bottom of the channel, is given by :

2

=0
pf=Yh'+p"Ii—h+}>/ (1.11)

‘having an hydrostatic and an accelerating contribution.

1.4.1 Uniform Current

10

For uniform flow, when the average velocity, U, remains constant and the
streamlines are reasonable rectilinear (with r — o0), the distribution of pressure is
hydrostatic in a section, normal to the bottom (see Fig. 1.9). Thus one may write,
taking z =n (eq. 1.10), the following :

0=2 ¥z +p) (1.12)
0z


http://code-industry.net/

20

30

An expression for the pressure, relative to the bottom, can now be given as :

pr = +Yh (1.13)
which gives :

(E) = hcosa (1.14)
Y/t

Fig. 1.9 Flow with a uniform current.

For the usually encountered open channels, the inclination, o , is rather weak,
namely o < 6° or J; < 0.1, implying that cos o ~ 1. Consequently eq. 1.14
reduces to :

(9_) =h (1.15)
Y/f

where h is the flow depth in the channel.

1.4.2 Curvilinear Current

10

For flow, being (slightly) non-uniform, thus having a curvilinear current of
converging or diverging type, there exists an acceleration component caused by the
inertia forces. As done above, one writes :

U2

p+v7) (1.10)

e
I p on
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Fig. 1.10 Flow over a concave and a convex bottom.

and the expression for the pressure relative to the bottom is given by :
U’ |
pr=+yh X p-——h (1.11)

being (+) for a concave and (-) for a convex bottom.

Subsequently one obtains :

2
Pl —heosat 1Y p (1.16)
Y/t g T

The distribution of pressure is no more hydrostatic (see Fig. 1.10). For an external
concave current, the centrifugal force increases the pressure; while for a convex
current, this force decreases the pressure. In the latter case, the pressure could get
below the atmospheric pressure, thus causing separation of flow on the channel

bed.


http://code-industry.net/

2. HYDRODYNAMIC
CONSIDERATIONS

Some fundamental notions of hydrodynamics, being the basis of open-channel
hydraulics, will be exposed in this chapter.

The equations of continuity and of energy will be developed for the general case.
Subsequently, the specific energy, a concept useful for the understanding of different

problems, will be introduced. Elementary knowledge of gravity waves is presented.

Finally the hydrodynamic equations are developed, as well as their applications to
uniform and non-uniform flow. Experimental results, being a support to the theory, are
presented, such as the distribution of velocity, the characteristics of turbulence and also

the friction coefficients.

2.1
2.2

23
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HYDRODYNAMIC CONSIDERATIONS 19
2.1 EQUATION OF CONTINUITY

1° The equation of continuity, one of the basic equations of fluid mechanics, is an
expression of the conservation of mass.

The variation of a mass fluid, contained in a given volume during a certain time,
must equal the sum of the mass fluid which enters, diminished by the one which
leaves.

2°  Studied will be a flow of an incompressible fluid, being steady, uniform and almost
rectilinear, in an open channel with a free surface and having a weak bed slope (see
Fig. 2.1). Considered will be two channel sections; Q will be the entering
discharge.

Sw(t+dt)~\2

=

S, O~ 1 e~ N\ _r
poITT TT &
o (weak)
dx

® ©)

Fig. 2.1 Scheme for the equation of continuity.

The volume, entering by the first section is Qdt; the volume leaving by the second
section, being at a distance, dx, from the first one, is [Q + (8Q/8x)dx]dt. The
variation of the volume between these two sections during the time, dt, is
consequently :

_ (99) dx dt
ox

This variation of the volume is the result of a modification of the free surface,
oh/at, between the two sections during the time, dt; it is expressed by :

(Bdx) QE dt
at

where B(h) is the width of the channel at the free surface and h(x,t) is the flow
depth.


http://code-industry.net/

20

30

4°

50

60

FLUVIAL HYDRAULICS

Assuming the fluid incompressible, the above two expressions are made equal (see
Chow, 1959, p. 525) and one obtains:

QA _, @.1)
dx ot
where dA = Bdh.

For a given section, the following relation can be given :

Q = UA (2.2)

where U is the average velocity in the section, A. Thus eq. 2.1 can be expressed
as:

AUA) g _ LU AL gd 23)

ox ot ox ox ot

Using the definition of the hydraulic depth, D, = A/B, one can also write :

Dh—a—q+ Dy h_ (2.4)
ox ox ot

The above equations represent different forms of the equation of continuity, valid
for prismatic channels (see sect. 5.1.1).

For a rectangular channel, eq. 2.3 is given by :

o  oh _,oU o oh 2.5)
Jx ot ox dx ot :

where q = Q/B is the unit discharge.

For steady flow, dA/dt = 0, the equation of continuity, eq. 2.1, reduces to :

@Q _
=0 (2.6)

If a supplementary discharge leaves (or enters) the channel between the two
sections, eq. 2.1 can be adapted, such as :

3A
%+gg%=o @7

where q; 1s the supplementary discharge per unit length.
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EQUATION OF ENERGY

The equation of energy is an expression of the first principle of thermodynamics.

The energy for an element of incompressible fluid, written in homogeneous
quantities of length (see Fig. 2.2) — here as the height of a liquid with specific
weight vy = pg — in almost rectilinear flow, taken with respect to the plane of
reference (PdR), is given by :

2
LU A < gy (2.8)
28y Y

The different terms represent :

u .
28 the velocity head
P the pressure head
Y
Zp the elevation (position) of a point, P
L, the (mechanical) energy head or the total head
b
Py p= P the piezometric head
Y Y
S
W TEe=le
Sw 2g DY T
T
U — p /)/ =
s Y .
f N o 7’
ARNy L
xl
\ 0. (weak)
Zp z .
PdR l f .

Fig. 2.2 Scheme for the equation of energy in a cross section.


http://code-industry.net/

22

30

4°

FLUVIAL HYDRAULICS

The following assumptions shall be applied:

i)  The piezometric head, p*/y, is supposed to be constant over a normal to the
bed, implying that the distribution of pressure is hydrostatic.

ify By considering that z gives the elevation of the bed, the slope (weak) of the
channel, S¢, is given by :

Se=tga = —% = sina

i) If h is the flow depth, the pressure head at the bed of the channel (see

eq. 1.14) is:
(B) = hcosa
Y/t

For weak slopes, o < 6°, where S;< 0.1, one may take cos o = 1.
The system of the coordinates, xz, is thus almost identical with the one of the
coordinates, x 'z ', (see Fig. 2.2).

iv) In a perfect fluid, each fluid element moves with the same velocity, which is
the average velocity in the section, U.

Making use of these reasonable assumptions, the total head in a section is now
given by :

U?

75t h+z=H (2.9)
The flow is here considered to be one-dimensional and rectilinear.

The equation of energy, eq. 2.9, is a manifestation of the principle of energy if the
liquid is perfect. From one to another section, each of the three terms in eq. 2.9 can
take a different value, but the sum, H, remains constant.

For flow of a real fluid with a free surface, being unsteady and non-uniform
(gradually varied), the difference of the total head between two sections, separated
by a distance, dx, (see Fig. 2.3) is given as :

2 2

2

1 dU 1 1,dP

- —dx + — 2—dx 2.10
Tea T TE,dA 0
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)

7))

iir)

PdR

Fig. 2.3 Scheme of the equation of energy, between two sections.

U
é %T dx is the term of energy due to acceleration in the flow
x-direction (see Graf & Altinakar, 1991, p. 137).
1 T,dP . _ . -
e 0 de =h, is the term of energy or head loss due to friction (see

Graf & Altinakar, 1991, p. 138);

The friction forces provoke a dissipation of mechanical (into thermal) energy.
dP is the perimeter of an elementary surface, dA, and T, is the shear stress
due to the frictional forces acting on the surface, dPdx. This term,
representing the effect of friction, is usually written as h,.

The kinetic energy correction coefficient, o, , results from the distribution of
the velocity in the section (see Fig. 1.6). Its numerical values (see Chow,
1959, p. 28) notably for turbulent flow are very close to unity. In most
common cases, the velocity head can thus be taken as :

v v
“2g 7 2

where TT 1c the averaoe velarcityv in the cartinn
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The equation of energy, eq. 2.10, can thus be given as :

U’ 1 9U
d(zg—+h+z)-———hr—g~a—t—dx 2.11)

Dividing by the distance, dx, and using partial differentials, one gets :

oU U JU oh
-+ —_— —

1
1 2Y - S = =85 2.12
g g ax T ax f e (2.12)

| steady, uniform

steady, non-uniform

unsteady, non-uniform

where h. =S, dx and S;=-(dz/dx); S, is the energy slope.
Eq. 2.12 is the dynamic equation for unsteady and non-uniform flow.

The head loss, h,, must be evaluated with a formula such as the one of Weisbach-
Darcy, eq. 3.10, of Chézy, eq. 3.11, or of other experimenters. Such relations are
only valid for steady, uniform flow; however — for lack of better information —
they are also used (see Chow, 1959, p. 217) for unsteady and non-uniform flow.

The equation of continuity, eq. 2.5, and the dynamic equation of motion, eq. 2.12,
form together the equations of Barré de Saint-Venant (see Chow 1959, p. 528).
Despite the various simplifications made to obtain the equations of Saint-Venant,
their solutions are often rather complicated. In some physical cases, which are
simple but still realistic, explicit solutions are possible.

For flow, which is steady but non-uniform, eq. 2.12 reduces to :

U oU oh
— —— + ——

- S =-~8 2.13
& ox dx f © ( )

For flow, which is steady and uniform, eq. 2.12 reduces to :
St = S, (2.13a)
The bed slope, S¢, the energy slope, S, , and the piezometric slope of the water

surface, S, , are identical. The average velocity, U , and the flow depth, h , are
constant; the equatior of continuity is given with eq. 2.6.
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2.3
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20

The dynamic equation of motion, eq. 2.12, can also be obtained by applying the
momentum equation. The resulting equation is almost the same (see Chow, 1959,
p. 51 and Henderson, 1966, p. 9), i.e. : eq. 2.12.

SPECIFIC ENERGY

Up till now, the total head, H , in a given cross section was defined with respect to
an arbitrary horizontal plane (see Fig. 2.2); for a weak bed slope one writes :

U2

% +h+z =H (2.9)

If the plane of reference is now placed into the bed slope, S¢, a fraction of the total
head, called the specific energy, H; , is defined (see Bakmeteff, 1932, chap. 4);
one writes now (see Fig. 2.4) :

2
2% +h=H, (2.14)
Using the equation of continuity, Q = UA, one obtains :

2,02
92% +h=H, (2.14a)

The notion of the specific energy is often very useful; it helps to understand and to
solve different problems of free-surface flow.

Se ~~~~~~ !
o
2g
Sw ;;—L
H h Hs "6’
Sf
Ae SN v ey L PaR' = s,
Z
|
PdR ‘

Fig. 2.4 Definition of the total head, H, and the specific energy, H; .
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For a given section in the channel, the area of flow, A, is a function of the flow
depth, h, and eq. 2.14a gives a relation of the following form :

H; = f(Q h)

which allows a study of the variation of :

) h with Hy , for Q = Cte
i) h with - Q , for Hg= Cte.

2.3.1 Specific-energy Curve

10

20

30

Eq. 2.14a gives the evolution of the specific energy, H, as a function of the flow
depth, h, for a given discharge, Q = UA.

This curve (see Fig. 2.5) has two asymptotes :

iy for h =0 , ahorizontal asymptote ,
ii) for h = oo | the line h = H; is the other asymptote.

In addition, the curve has a minimum, HSC , for:

dH 2 dA
S A -
&= Qg a 1=0 (2.15)

Since dA/dh is equal to the width of the channel, B, at the free surface and by using
the definition of the hydraulic depth, D, = A/B, one obtains :

2 2
@B _U
g A’ " gby 2152

For a channel with a rectangular cross section, one has Dy, = h. The flow depth, h,
which corresponds to the minimal specific energy, HSc , 1s called critical depth, h. .

Following the curve, given with Fig. 2.5, one notices that for a given discharge
Q =Cte, and for an arbitrary value of specific energy, Hy, — for the case when
flow can take place — there are always two solutions for the flow depth, h, and
h,. They are called the corresponding (alternate) depths; one of which, h,, is
smaller and the other one, h,, is larger than the critical depth, h.. Both of these
depths are indications of different regimes of flow, thus :

h < h, supercritical (torrential) regime
h > h, subcritical (fluvial) regime

h = h, critical regime

st b < e s wea < er .

..
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Flg 2.5 Specific-energy curve, Hg = f(h), for Q = Cte.

Each curve (see Fig. 2.5) has thus two branches. Consequently, a steady flow in a
channel can exist in two different ways, both having the same specific energy, H; :

i)  in supercritical regime, where the flow depth is small and the velocity large,
if)  in subcritical regime, where the flow depth is large and the velocity small.

For a variation of the discharge, Q, the corresponding curves have the same form ;
they follow each other for an increase in the discharge, starting at the origin, (see
Fig. 2.5).

2.3.2 Discharge Curve

10

20

Eq. 2.14a gives also the evolution of the discharge, Q, as a function of the flow
depth, h, for a given specific energy, H; , such as :

Q= A V2g (Hy-h) (2.16)

From this curve (see Fig. 2.6), one obtains :
iy for h=0 , Q=0
iy for h=H, , Q=0.

In addition, the curve has a maximum value, Q,,,, , for:

dQ _ 2g (H,-h) @AW - Ag _
dh T g H -] T
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Taking dA/dh = B and D, = A/B, one may write :

dQ _ gB [2 (Hy - h) -mDh] _ (2.17)
dh [2g (H - h)]

This derivative is zero, if :

2H;-h)y-D, =0 (2.18)

The values, h and Dy, which correspond to the maximum discharge, Qu.y -
represent the critical depth, h, et D, . For flows smaller than Qp,,, one finds again
the two different flow regimes (see Fig. 2.6 and also Fig. 2.5).

[P Hs..
h>h, Fr<l  Subcritical regime

__Ez_ h, b h=h, — Fr=1 —Critical regime —
2

Q ¢ h<h,  Fr>1 Supercritical regime
h

0 = Q=AJ2g(H,-h
Quax

Fig. 2.6 Discharge curve, Q = f(h), for H, = Cte.

3°  For achannel with a rectangular cross section, D, =h , eq. 2.18 becomes :
2(H;-h)-h=0

from where one obtains the critical depth (h=h, and H, = H,):

h.= 2 H, (2.19)

h. = f5‘- H and h. = 3— H (2.19a, b)
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2.3.3 Critical Depth
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The critical depth, h, , in a channel is the flow depth at which :

i)  the specific energy is minimal, HSC , for a given discharge (see Fig. 2.5),
i) the discharge is maximal, Q,,, , for a given specific energy (see Fig. 2.6).

It follows, that eq. 2.18 can be written as :
2(H, -h) = Dhc

and that, using eq. 2.16, the maximum discharge, Q,,, , is given by :

Qmax = A /2D, (2.20)

C

The average velocity, which corresponds to the critical hydraulic depth, DhC , 18 ¢

Ul _ Dr

U, = /gDy or 2 =2 (2.21)

In critical regime, the velocity head is thus equal to half of the hydraulic depth.
Eq. 2.21 or eq. 2.15a could also be expressed as :
et S (2.22)

which is precisely the definition of the Froude number (see eq. 1.4) in critical
regime ; here the Froude number, Fr, is equal to unity :

Fr, = 1 (2.22a)

Note that the Froude number, Fr = U/y/gD,, is the ratio of inertia to gravity forces
per unit volume (see Graf & Altinakar, 1991, sect. FR. 7.3). Consequently, the
Froude number classifies also the different flow regimes, such as :

Fr > 1 supercritical regime U > U,

Fr < 1 subcritical regime U < U,

U

i

Fr = 1 critical regime U c
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The critical velocity, U,_, is given by :

U = gDy, = ¢ (2.21a)

This is equal to the celerity, c, of the propagation of (superficial) infinitesimal
gravity waves in a channel of hydraulic depth, Dh (see eq. 2.27 for the general
definition).

The critical depth for a rectangular channel, D, = h , has been given by :

- 2
h. = £H, (2.19)

C
or equally by :

h U’
H, -h) = 5 = 72—

Using the definition of the unit discharge, g = Uh, one obtains :

_(12_2 »\3 / Eﬁ
h., = 2.23
2gh, or ¢ g ( )

The maximum unit discharge, q, which may exist in a channel of rectangular
section is equal to :

g (§ HSC)3 (2.24)

Experience shows that flow at critical depth, h, , is often unstable, presenting itself
by a fluctuating water surface. This is rather evident when observing Fig. 2.5 :
even small variations of energy close to the critical value, Hs , cause large
variations in the flow depth, h.

Nin

According to eq. 2.20 and eq. 2.24, the critical hydraulic depth Dh , or the critical
flow depth, h., depend only on the discharge. Thus it is 1nv1tmg to use this
information for metering flow in open channels :

Here, two examples are given :

i) Free Overfall :  Flow in an horizontal channel (or a broad-crested weir)
discharges freely into the atmosphere; the critical section
is found rather close to the brink (see sect. 4.4.2).
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2.4

ity  Venturi Canal : An adequate reduction in the cross section of the channel
is provided, where the critical regime (see sect. 4.4.2)
takes place.

Flow goes through the critical depth, if the fluvial regime passes to the torrential
one. Critical depth is also observed, if the fluvial regime is terminated by a free
overfall.

GRAVITY WAVES

Flow in open channels, which is variable in time, is accompanied by gravity waves at the
water surface.

2.4.1 Wave Celerity

10

20

30

Considered will be a periodic, simple wave, representing the propagation of an
irrotational motion as satisfied by the equation of Laplace; the pressure at the free
surface is constant and the wave amplitudes are small. A channel of rectangular
cross section with uniform flow depth is filled with stagnant water; there is thus no
flow.

The two-dimensional and progressive wave in the —x* direction, will be given (see
Fig. 2.7) by a periodic displacement of the free surface as a function of time, t ,
(see Kinsman, 1965, p. 117), such as:

N, t) = Acos 2rx/L -2r t/T) (2.25)

where A is the amplitude, being half of the wave height, H = 2A; L is the wave
length and T is the wave period. The wave celerity is defined by :

L
C=7 (2.25a)

The hydrodynamic theory for waves of small amplitude (see Lamb, 1945, pp. 254
and 366, or Kinsman, 1965, p. 125), i.e. : H/L << 1 and H/h << 1, gives for
the apparent velocity of propagation, also called the celerity of a perturbation :

¢t = % tanh (z%h) (2.26)

where h is the water depth. Note that the celerity does not depend on the wave
height, H.
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4°  This expression, eq. 2.26, reduces :

i)  for short waves or waves of large depth, if L/h< 1,to:

& - &L (2.26a)
2n

ify  for long waves or waves of small depth, if L/h>>1,t0:

¢ = gh (2.27)

crest
/

—r— U €q. 2.26

*L__WWTTTWW L/ (2rh)

Fig. 2.7 Scheme of a surface wave.

5° If the long wave, where L/h >> 1, is not of small amplitude, thus H/h = 1, the
wave celerity (see eq. 2.27) is given (see Lamb, 1945, p. 262) by :

¢ = gh (1 + %Aﬁ) (2.28)

or also (see Lamb, 1945, p. 424) by :
¢ = g(h+A) (2.28a)

This last relation was experimentally obtained for a solitary wave.

6° The two signs, which are possible for the celerity, eq. 2.27 or eq. 2.28, show well
that the wave can propagate in the direction of x* or x~ (see Fig. 2.7).

7°  The relation, eq. 2.27, for the celerity, c , of long waves can also be obtained by
application of the equation of continuity and of energy.
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Consider the unsteady flow (see Fig. 2.8a) of a simple wave having an
amplitude, A =1 . U is the liquid velocity in the section of the crest. By
following the wave — one thus imagines the wave stays immobile — the
flow becomes a steady flow (see Fig. 2.8b).

C C-!! h
B
i
LN N W U M L N W W N N R W W N N N W N M I W N Y RN Y N N M N N N W N U N N U W U ' W, NI L N N U N WL
(a) (b)

1))

Fig. 2.8 Propagation of a wave.

The equation of continuity reads now :
ch=(-Uth+n)
If n << h, the wave is thus infinitesimal and one may write:

U=cm/h) (2.29)
The equation of energy reads :

2 2
h+ 35 = h+m) +(—C21§U—)— (2.30)

or written otherwise :

(%) U
n =5 (1 - 2c) (2.302)
Neglecting the term (U / 2c) when compared to unity, one may write:
n = % (2.30b)

Through substitution, the eqs. 2.29 and 2.30b give :
¢ = gh (2.27)

This is the celerity of wave having a small amplitude, 1y .
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2.4.2 Wave Equation
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4°

In order to derive the wave equation, the equation of continuity and of motion will
be applied to a situation of a wave of small amplitude, which propagates (see
Fig. 2.7) in a stagnant liquid.

The equation of continuity, eq. 2.5, is expressed as :

(h+m) ou R Ga(h+n) N d(th+n) _
ox ox ot

where U is the velocity produced by the wave and averaged over the depth.
By assuming that depth variation, dh/dx = 0 and dh/dt = 0 , are negligible,
one may write :

gon , o
(h+ + = 0.
") Y T a
If the wave is of small amplitude, 1} /h << 1, and assuming that dn/dx << 1,
one obtains :

RU LM (2.31)
ox ot

The dynamic equation, eq. 2.12, is expressed as :

100 U 90  d(hin)
- 4 = — 4= —(§:-8) =

g Teax T ax (O

While the last term shall be omitted, the secdﬁd term is considered to be small
compared to the first one. Since the depth variation is negligible, the above equation
simplifies to :

ou + il =0 (2.32)

1
g ot ox

One sees immediately that these equations, eq. 2.32 and eq. 2.31, give the
following relationship :

00U 0’0 o'n o'

5 = or — = gh— (2.33)
e - P o - P
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This is the classic equation for a progressive wave (see Lamb, 1945, p. 255),
where ¢’ = gh is the celerity of a long wave, previously presented with eq. 2.27.
A general solution to it was given with eq. 2.25.

2.4.3 Flow with a Wave

10

h>hc

It was shown that the celerity, ¢ , with which a gravity wave, being a long one and
of small amplitude, propagates in a channel of rectangular section, is given with the
relation of eq. 2.27. For a channel of an arbitrary section, one writes :

c=x+ghy, (2.27a)

where Dy, is the hydraulic depth.

20

13
[
N —
1 U>c
s\\\\\\\\\\\\\\\\\\\\\\\\((

Fig. 2.9 Flow with a wave.

This relation, eq. 2.27a, was established for a channel where the liquid was
stagnant. However the relation stays valid for the case where the liquid is in
motion ; the wave superposes itself upon the flow in the channel. Consequently, the
absolute celerity, c,, , of the wave for a channel having an average velocity, U, can
be expressed as:

¢, = UxvgDhy (2.34a)
and for a channel of rectangular section :

¢, = Utygh=Uzc (2.34)


http://code-industry.net/

36

30

4°

2.5

FLUVIAL HYDRAULICS

The absolute celerity, c,,, being the velocity with respect to the bed, has evidently
two values :

¢, = U+c , ¢, = U-c (2.34b)

Thus one may distinguish two plus one cases (see Fig. 2.9) :

)  U<c, where the wave with celerity, c,', propagates downstream and where
the wave with celerity, ¢, ", propagates upstream; the flow regime is fluvial.

if)  U>c, where the wave with celerity, c,', propagates downstream and where
the wave with celerity, c,", propagates downstream as well; the flow regime
is torrential.

iii) At a flow depth, at which the current velocity, U, and the wave celerity, c,
are the same, thus :

U = c = vgh,

the flow is in critical regime (see sect. 2.3.3); h, being the critical depth.

Flow with a gravity wave, which is long but not of small amplitude, will be treated
later (see sect. 5.6).

HYDRODYNAMIC EQUATIONS

2.5.1 Equations of Motion

10

For flow (see Fig. 2.10), which is two-dimensional, plane, V( u, 0, w), and
turbulent, the equations of motion and of continuity (see Graf & Altinakar, 1991,
p- 275 or Rotta, 1972, p. 129) can be written as :

d _w  _ou 1 9pF
— + U= + W= = —-=—= 3
ot ox 0z p Ox
u 0 3 0 —0
+V(a_x’§+é‘_2‘) [g(u2)+gz'(uwil
(2.35)
oW  _ ow _ oW 1 op*
— + U 4+ W— = — = =
ot ox 0z p 0z
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Ju ow

— + — =0 (2353)
ox 0dz

- U and w are the average point velocities in the x and z -direction ;

- u'and w' are the velocities due to fluctuations ;

2 ST
- pu', pu'w’, etc. are the supplementary (or Reynolds) stresses due to the
turbulence:

- p* is the average (point) driving pressure.

These equations, eqs. 2.35, are known as the Reynolds equations. In the absence
of turbulence they reduce to the Navier-Stokes equations, valid notably for laminar
flow.

Fig. 2.10 Scheme for the equations of motion.

For free-surface flow on weak slopes, S; << 1, the terms of the driving pressure,
p* (x,2) = p(x,2) + gpz, are expressed as :

B b
i S S S
dx  Ox PE St

(2.36)
Jop* _ dp
B _%, .
0z oz
where the bed slope is defined as : S; = — %Z—b :

x

The bed of the channel is defined by z,,, bl(.ljt in the following it will be used without
. . 2 Z
an index, thus written as Sy = — —= - 7= -
f ox dx
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Steady free-surface flow may be considered as being flow at high Reynolds
numbers. It is thus possible to use the approximations which are developed for
boundary-layer flow (see Graf & Altinakar, 1991, sect. CL.1).

By considering the order of magnitude of each term in egs. 2.35 and 2.35a, and by
keeping only the terms of the highest order (see Graf & Altinakar, 1991, p. 351, or
Rotta, 1972, p. 130), one has :

_du  _ou 1 dp* " 9 3 0 ——s
U™ + W— = -—7— 4+ VvV~ - — @) - — (u'w)
ox 0z p dx 0z dx 0z
(2.37)
0 = _ L9 _ 9w
p 0z 0z
au + W = 0 (2.35a)
ox 9z

In egs. 2.37, the second one can be integrated and written as :

0=-1 pF(x,7) + f)_?f(x,z'=0)—-w'2(2') + wi(z'=0)

p* being the driving pressure at the bed, z' = 0 ; due to the no-slip condition one

12 .
‘takes w "¢ = 0. Thus one may write :

PP(x, 2) = p7(x,0) —pw'(z) (2.38)
or also :

— , — 2

p + pgz’ = pr + pgl — pw

With ps = pgh, an expression for the pressure is obtained :

p=pgth-z) - pw"’ (2.38a)

The driving pressure is consequently not constant over the flow depth, but will be -
slightly modified by the Reynolds stress.

The derivation of eq. 2.38 with respect to x, gives :

N ¥ a -
B _ By, 9 (2.39)

ox ox ox


http://code-industry.net/

HYDRODYNAMIC CONSIDERATIONS 39

50

60

where the last term is often neglected; using eq. 2.36, it can be written as :

ap* _ 9p% _ 9B o 9dzy
bt SPUR Rt < S o S o P — 2 2.40
x C ox ax B ee (ST (249

Upon substitution of eq. 2.39 and eq. 2.40 into the first of eqs. 2.37 one gets :

_odu _ du oh 9z, d Jdu ——
U_—+wW-— =-g(— + —2)+ —(v——-u'w') +
dx dz dx ox Jdz 0z

. 2 w? - u?d (2.41)
dx

The last term, which is due to the normal Reynolds stress, is also often neglected
(see Rorta, 1972, p. 130). If one defines the total tangential stress by :

1 —p(vQE—u_""') (2.42)

ﬁa_ﬁ_,,wa_ﬁ:_g(_ab,_,.%).,.la—rﬂ (2.41a)
X 2 ox ox p dz

This equation is also valid for laminar flow, where :

-
T, = ui (2.42a)

Free-surface flow, being unsteady, can thus be represented (see Grishanin, 1969,
p. 59) by a system of equations such as :

BoaBg® o (B, 1% (2.41b)
ox 0z dx ox p dz
P = pgh-2) - pw" (2.382)
ST (2.35a)
dx 09z

Note, that the pressure is not quite hydrostatic.
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2.5.2 Uniform Flow

10

20

It will be assumed that flow is steady, unidirectional, i’/( u, 0,0), and uniform on
the average.

The equations of motion, eq. 2.41a and eq. 2.38a, and of continuity, eq. 2.35a,
reduce to :

0 = +gS + é %EZ& (2.43)
P = pgh-z)-pw" (2.38a)
—g—z =0 (2.44)

where the total tangential stress is expressed by :

T, = 0 gf ~ pu'w' (2.42)

After integration over the flow depth, h, one obtains :

i)  the equation of motion, eq. 2.43, as being :

h h
1 0
S dz + — - T _ dz
ng pjazu

=+ gS¢ (-0 + é— ©0-1,)

o
Il

(=)
|

and consequently one has :
T, = pg S¢h (2.45)

with T, as the stress due to friction, called the wall or bed-shear stress; the
ratio, T,/pgh, gives the energy slope, being now expressed by :

Sf = Se (245&)
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In eq. 2.43 one notes that the longitudinal pressure gradient, namely the
longitudinal component of the gravity (see eq. 2.36), provides the driving
force of a uniform flow; the tangential stress (see eq. 2.42) is the dissipating
force.

ify  the equation of continuity, eq. 2.44, as being :
h h
Jdu d _ oh
—dz = — | udz - uyu— =0
,( ox ox f " ax
84

o

9

ox
where Uh = q is the unit discharge and U the average velocity; u,, is the
velocity at the water surface.

(Uh) = 0 (2.46)

For steady flow, one writes :

% _ b, U
ox ox ox

= 0 (2.46a)

The equation of motion, eq. 2.45a (see eq. 2.13a), and of continuity, eq. 2.46a
(see eq. 2.6), in their integral form, form together the simplified equations of Saint-
Venant for a steady and uniform flow (see sect. 2.2).

To obtain the distribution (see Fig. 2.11) of the total shear stress, 1,, (z), the
following equation must be integrated over the flow depth :

ot op*
—af - 5I?x_ = - pgS; (2.43a)

As boundary conditions serve :
z' = 0 (z'/h =0.05) = T, =T,
2 =h = T, =0
thus the following is obtained :

Tx(z') = pgSe(h-2) (2.47)

or written in dimensionless form :

T (2) (hl-]-z’) (2.472)
TO
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This gives (see Monin et Yaglom, 1971, p.268) a linear (triangular) distribution,
being valid for turbulent flow with eq. 2.42, and for laminar flow with eq. 2.42a.

Nevertheless, for very small distances from the bed, z'/h < 0.05, the shear-stress
distribution may be considered to be constant (see Graf & Altinakar, 1991,
sect. 6.1) :

The zone very close to the bed, z'/h < 0.20 , where the shear stress is constant, is

called the inner region (see Hinze, 1975, p.503 and Monin et Yaglom, 1971,
p.311) where the total shear-stress variation becomes negligible.

z'/h
% —L— L0 [——L—g— U./u
. U, -u 2
outer region —L— = fliT
u h
m bz
o h
~0.2
inner region L L —
- TU 4 v x Inz'+C a
77 - > 77 p
1.0 To

Fig. 2.11 Scheme of the distribution of shear stress, T,, (z) , and
of velocity, u(z); for uniform flow.

The system of equations, eq. 2.43, eq. 2.38a and eq. 2.44, cannot be used to
obtain the distribution of the velocity, u(z), (see Fig. 2.11) since the Reynolds

i)

stresses are not known. Semi-empirical methods have to be exploited.

In the inner region, the pressure gradient, (dp* /dx), — being very weak in

uniform flow — in eq. 2.43a may be neglected (see Monin et Yaglom, 1971,
p.268); one may write :

M _ (2.43b)
0z
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and consequently :

T, = U %;—l - pu'w' = Cte (2.42)

To find an expression for this equation, eq. 2.42, one may use the semi-
empirical method of the mixing length, |1 = x 7', proposed by Prandt! (see
Graf & Altinakar, 1991, p. 280), such as :

g5
ru=uazl+p1< ( ) (2.48)

where k 1s Karman's universal constant.

Outside a very thin region — the viscous region — situated very close to the
bed, the shear stress due to viscosity can be neglected, thus one has :

T, = (dZ ) (2.49)

X

Since the shear stress, T,, , remains constant in the vertical — more or less
correct in the inner region — and equal to the wall-shear stress, T,, one may
write :

du 2
o (dZ)

Q
i
<}

|

After separation of variables, the following differential equation is obtained :

N 1/p dz

X Z

du =

which, upon integration, renders :

Inz + C (2.50)

Fl=i

L
K

where u, = \/ T,/p is the friction velocity. The value of the integration
constant, C, must be determined experimentally; in this way the type of the
surface (bed), being smooth or rough, will enter.
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This logarithmic law (of the wall), eq. 2.50, is only vahd in the inner region,
Z'/h € 0.2, where the shear stress remains constant and the influence of a
possible pressure gradient can be neglected (see Rotta, 1972, p.153). The
logarithmic law is universal (see Monin et Yaglom, 1971, p.311), being the
same for boundary-layer flow, as well as for flow in pipes and in open
channels.

In the inner region, z'/h < 0.2 , the velocity, u(z), whose variation is
considerable, depends also on the wall-shear stress, on the fluid properties,
on the type of the wall (bed) and on the distance from the wall; thus :

U=f(Te,p,0,k¢,2).

In the outer region, 0.2 < z'/h < 1.0, the velocity, u(z), whose variation is
weak, depends also on the maximum velocity, on the flow depth and the
driving pressure (see eq. 2.40), but does not depend on the viscosity or on
the type of the wall (bed); thus :

p*

a =f(Uc7h’ L 5 TO’p’z')'
Jx

In the outer region, a good agreement with experimental data is not possible,
since T,, # T,. The logarithmic law, eq. 2.50, must be modified with a
function which depends on the flow depth, h, and notably on an
dimensionless pressure gradient, (h / t,) (dp* /dx). The velocity distribution
is given here by the law of velocity defect (see White, 1974, p. 477), such
as :

U -G _ 2 h o
Uy _f(h"coax

)

Amongst the different relations available (see Hinze, 1975, p. 630 et p. 697),
the one of Coles shall here be used :

U, -u

u,

where the function, known as wake function, is defined by :

= o (K2
W = 2sin (26)

—?——:lln(i)+g(z-6) (2.51)
K 4 K

A O AN 1


http://code-industry.net/

HYDRODYNAMIC CONSIDERATIONS 45

i)

The wake parameter of Coles, Il, depends notably on the gradient of the
longitudinal pressure :

I =f)

where

p = b (2.52)
T, Ox

Since this parameter, IT, must remain constant for flow in equilibrium, the
B-value is an equilibrium parameter (see White, 1974, p. 477). The value of
(2I1/x) represents the deviation from the logarithmic part of eq. 2.51 for
(2'/0) =1 (see Graf & Altinakar, 1991, p. 288).

The height, z' = & (< h) , is the position in the flow section (see Fig. 2.13)
where the maximum velocity, U, , is measured; if U, is on the water surface,
the flow depth, 8 = h, is to be taken.

This empirical relation, eq. 2.51, whose validity is made evident by
experiments, is valid in the outer region as well as in the inner one, but not in
the viscous region. However this relation is valid for both smooth and rough
surfaces.

Nevertheless, as a first (and often good) approximation, the logarithmic law
can often be applied over the entire flow depth, h (see Monin et Yaglom,
1971, p. 298); this is especially so if the flow is uniform having a weak
pressure gradient.

The distribution of velocity — called universal since it is independent of the
Reynolds number — as given with eq. 2.50 and eq. 2.51, is complete but
also complex. For practical purpose, one may also use a simple empirical
relation (see Graf & Altinakar, 1991, p. 289) of the type :

o _ 2y
GR N (ZR
where ug(zz) is a reference velocity, which was for example previously

measured. The variation of 1/10 < q < 1/6 depends on the Reynolds number;
often q = 1/7 is taken.
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2.5.3 Non-uniform Flow

10

20

It will be assumed that flow is steady, two-dimensional, i.’( u, 0, w), and gradually
varied (non-uniform).

The equations of motion, eq. 2.41a and eq. 2.38a, and of continuity, eq. 2.35a,

reduce to :
ﬁéJ*+W§E=—g(ﬂ1-—Sf)+l—a—3‘<E (2.53)
9z ox p 0z
p = pgth-z)-pw" (2.38a)
o + w =0 (2.35a)
dx 0z

Flow, which is (gradually) non-uniform, may be considered unidirectional if the
variation of flow depth, oh/dx , is weak (see Grishanin, 1969, p. 59 - 62).

After integration over the flow depth, h , (see Grishanin, 1969) one obtains :

)

the equation of motion, eq. 2.53, as being :
h h
_ou _.ou oh at
f “azd“J W& = 'g,f azd“gsfj dz + 3| P

dU h a_BQ_

oh 1
BuUhé-x—+U =—gh5; +gth+g(—1,‘o)

X

h
where B, = (1/U%h) j u’dz is the correction coefficient (of Boussinesq) of
0

the velocity distribution, which is usually taken as B,=Cte=1 for turbulent

flow. Assuming that the energy slope is given by S, = 1,/pgh, one may now

write :

AN Y (2.54)
dx dx

(-
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if)  the equation of continuity, eq. 2.35a, as being :

h h

Mool o= 2 gaz-a )+ 52 -0
ox 0z ox |, x ox

4] ]

Uh) = 2.46
ax( ) (2.46)

For steady, non-uniform ( but also uniform) flow, one writes :

dg _ o, U

=0 2.46
dx ax ax ( 2

Note, that the term, U}, (dh/dx) = Wy, gives the equation of the streamline at
the water surface.

The equation of motion, eq. 2.54 (see eq. 2.13) and of continuity, eq. 2.46a
(see eq. 2.6), form together the simplified equations of Saint-Venant for a steady
and non-uniform flow (see sect. 2.2).

Furthermore, one may postulate :

P
p Mg o0h 0 10T (2.40)

ox dx ox pgodx

ii)  using the equation of continuity, eq. 2.46a :

iif)  using the definition of head loss (see point 2.2, 4°) :

TO
pgh

Se =

In this way, the equation of motion, eq. 2.54, can be expressed as:

pUza—h = 10(1+£a£) (2.542)
dx T, 0x

This equation may be compared with the Karman equation (see Graf & Altinakar,
1991, sect. CL.4 : eq. CL.25a) for boundary-layer flow.
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The dimensionless longitudinal gradient of the driving pressure :

ap*
B = Tg a_ljc__ (2.52)

which stands for the ratio of the forces due to the driving pressure and due
to friction, defines the equilibrium parameter. This parameter can be used to
classify non-uniform flow, being flow with a pressure gradient. Note, however,
that also uniform flow (see eq. 2.43a) is flow with a (weak) pressure gradient,
where § = 1.

To obtain the distribution (see Fig. 2.12) of velocity, u(z’) , one should distinguish
two regions, as was also done with uniform flow.

i)  Inthe inner region, one finds that the logarithmic law of the wall :

Y-l nmy +C (2.50)
u,
remains valid (see White, 1974, p. 473), and this as long as the driving-
pressure gradient is weak (see eq. 2.40), being either positive or negative,
* (9p*/0dx). One can explain (see Tennekes et Lumley, 1972, p. 185) this,
by assuming the inertia term in eq. 2.53 is negligible and that the term of the
driving pressure is weak compared to the term of the Reynolds stress; a zone
of quasi-constant stress is thus delimited.

Nevertheless the integration constant, C, may depend upon the pressure
gradient (see Tennekes et Lumley, 1972, p. 186). The thickness of the inner
region, z'/h < 0.2, will now depend on the pressure gradient (see White,
1974, p. 473). The inner region can disappear in decelerating flow with
strong positive pressure gradients, when flow separation occurs.

ity  Inthe outer region, one finds (experimentally) that the law of velocity defect,
the one of Coles :
U. -1 ~
——G——E=lln(-8—.)+g(2—m) (2.51)
u, F4 X

remains valid. Depending on the gradient of the driving pressure (see
eq. 2.40), one has to make the following distinction (see Fig. 2.12) :

- a positive (unfavourable) pressure gradient, dp*/dx > 0, being always
accompanied by a decrease of the average velocity in the direction of the
flow (deceleration); the velocity profiles get less uniformly distributed;
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- a negative (favourable) pressure gradient, dp*/dx < 0, being usually
accompanied by an increase of the average velocity in the direction of flow
(acceleration); the velocity profiles get more uniformly distributed.

50

z'/h
v _Z 410
N = =
AN
NN ,
SN outer region
k N\
N
\
>
. N\ o
aTU 0\' \\ aZ >0 /\~0'2
inner region
7J i L
1.0 To

uniform flow
accelerating

non uniform flow .
decelerating — — —

Fig. 2.12 Scheme of the distribution of the shear stress, T,.(z’),
and of the velocity, u(z’), in non-uniform flow.

To obtain the distribution (see Fig. 2.12) of the total shear stress, T,(2), the
equation of motion, eq. 2.53, must be integrated (see Rotta, 1972, p. 240). The
boundary conditions are the following :

' =0 = T

Z’ =nh = T, =0

Consequently, one obtains :

i)  Close to the wall, ' << h, where the non-slip conditions, u = 0 and w = 0,
are valid, eq. 2.53 is written as :

Mar _ o (M, %% _ O (2.53a)
0z ox  Ox dx

which subsequently gives (see White, 1974, p. 474) :


http://code-industry.net/

50

2.6
1°

20

30

FLUVIAL HYDRAULICS

p*
Ty = T, + ()2
dx

Depending on the pressure gradient, one has :

- for a positive pressure gradient, 0p*/dx > 0, where the flow is
decelerating :

0T

— 5 0 and 1
0z

the total stress has its maximum value, 1,, = 7,,,, , at a certain distance
from the wall;

- for a negative pressure gradient, dp* /0x < 0, where the flow is generally
accelerating :

> 1,

étt*’~l<0 and T,
0z

the total stress has its maximum value, T,, = T,,, , at the wall.

i)  Far from the wall, beyond the point where T,, = 1,,,, , the distribution of
total shear stress is monotone (see Rotta, 1972, p.240) and this up to the
water surface, where 1,, = 0.

DISTRIBUTION OF VELOCITY

The experimental results, to support the theory developed in chap. 2.5, will now be
presented.

It is taken that the flow of a real and incompressible fluid is completely developed
along (the bed of) the channel. Assumed will be that the flow is two-dimensional,
but unidirectional in the x-direction, being steady and uniform or non-uniform.

A direct consequence of a real-fluid flow is the manifestation of the (point) velocity -
profile, u(z') , where the 7' is the distance measured from the bed of the channel.

By integration of the velocity profile the average velocity, U, across the flow
section is obtained.

Between the dimensionless average velocity, U/u,, and friction coefficient, f there
exists (see Graf & Altinakar, 1991, p.433) the following relationship
(see eq. 3.8) :
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U 8
= = l (2.55)

S5

where u, = Y 1./p is the friction velocity.

A summary of the velocity distribution, u(z'), of the average velocity, U, and of
the friction coefficient, f, for uniform flow, both laminar and turbulent, is given in
Table 2.1.

2.6.1 Laminar Flow

10

20

30

4°

Uniform, steady and laminar flow in a channe! of a large width, Ry, = h , has been
studied in great detail (see Graf & Altinakar, 1991, p. 257); it is a special case of
the Couette flow.

The distribution of the velocity, u(z') , for two-dimensional flow (see Fig. 1.6) is
given by a parabolic relation :

uz) _ 1
u, 2 u,

(- y% ) (2hz' -z (2.56)

where h = h + z,, and (dh/dx) is the slope of the water surface, given herewith as
Sw = S; = — (dzp/dx). Using the friction velocity, given as u*2 = gh S¢ (see
eq. 3.7), this equation eq. 2.56, becomes :

L] u*
uz) _ <) a- 0y (2.562)

u,

The average velocity, U, in the flow section, A, is given (see Graf & Altinakar,
1991, p. 257) by :

y—-——l—‘g—sfh2=

u, u, 3v

uh

v

( ) (2.5

W] e

a relationship which expresses a proportionality between the average velocity, U,
and the bed slope, S; .

Flow is considered to be laminar, if the Reynolds number is :

Re':LJESSOO or Re:—ﬂj—ll < 2000

v AY

As long as flow stays laminar, the roughness of the bed of the channel is of no
consequence.
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5° The friction coefficient, f , 1s obtained by combining eq. 2.55 and eq. 2.57; that

is :

8 1 whouo oo ﬁ
’V}(*u,‘s(v)U‘3Re 3
or written also as :
24 6
= Re' or = Re (2.58)

The coefficient, B; = 24, is valid notably in two-dimensional flow, when the width
of the channel is large and having an aspect ratio of B/h > 5. For channels which
are less large, B/h < 5, or for channels being not rectangular, this coefficient may
be smaller, 14 < B; <24 (see Chow, 1959, p. 11).

2.6.2 Turbulent, smooth Flow

10
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4°

The universal velocity distribution for turbulent, smooth flow was developed using
the concept of the mixing length (see point 2.5.2, 4°, or Graf & Altinakar, 1991,
pp. 280 - 289).

The distribution of the velocity, u(z') , — one shall take now u = u for the point-
average velocity, or the bar will no more be used — is logarithmic (see eq. 2.50);
it is given by :

' Z'u*
u1(1Z) _ 1 In (
* K A%

) + By (2.59)
The numerical constants, obtained from numerous experiments with uniform flow
(see Reynolds, 1974, p. 187) are :

K = 04 ; B, = 5(+25%)

For non-uniform flows, the numerical constants are only slightly different (see
Reynolds, 1974, p. 187 and Cardoso et al., 1989).

This relation, eq. 2.59, is only valid close to the surface (bed), delimited by :

Zu*

35 < < 200 or % <02

v
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but experiments have shown good agreement over the entire flow depth, h. The
region delimited by (z'/h) £ 0.2, is the inner region (see Fig. 2.11) where the shear
stress remains essentially constant.

Upon integration of eq. 2.59, one obtains an expression for the average velocity :

Rh u,

£l

In ( ) + B, (2.60)

1
K
The constant of integration obtained from numerous experiments (see Keulegan,
1938) is given as :

B, = 3.5

but it depends slightly on the geometry of the cross section and on the Froude

number (see Chow, 1959, p. 205).

The friction coefficient, f , can be now obtained in combining eq. 2.55 with
eq. 2.60; this gives :

Ry u,

U —
= o In ( ) + B,

1
K

o

and for B = 3.5, one has :

= 2.03 log (Re' \/?) + 032 (2.61)

=

or putting Re'=Re/4 :

= 20310g (Re \ f) - 088 = 210g (3¢ Vf) (2.61a)

The above relations, eq. 2.61, are valid for turbulent flow, Re’ > 500, in a channel
having smooth walls, (u/k/v) <S.

=3

2.6.3 Turbulent, rough Flow

10

The universal velocity distribution for turbulent, rough flow was developed, using
the concept of the mixing length (see point 2.5.2, 4 °, or Graf & Altinakar, 1991,
pp- 280-289).
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[cm] u [cmis] logz' [cm]
20 40 60 u [cm/s]
u,——
rough wall
law ofwall
Data:
Kironoto et Graf (1993)
h=0.115 [mj; B/h =5.22;
=0.0048 [ 1;
Re=2.25x105;Fr=0.46
0.2 k
£
u [cm/s]
law ofthe wall
ofvelocity

Br =8.75
u*=3.38[cm/s]

Fig. 2.13 Velocity profile, u(z'y, uniform, rough flow.
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"feml T _QD f-3(= e ‘IE9|—u fcms] " [cm]T 20 6

0 * s rough wall, ks= 4 ™ [
o0 DPBI Dala: AGBI O
DPB2 Kironoto et Graf(1994) ; 2
DPB3 g/h 2 AGB3
10
u,
- 0.6 0.6
0.2 02 +
0 0.1 z'/h .
20 ?n
u law of wall
2\ 10
B=8.1
|
2 > inner region
8 --
4
fWof velocity
001
Decelerated flow : p=3. Accelerated flow :

O [cm/s]

z'/s =02

z'/h

10 z/k 10

> region

ri=-0.i5

Fig. 2.14 ¥eloc ty profile, u/z'j; non-uniform, rough flow.
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As an example, the distribution of the velocity — measured in a laboratory flume
by Kironoto et Graf (1993 et 1994) — is given with Fig. 2.13 for uniform and
with Fig. 2.14 for non-uniform flow. Different coordinates are here used :

- u vs 7' : is the original (measured) profile;
- u vs log 2z :  shows the logarithmic form
of the original profile;
u z' T
i S :  shows the auto-similarity,

necessary for non-uniform flow in equilibrium;

- u vs In( l%) : used to determine the values of u, and B,,
S

if x = 0.4 is imposed;

u Z . . . :
S O . gives a dimensionless representation
* S
of the law of wall;
U,-u z' . . . .
- a vs g gives the dimensionless representation
*

of the law of velocity deficit.

The distribution of the velocity, u(z') (see Fig. 2.13), is logarithmic (see eq. 2.50);
it is given by :

u(z) _ 1. &
n, T, In (ks) + B, (2.62)
k¢ being the equivalent or standard uniform roughness (see Graf & Altinakar,
1991, p. 287 et sect. 3.2.1). The numerical constants, which are obtained from

numerous experiments (see Reynolds, 1974, p. 187 and Kironoto et Graf, 1993)
for uniform flow, are given as :

k = 04 ; B, = 85(%15%)

The vertical distance, z', is measured from a level which passes slightly below the
peaks of the roughness (see Fig. 2.13); in general one takes z, = - 0.2 k, (see
Graf, 1991 or Hinze, 1975, p. 637). The relation of eq. 2.62, just as the one of
eq. 2.59, is actually only valid within the inner region, z'/h < 0.2 (see Fig. 2.11
and Fig. 2.13), but an extension into the outer region is often possible.
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For non-uniform flow, the constant, B, , is slightly different (see Kironoto et Graf,
1994): it is larger in decelerating flow and smaller in accelerating flow (see
Fig.2.14). The same tendency is observed for unsteady flow (see Tu et Graf,
1992).

After integration of eq. 2.62, one obtains the following expression for the average
velocity :

U
o In (2)+ B, (2.63)

1
K
The constant of integration, obtained from different experiments (see Keulegan,
1938, p. 722) is :

B, = 6.25

being almost independent of the geometrical form of the channel. For flow with

large Froude numbers, Fr > 1, the value of B, diminishes (see Chow, 1959,
p. 205).

The friction coefficient, f , obtained by combining eq. 2.55 with eq. 2.63, is
written as :

8 _
— = — In(2) + B,
K

>

u 1 R
u, kg

substitution of B, = 6.25, gives :

/V 1}: = 2.03 log(%h) + 2.2 (2.64)
Ks

This relation is valid for turbulent flow, Re' > 2-10*, in channels with completely
rough surfaces, (kgu,/v) > 70.

Between smooth surface flow, delimited by (k,u,/v) < 5, and rough surface flow,
delimited by (ku,/v) > 70, there exists the transition region, where the experiments
of Nikuradse (see Graf & Altinakar, 1991, p. 427) are used to make the
connection.

The friction coefficient, f, for flow over smooth, transition and rough surfaces, is
given by the relation of Colebrook et White (see Graf & Altinakar, 1991, p. 436)
which was adapted for channels by Silberman et al. (1963, p. 104), such as :
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1/l = -20 1og(ksa/§“ , 2 ) (2.65)
f Ref

where 12 < a;< 15 and 0 < bs < 6, being established for sections of different
geometrical shapes and Re = 4 R U/v. For very wide channels it is recommended
to take : a; = 12 and by = 3.4. If k{ = O, the relation reduces to eq. 2.61a, valid
for smooth surfaces; if Re — oo, it reduces to eq. 2.64, valid for completely rough
surfaces.

Outside the inner region (see Fig. 2.11) and up to the entire flow depth, h, is the
outer region, delimited by 0.2 < (z/h) < 1.0. In this region, the flow is conditioned
by the maximum velocity, u = U, , as well as by a possibly existing longitudinal
pressure gradient. The distribution of the velocity deviates slightly from the
logarithmic law. It is approximately given (see Graf, 1991 et Hinze, 1975) by a law
of velocity deficit :

-1 2

u,

(2.66)

- z
= 96(1 -1 )

being valid for turbulent flow, both for smooth and rough surfaces.

Nevertheless, the logarithmic law given by eq. 2.59 and eq. 2.62 can be used over
the entire flow depth, if one does not desire a too high precision.

The distribution of the velocity over the entire flow depth — with exception of the
viscous region — , thus in the zone of 0.01 < (z/h) < 1.00 (see Fig. 2.11 and
Fig. 2.13), is given by the following law of velocity deficit (see point 2.5.2, 4 °) :

U,-u 1

—— = —]n(~8—,)+g(2——c~o) (2.51)
* K 4 K

where I1 is the wake parameter of Coles, which depends notably on the
longitudinal pressure gradient, B, (see eq. 2.52). For uniform flow over smooth
and rough surfaces (see Kironoto et Graf, 1993) in a channel having a weak
pressure gradient, namely the bottom slope, one takes :

IT = 0.2
having a variation of - 0.1 < IT < 0.3.

For flow (boundary-layer) without pressuie gradient, (dp* / dx) = 0 , one takes
IT=0.55 (see Hinze, 1975, p. 697).
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Table 2.1

Summary of velocity profile, u, of average velocity, U, and of friction coefficient, f ,
for steady, uniform flow in channels.

u | 2
— = — (YSp) 2hz' -7
Us  2uu, (S )
U 1 huy
a:—g( v )
f=24Re’
T AR Flow Re’=@z— 500
L TURBULENT v
u 1 '*
a—*‘:; In(—) +5.5
smooth
u.k Rpu,
*ics U Ly 3y iss
\Y u,
1
—\7—_=2log(Re"\/f)+O.32
_U_Q__:ll_=lln (_._)+_r_1(2__g))
smooth u, K 4
transition
rough 1 kg/Ry, bs
— =-2log (=—+ )
af
\/f 4Re'\/f
w 1.2
E:—Kln (&) + 85
rough
uk R
5 570 —g‘=£1n(k—h)+625
\Y U ¢ s
R
J—:Zlog(R—h) + 2.2
."f S
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For non-uniform flow (see Fig. 2.12 and Fig. 2.14), eq. 2.51 remains still valid,
but the wake parameter, I, has no more a constant value. Such flows must remain
in equilibrium, namely the velocity profile must stay auto-similar. An empirical
relationship of the type :

= f(B)

is proposed, where 3 is the equilibrium parameter :

h op*

2.52
T, Ox ( )

B:

which characterizes the longitudinal pressure gradient. Depending on this
parameter, f3 , one finds (see Kironoto et Graf, 1994) that :

B<-1 : flow is accelerating, and the wake parameteris —1.0<I1<0.2;
B>-1 : flow is decelerating, and the wake parameteris I1>0.2;
=-1 : flow is uniform having a weak pressure gradient, and the wake

parameter is I1=0.2.

The same tendency was observed (see Tu et Graf, 1992) for unsteady flow.

For two-dimensional flow, the maximum velocity, U . occurs at the water surface,
8 = h. For three-dimensional flow, the maximum velocity, U, , may occur below
the water surface, 8 < h (see Fig. 2.15); secondary flow is evident. To parametrise
this, one may use a ratio of (h — 8)/h (see Fig. 2.15). The aspect ratio of B/h = 5 is
the limiting value.

0.6~ data : Kironoto et Graf (1993)

047
h-38

h

027

0 2 4 6 8 B/h 10
3D- flow 2D-flow

Fig. 2.15 The position of the maximum velocity, U, ;
in two- and three- dimensional flow.
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2.6.4 Turbulence Characteristics

10

20

30

Flow at large Reynolds numbers ceases to be laminar; it becomes turbulent. In each
point of the flow, the instantaneous velocity, u; and w;, is subject to variation in
direction and in intensity. The velocity varies around a mean value defined by :

u=u + u , W= W o+ W

The fluctuation components, u' and w', are by definition weak as compared to the
respective mean values, u and w.

The equations of motion for laminar flow — the Navier-Stokes equation (see Graf
& Altinakar, 1991, sect. FR.1) — are modified by the supplementary stresses due
to the turbulence; these are the Reynolds equations, eq. 2.35, (see Graf &
Altinakar, 1991, sect. FR.5). The supplementary stresses have the form of :

Semi-empirical methods are used to express these stresses.

The characterization of the structure of turbulence is based here on experiments
done in channels; some of these will be presented.

Intensity of turbulence

The temporal mean value of the velocity fluctuations are by definition zero :

?:0, ‘\;/‘;=0

.. . 2
This is however not the case for the mean quadratic values, u'". The RMS-value

12 2.
(Root-Mean-Square), u'" and w ', 1s commonly used.
q y

The ratio of the RMS-value and the friction velocity (see Graf & Altinakar, 1992,
p. 267) is used to define the intensity of turbulence :

L L = f(2) (2.67)

T = f(Z) s .

which varies in space.
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=~ = smooth surface : data : Cardoso et al. (1989)

S2R-n rough surface : data : Kironoto et Graf (1993)

1.0

08
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0.4

0.2

0.0

Fig. 2.16 Distribution of the normal and tangential stress of Reynolds;

for uniform flow.

The vertical distribution of the normal stress, expressed as turbulence intensity, is
given in Fig. 2.16 for uniform flow; the measurements were performed in the
center of the channel having an aspect ratio of 2.1 < B/h < 6.9. One notices that :

)

i)

iit)

for channels with smooth (see Cardoso et al., 1989) and rough surface (see
Kironoto et Graf, 1993), the distribution are reasonably the same;

close to the bed (surface), in the inner region, one has :
u’? = 1.8 u, ; \/ w? = 1.0 u,

up to the flow depth, the distribution stays monotone; at the surface one has :

VPEVFEO.GU*

and the turbulence becomes isotropic.
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7\ accelerated flow (f =-2.36)
O decelareted flow (B =+3.58) data: Kironoto et Graf (1994)
uniform flow (§=-1)

1.0 yay 1.0
A
RIAN
08 T A 0.8
14
06 + 0.6
1 z
S
04 + 0.4
0.2 P 0.2
1y w2
00 +—11 0.0

Fig. 2.17 Distribution of the normal and tangential stress of Reynolds;
for non-uniform fiow.

For non-uniform flow in equilibrium, the distribution of the normal stress is given
in Fig. 2.17; the measurements (see Kironoto et Graf, 1994) are performed in the
center of the channel having an aspect ratio of B/h = 2. One notices that :

i)  for accelerating flow, B < - 1, the turbulence intensity is smailer than for
uniform flow, B = — 1. The maximum value is at the bed and diminishes
towards the water surface. Consequently, in accelerating flow the turbulence
is suppressed (see Hinze, 1959, p. 66);

i)  for decelerating flow, B > — 1, the turbulence intensity is larger than for
uniform flow, 3 =~ 1. The maximum value is above the bed and diminishes
towards the water surface. Consequently, in decelerating flow the turbulence
is enhanced.

Similar experimental observations have also been communicated (see Bradshaw,
1978, p. 68) for boundary-layer flow with pressure gradients.
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Reynolds stress

The total tangential stress, eq. 2.42, are well represented by the supplementary
stress, notably for flow at large Reynolds numbers; one writes :

to=—puwW (2.42b)

The vertical distribution of the supplementary stress, in short the Reynolds stress,
is given in Fig. 2.16 for experiments with uniform flow. One finds — as one has
already seen in point 2.5.2, 3° — that :

i) the distribution is linear, or :
T (5—324) (2.47b)
o

if)  with the boundary conditions being :

it

T, =1,

0
o T, =0

z!
z .

i

For non-uniform flow in equilibrium, the distribution of the Reynolds stress is
given with Fig. 2.17. One finds — as one has already seen in point 2.5.3, 5° —
that :

i)  in accelerating flow, B < — 1, the Reynolds stress, whose distribution is
concave, diminishes;

if) in decelerating flow, B > - 1, the Reynolds stress, whose distribution is
convex, increases;

iii) consequently, the energy dissipation, namely the head loss, is larger in
decelerating than in accelerating flow;

iv) close to the bed, the gradient to the curve of distribution is given by :

ot op* T . :
TP o B pe 2.53b
0z ox b G ( )

which is in agreement with arguments advanced in point 2.5.3, 5° (see
Fig. 2.12).

Similar observations have also been done for unsteady flow with a free surface
(see Tu et Graf, 1992) as well as for boundary-layer flow having pressure
gradients (see Bradshaw, 1978, p. 68).
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A dependence between the velocity fluctuations, u’ et w', is often given with a
correlation coefficient :

u'w'
NGRS
u w
The distribution of this coefficient for uniform flow — for non-uniform flow it is

similar — is given with Fig. 2.16. One sees that :

i) over a large fraction of the flow depth, 0.1 < z'/d < 0.6, the fluctuation are
reasonably well correlated : R, = - 0.5;

(2.68)

-Ruw =

ii)  this correlation diminishes close to the bed and close to the water surface.

5°  Mixing length
The Reynolds stress, eq. 2.42b, can also be expressed by :

Tazpf(a_ﬁ)z:pvt(-aﬁ) (2.49)
oz 0z

where 1, known as Prandtl's mixing length, is the distance over which the fluid
mass displaces itself. v, is the mixing coefficient of Boussinesq which has
dimensions of the kinematic viscosity, but its value is very large, such as v, >>v.

The vertical distribution of the mixing length, 1, in uniform flow — it is similar in
non-uniform flow — is given with Fig. 2.18; one finds that :

)] close to the surface (bed), in the inner region, z'/8 < 0.2 , it is given as :

] = x7' where x = 04

if)  in alarge part of the outer region, 0.5 <7'/6 < 1.0, it is given as :

1/6 = 0.12
but the data show a large spread.

0.30
0 O A X = Daw: Kironoto et Graf (1993)
- Pipe flow (Nikuradse)
178 ; °
015 O ok AT
X L_‘?(AD
e | x
1
)
i 1
O " IH i A i n A A
0 0.5 215 1.0

Fig. 2.18 Distribution of the mixing length.
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Energy spectrum

The spectrum of kinetic energy (see Graf & Altinakar, 1991, p. 273) provides
important information about the turbulence of the flow, namely about the energy
distribution of the eddies having different sizes and frequencies.

. . . 2 02
The spectral function, E(n), gives the turbulent kinetic energy, u'(n) or w '(n), for
a range of frequencies, dn ; or:

o0

u?= [E(n) dn (2.69)

or written in normalized form, F(n) = E(n)/u i ,as:

o0

JF(n)dn = 1 (2.70)

F(n) has units of time, [t], and n has units of frequency, [t'l].

The function, F(n) , — known as the turbulence spectrum — is a representation
of the way the energy is distributed with the frequency, n. By a transformation
— use is made of Taylor's hypothesis of frozen turbulence — of the frequency, n
, into a wave number, (27t/u) n = k, the wave-number spectrum is obtained :

(=<

[Fk)dk = 1 (2.70a)

F(k) has units of length, [m], and k has units of length, [m"].

With Fig. 2.19 is shown a one-dimensional frequency spectrum for longitudinal,
u', and vertical, w', velocity fluctuations for uniform flow in an open channel with
a free surface, at different levels, z'. These spectra are rather tzplcal for uniform
flow over smooth and rough surfaces, having 10* < Re < 10° (see Kironoto et
Graf, 1993) and also for non-uniform flow (see Kironoto et Graf, 1994).

The energy spectrum is in general rather wide and is usually delimited in three
zones (see Fig. 2.19b):

i)  The turbulence structure of the largest eddies has no universality; it is
anisotropic and depends largely on the flow conditions, thus on the flow
Reynolds number The macro scale (see Reynolds, 1974, p. 79) of the
turbulence, k, = A, is the upper limit.
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67

A-"5/3

--0z'/S -008.
o0 z'/S=0.49
A z'/s=0.74

Fig. 2.19 Turbulence spectrum for different levels, z'/S;
in uniform flow.

The turbulence structure of the very $mallest eddies, where viscous
dissipation dominates, has universality; the lower limit (see Reynolds, 1974,
p. 99) is given by the Kolmogoroff scale, k3=rf 1= (v3e)V4 where is the
kinematic viscosity and £ is the dissipated turbulent energy, expressed by :

e = 15 @'2x2).

In the inertial zone, if the flow Reynolds number is high, the large eddies
disintegrate into smaller eddies and so on (in cascades), and all this by action
of the inertia forces. The resulting energy spectrum has universality, thus
being independent of the Reynolds number. This part of the spectrum is
described by Kolmogoroffs hypothesis, which shows by way of a
dimensional analysis, that the spectral function, F(k), can be given by a law
of the type (see Reynolds, 1974, p. 99):

F(k)«e?2/3k"53

In this zone, k! < k « k3, the turbulence is quasi isotropic and the spectrum
is in equilibrium: the micro-scale (see Reynolds, 1974, p. 79) of the
turbulence, k2=, falls into this zone.
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3. UNIFORM FLOW

Flow in a channel is considered as uniform and steady, if the flow depth remains
invariable in the flow direction as well as in time. In fluvial hydraulics, uniform flow is
taken as the base (reference) for all other considerations, and this despite the fact that

truly uniform flow is rarely encountered in reality.

In this chapter, the equations of continuity and of motion will be developed.
Subsequently are presented the different relationships for the determination of the
coefficients of friction for fixed and mobile channel beds. Knowledge about this
coefficient is paramount in all kinds of problems of fluvial hydraulics. The calculation of
the discharge for flow over a fixed as well as a mobile bed is elaborated. Elementary
knowledge about flow in curves as well as instabilities at the free-water surface will be

exposed.
33  DISCHARGE CALCULATION,
FIXED BED
3.3.1 Conveyance
3.3.2  Normal Depth
3.3.3 Composite Section
TABLE OF CONTENTS 3.3.4  Section of maximum Discharge
34 DISCHARGE CALCULATION,
MOBILE BED
3.4.1 Sedimentation Velocity
3.4.2  Ciritical Velocity
3.4.3  Distribution of Shear Stress
3.4.4  Stable Section
3.1 HYDRODYNAMIC EQUATIONS
3.1.1 Notion of Uniformity 3.5 FLOW IN CURVES
3.1.2  Equation of Continuity 3.5.1  Super-elevation
3.1.3  Equation of Motion 3.5.2  Supercritical Flow
3.5.3 HeadLoss
32 COEFFICIENT OF FRICTION
3.2.1 Coefficient of Weisbach-Darcy 3.6 INSTABILITY AT SURFACE
3.2.2  Coefficient of Chézy 3.6.1 Roll Waves
3.2.3  Coefficient of Manning 3.6.2  Air Entrainment
3.24 Composite Roughness
3.2.5 BedForms 3.7 EXERCISES

3.2.6  Coefficient of Friction,
mobile Bed

3.7.1 Problems, solved
3.7.2  Problems, unsolved
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3.1 HYDRODYNAMIC EQUATIONS

3.1.1 Notion of Uniformity

1°  Flow is considered as uniform and steady (see sect. 1.2.1) if the flow depth, h or
D}, as well as other hydraulic parameters such as the average velocity, the
discharge, the roughness and the channel slope, remain invariable in different cross
sections of the channel along the axis of flow. The streamlines are rectilinear and
parallel and the vertical pressure distribution is hydrostatic. The slope of the bed,
S¢, of the water surface, S, , and of the energy-grade line, S, , are the same.

2°  Truly uniform flow is rather rare in natural, but also in artificial channels. Uniform
flow is only possible in very long prismatic channels and this far from the upstream
and downstream boundary conditions (see Fig. 3.1).

| non-uniform uniform non-uniform

reservoir W T
channel m\mp

Fig. 3.1 Uniform flow between boundary conditions.

3° Despite the fact that uniform flow occurs rarely, this type of flow is usually taken
as the standard (reference) flow for any theoretical and experimental study of other
types of flow, but notably for the understanding of the flow resistance.

3.1.2 Equation of Continuity

1°  As long as flow is uniform and steady, the cross section of the flow, A , remains
the same in direction, x , and in time, t. The equation of continuity (see sect. 2.1)
was given as :

AUA) _ 3A
ox ot

=0 (2.1)

but becomes now :

JUA)
ox

0 (3.1)

where Q = UA is the discharge and U is the average velocity.
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2°  Consequently, the discharge remains constant :
Q = Cte (3.2)
Between two cross sections (see Fig. 3.2), one has :
AU =Q = AU, (3.2a)
and with U, = U, and A, = A, , one writes : Q = UA .

3.1.3 Equation of Motion

1° Consider a prismatic channel (see Fig. 3.2). The liquid in motion provokes a
friction force at the wetted perimeter :

Fp=1,Pdx

by an action of the longitudinal component of the gravity force :

F; = YAdx sina = Wsina

In uniform flow, there exists an equilibrium between these forces :

T, Pdx = YAdx sino (3.3)

Consequently, one obtains an expression for :

T, = ygsina (3.4)

o (weak)

Fig. 3.2 Scheme of uniform flow.
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The quotient of the wetted cross section , A , and its wetted perimeter, P, defines
the hydraulic radius, R;,. The angle, o, is usually very small; thus one may write
sin a=tg o = Sy . Above relation, eq. 3.4, now reads :

T, =Y Ry S¢ (3.5)

where T, is the tension due to the friction forces, called the shear stress, which acts
on the wetted surface (wall and bed). Note that eq. 3.5 can be obtained directly
from eq. 2.10 or eq. 2.12, by considering the uniformity of the flow.

In hydrodynamics, one defines :
To/p = U*z (3.6)

where u. is the friction velocity. Thus one can also write :

us = Vg R, S¢ 3.7)

Instead of the shear stress, T, =p u.?, one may also use the definition of the
friction coefficient (see Graf & Altinakar, 1991, p. 433) which is given by :

T a2
= —2— = 83y (3.8)
f pU%/8 (U)
Upon substitution of eq. 3.8 into eq. 3.5, one obtains:

(f/8)pU* = 1, = pgR,S;

or, written otherwise :
1 U
S; = fm 3 (3.9)

This relation is known as the equation of Weisbach-Darcy (see Graf & Altinakar,
1991, sect. FR. 2.1 and sect. PP. 2); it reveals itself as very useful for flow in
pipes. The coefficient, f , of friction (head loss) depends on the Reynolds number
and the relative roughness, but also on the form of the cross section.

The equation of Weisbach-Darcy can also be written as :

U = \/8g/f vV R, S; (3.10)

an expression which is frequently given in the form of :
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This is called the relationship of Chézy, where C is the resistance coefficient
of Chézy.

In uniform regime (see eq. 3.10 and eq. 3.11), the flow depth, h, which
corresponds to the hydraulic radius, R, , is defined as being the normal flow
depth, h=h,.

Different formulae have been elaborated over the years to render expressions for the
friction (resistance) coefficients. Herewith some more common formulae will be
presented, namely :

1)) coefficient of Weisbach-Darcy (see sect. 3.2.1),

if) coefficient of Chézy (see sect. 3.2.2),

iif)  coefficient of Manning-Strickler (see sect. 3.2.3),

iv)  coefficient of friction for mobile bed (see sect. 3.2.6).

COEFFICIENT OF FRICTION

It will certainly be useful, to express the friction coefficient, f, for laminar and
turbulent flow with the equation of Weisbach-Darcy, eq. 3.10. However, the
channel data presently available contain major limitations since channels should be
of circular cross section and the roughness should be the standard one.

The relation of Chézy, eq. 3.11, is also rather useful as long as the flow in the
channel is truly turbulent; this is often the case.

These two approaches, eq. 3.10 and eq. 3.11, give satisfactory results, notably for
practical problems, if applied correctly and respecting their possible limitations. The
ASCE (see Silberman et al., 1963) recommended however the use of the equation
of Weisbach-Darcy.

The precision which is obtained with these formulae, eq. 3.10 or eq. 3.11, is
nevertheless strongly dependent upon the choice of the friction coefficient, f orC.

Artificial and particularly natural channels have all types of form of the cross
section. No parameter exists which would well take care of the variability in form;
the use of the hydraulic radius is often not sufficient.

An estimation of the friction coefficient for a fixed or immobile bed is already
difficult; but still more difficult will be an estimation for a mobile bed.


http://code-industry.net/

UNIFORM FLOW 75

3.2.1 Coefficient of Weisbach-Darcy
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In above equations, eqs. 3.9 and 3.10, the definition of friction coefficient, f , 18
analogous to the one given for circular pipes. For pipes having an industrial
roughness, a universal formulation is given (see Graf & Altinakar, 1991,
sect. PP. 2) by :

i)  the diagram of Moody-Stanton or
if)  the relation of Colebrook-White, for turbulent flow.

For cross sections, which are geometrically close to circular sections, one may
readily use the experiments performed on pipes. However, some modifications are
necessary; the hydraulic radius (see Graf & Altinakar, 1991, p. 439) should be
written as follows :

A
4R, = 4 b (3.12)
Thus 4R, becomes the characteristic length, which is to be used in the definition of
the Reynolds number, the relative roughness and the equation of Weisbach-Darcy,
respectively :

_ARU K U’

. _ g1 U
Re = — > @R, Sf‘f4Rh 2%

For the roughness, k, , in artificial channels, the equivalent roughness, established
for industrial pipes, may be taken.

The use of the diagram of Moody-Stanton (see Graf & Altinakar, 1991,
Fig. PP.9) with Re = 4R, U/v and k/4R,, gives values for f for laminar and
turbulent flow. Subsequently, one obtains the average velocity, U, using eq. 3.10,
or the bed slope, S¢ =S, , of the channel, using eq. 3.9.

Instead of using the diagram of Moody-Stanton, one may also take the semi-
empirical relation of Colebrook-White (see Graf & Altinakar, 1991, p. 436), valid
only for turbulent flow, which is written for channels as follows (see eq. 2.65 ) :

1 ki/Ry, bg
= = —2log | =0 4 — AL (3.13)
A

with 12 <a;< 15 and 0 < b < 6, established for different kinds of cross sections,
as well as for different types of roughnesses (see Silberman et al., 1963, p. 104).

The equivalent roughnesses, k, established for industrial pipes, but considered
valid also for artificial channels, are given in Table 3.1. A more complete tabulation
is given by Wallisch (1990, pp. 235-250).
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For channels or watercourses whose bed is made up of a granulate, one generally

takes k, = ds;; ds, being the diameter equal to 50% of grains in the granulometric
curve.

The importance of the form of the cross section can be somehow taken care of by a

factor, which multiplies the hydraulic radius Ry, ; thus (¢R;) and (¢pRe) replace R;,
and Re in eq. 3.13. One takes (see Ghetti , 1981) :

- for a rectangular (B = 2 h) section ¢ =0.95
- for a large trapezoidal section ¢ =0.80
- for a triangular (equilateral) section ¢=1.25

However, it must be pointed out that the results obtained with the diagram of
Moody-Stanton or the relation of Colebrook-White will only be good
approximations.

For channels, being very large and rectangular or very different from circular
sections, above methods are less applicable.

Table 3.1 Equivalent roughness for industrial pipes.

Uniform
equivalent
Types of wall roughness
k, {[mm]
glass, copper, brass < 0.001
lead 0.025
pipes, steel new 0.0320.1
old 0.4
new 0.25
wrought iron old 1.0als
coated 0.1
concrete smooth 032038
rough < 3.0
wood 1.0a25
riveted steel 09a9
stone, worked rough 8als
rock 90 a 600



http://code-industry.net/

UNIFORM FLOW 77

60

70

Natural or artificial channels are usually of large dimensions. Consequently, the
Reynolds number, Re = 4R, U/v, and the roughness, k, , have also large values.
This implies that the turbulent flow is often also a rough one; the value of the
friction coefficient, f , remains constant and is no more dependent on the Reynolds
number.

This is a justification for using the relation of Chézy, eq. 3.10 or eq. 3.11, where

the coefficient of Chézy depends only on the relative roughness, C = fik/R;), (see
eq. 3.13); thus one may write :

C=+8g (-1——} = V3g [2-log (Es‘)ifk“h” (3.13a)

Vf,

Subsequently, taking a; = 12.7, one obtains (see also eq. 2.63) :

A / 5-( = 5.6 log G}ﬂ) +6.25 (3.13b)
s

For a roughness due to large grains, R;/ds, < 10, one should take (see
Grafetal., 1987) :

A /§ = 5.75 log (dR—“)+ 3.25 (3.13c)
f 50

where kg = dy, , with dg; as the median grain diameter.

In rough channels of large width, Ry = h , the friction coefficient , f , can be
obtained making in-situ measurements of point velocities (see Graf, 1966) and
assuming a logarithmic distribution (see sect. 2.63) :

30z
kS

u
u, = 5.75 log

The point velocities, u,, and u, 4 , at two elevations, z' = 0.2h and z' = 0.8 h,
situated on the same vertical (see Fig. 1.7), are given by :

Ugg = 5.75u, log (24h/k,) Uy, = 5.75 u, log (6h/k,)
By elimination of u, in these two relations and putting (u, g/u,,) = {, one gets :

h _ 0.78(-1.38
- 3.19
£k, ¢ (3.19)
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The average velocity, U , for a turbulent rough flow (see eq. 2.63) was given by :

U
u

*

= 5.75 log ]—(h— + 6.25
s

A substitution of eq. 3.19 into this equation — making use of the definition of
eq. 3.8 — renders :

U - 1.78 (£ + 0.95) (3.20)

4. C-b

Subsequently one obtains for the coefficient of friction :

1 1.78 (£ + 0.95)
I _ 3.21
\/f V8 (G- D G20

and also (see eq. 3.13a) :

C = V8g ~ / 1.78 V2 (C(g 019)5) (3.21a)

The coefficients of friction, f or C, are thus obtained in an experimental way for

very wide channels, where h = Dy = Ry, , using the hypothesis of a logarithmic
velocity distribution.

3.2.2 Coefficient of Chézy

10

For turbulent, rough flow the formula of Chézy :

U = CVR,S; (3.11)

can be used. However, it cannot be used for laminar or turbulent smooth flow.

The coefficient of Chézy, C [mm/s] , is a dimensional expression; the numerical '
values use as unity the meter [m] and the second [s].

Different formulae, being all of empirical nature, have been advanced for the
determination of the coefficient of Chézy, C ; all of which make use of the
hydraulic radius, Ry, .
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Table 3.2 Coefficients of roughness of Manning, of Strickler and of Kutter.

1 _
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— = -
[ &) - —0.60
R E__60 |
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-8 glg & E--40 —{1.50
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AN B S - —12.25
¥ I T
z 2B F- 25 —3.00
8 =
----- =20

2°  The formula of Bazin considers C as being a function of the hydraulic radius,
R}, [m], and of a coefficient, mg [m ] which characterises the roughness of the
walls and the bed. Established with data from small artificial channels, this relation
reads :

C = 87 (3.14)
1+ (mg/yR,

The coefficient of Bazin varies from mg = 0.06, for a smooth bed, to mg = 1.75,

for a bed made up of stones or covered with vegetation.

3°  The (simplified) formula of Kutter, established with data from artificial channels as
well as from larger rivers, has a similar form, being :

C = 100 (3.15)

1+ (mg/VR, )
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1/2

where my [m”°] is the coefficient of Kutter. Some values for my are given

in Table 3.2.

In the practice, one prefers presently the exponential relations and one uses
commonly the formula of Manning-Strickler in the form of :

U = KR, s/” (3.16)
with
C = KR, = LR," 3.17)

Here K| [mms'l] is the coefficient of Strickler and n [m‘msl] is the coefficient of
Manning. Above relation, eq. 3.16, was elaborated using numerous measurements,
performed in both natural and artificial channels. The values of n and K are given
in Table 3.2. More detailed tables are available (see Wallisch 1990, pp. 252-267).

There exist other exponential relations, such as :

i)  formula of Forchheimer : c=1 Rh”S

5 3
=

ity  formula of Pavloski (see Grishanin, 1990, p.45): C =

for Ry<i{m]: q=15+n
Ry>1[{m]: q=13+n

3.2.3 Coefficient of Manning

10

20

The most popular formula is presently the one of Manning-Strickler, often called
shortly the formula of Manning :

R, s, (3.16)

B

U =

This is a rather simple relationship, but it must be used only for turbulent, rough
flow, thus for flow at large Reynolds numbers. In such a case, the coefficient of
Manning, n, stays constant for a given roughness, while the coefficient of Chézy, '

C, depends (see eq. 3.17) on the relative roughness, (Rh”6/n) .

Complete tabulations of the coefficient of Manning, n , have been presented by
Crause (1951, p. 38), Chow (1959, pp. 110-113) and Graf (1984, pp. 306-309).
Furthermore, Chow (1959, pp. 115-123) and Barnes (1967) provide photos of
different natural and artificial channels as a visual support, to facilitate the choice of
the coefficient of Manning in the range «f 0.012 <n < 0.15.
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Indicative values are summarised in Table 3.2.

It must be pointed out that the values of the erefficient of Manning are the same
both in the metric and in the English system. In the latter case, one has to use the
following relation :

¢ = 1— RhiB (3.17a)

For watercourses, where the bed and walls are made up of a non-cohesive
granulate, theformula ofStrickler (see Strickler, 1923, pp. 11-15) may be used :

Ks = Ks = ,2ThH (3.18)
50 90

where d50 or [m] are the diameters, being equal to 50% or 90% of the grains in
the granulometric curve.

The influence of vegetation on the coefficient of friction is extensively treated by
Chow (1959, pp. 179-184) and Wallisch (1990, p. 229).

3.2.4 Composite Roughness

1

20

30

The coefficients of friction, f, n and c , are valid as long as the entire wetted
perimeter has the same roughness; thus the wetted section is homogeneous.

In sections where the wetted perimeter is not homogeneous, the bed and the side
walls have different roughnesses (see Fig. 3.3); thus it becomes necessary to
compute an equivalent coefficient of friction.

nn

Fig. 3.3 Section of composite roughness.

According to Einstein (see Chow, 1959, p. 136), one divides -in a reasonable
way - the wetted surface, A , in N parts, each one having its wetted perimeter, Fj ,
2 ... >N , and its coefficient of friction, n, , n2 ....nN. Furthermore, one
assumes that the average velocity of each particular section, A, , AZ—seAn* is he
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23
U=1 A

same and thus also the same as the average velocity of the entire section,
Using, for example, the formula of Manning, eq. 3.16, on writes :
1 /A 12
o (p) S

_ 1

Al 2/ 1/2
nl (Pl) Sf T e

FLUVIAL HYDRAULICS

_ 1
1 .
composite roughness can be computed, being :
N

AN 2/3 2
w ()
ny \Py
N
If one assumes that A*” = ZANM, the equivalent coefficient of friction for a
32
3 (Pum™)

1l

0

3.2.5 Bed Forms
10

(3.22)
Natural, but also artificial channels may have a mobile bed, defined as being a
channel bed composed of solid particles (non-cohesive granulate, alluviums),
which displace themselves by the action of the flow. The bed may become covered
granulometric distribution.

with bed forms, commonly called dunes (see Fig. 3.4). These solid particles are
characterised by the density, p, , the median diameter, d = ds,, and their

e = -~
T e e — ——— ——— — et i

A
2 o

B e e i e i o s e

)

ik
|
A mobile bed presents successively various aspects, which correspond to the
by using the Froude number, Fr (see Fig. 3.5) :
Fr<1 :

different types of bed deformations. These are usually classified into three regimes,

Fig. 3.4 Scheme of a channel bed with a series of dunes.

The bed remains rather flat, and this till the velocity becomes
dunes of growing dune length, A .

critical (see sect. 3.4.2) and the sediment (solid) transport begins.

Consequently, mini-dunes or ripples appear, followed by the
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T, =T+1"
Transport of
Regime sediments | Bed form
no flat
Er<1 mini-dune
yes dune
Fr=1 yes flat
Fr>1 yes anti-dune
Fig. 3.5 Regime of flow over a mobile bed.
ify Fr=1 : As the flow velocity increases, these dunes, already rather long,
are washed out and tend to disappear. In this state of transition, the
bed is once more a flat one.
ii) Fr>1 With a further increase of the flow velocity, another kind of dunes

appear, commonly called anti-dunes, which, contrary to the dunes,
travel usually into the upstream direction. The water surface
becomes wavy and the sediment transport is very strong.

The geometry of a dune (idealised, since sometimes they are not well apparent) is
approximated by a triangular form of length, A, and of height, AH (see Fig. 3.4).

Indicatives relations (see Graf, 1984, p. 283), made dimensionless by the flow
depth, are given as :

AH
=< -é : % ~ 5 (3.23)

The presence of bed forms will cause an increase in the flow resistance. For the
calculation of the total shear stress on the bed, T, , one assumes (see Graf, 1984,
p. 303) that the contribution of the roughness due to the particles, T, and the one
due to the bed forms , 1", is additive, namely :

T, =1 + 1" 3.24)

o]

or (see €q. 3.5) :
YR, St = YRy +Ry) S
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where Ry and Ry," are the hydraulic radius due to the particle roughness and to the
bed forms, respectively.

Using the definition of the friction velocity and of the coefficient of friction,
eq. 3.6 and eq. 3.8, one writes :

2 WA 1wy 2
u’ = (') + (u')

(3.25)
feref
but also :
n=n +n" ; C=0C+C" (3.26)

The total shear stress, 1, , (see eq. 3.24) varies as a function of the Froude number,
Fr . This variation is schematically shown in Fig. 3.5.

3.2.6 Coefficient of Friction, mobile Bed

10

20

30

A quantification of friction coefficient for flow over a mobile bed has, up to now,
not been very successful over a large range of flow parameters.

There exist methods where one determines directly the entire coefficient of friction,
or n.
There exist other methods, where one calculates the coefficient of friction due to the

grain roughness, 7' or n’, using the formulae presented above (see sects. 3.2.1 to
3.2.3). Subsequently one determines the coefficient of friction due to the bed

forms, f " or n", using other types of formulae.
A selection from the different existing formulae for a direct calculation is given in
the following :

i)  The determination of the entire coefficient of friction can be done using an
exponential relation of the Chézy type (seeeq. 3.11) :

U = KT thsf)’ (327)

Sugio (1972) studied extensively watercourses, having 0.1 < dg, [mm]

<130, and artificial channels, having 0.2 <dsy[mm] < 7.0 ; proposed
was :

U = KRS (3.27a)
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iii)

iv)

It should be noted that the exponent of y = 0.27 is very different from the one
used in the relation of Chézy or of Manning, where y = 0.50 for channels
with fixed beds.

The values for K are : K, =54 for mini-dunes
K, =80 for dunes
K; =110 for the upper regime
K, =43 forrivers with meanders.

This relation, eq. 3.27a, is simple to use and compares itself favourably with
other formulae advanced for channels in regime, namely in equilibrium (see
Graf, 1984, chap. 10), which are also presented by Sugio (1972, p. 24).

The following relationship, presented by Grishanin (1990, p. 59), expresses
the coefficient of Chézy, C , used in eq. 3.11, as being :

172 1/6

C = 525 ;‘l& (—%—“) (3.28)
Vv

It was established for Russian rivers, having 0.1 <ds, [mm] < 0.44 and

3x10%<8;<22%x 10",

Yet another relationship, presented by Grishanin (1990, p. 69) and obtained
from different (35) Russian rivers, was given as :

U = ﬁg (g-)mnh (3.29)

where Mg is a local non-dimensional invariant, Mg = 0.91 £0.12 , for
channel beds of sand.

Using a large series of artificial (laboratory) channels as well as natural
watercourses, having grain diameters of 0.11 <ds, [mm] < 1.35 and bed

slopes of 3 x 10%< Sp< 3.7 X 107, the following relation (see eq. 3.24) was
proposed by Brownlie (1983, p. 975) :

*

- WSS o (J?—) (3.30)
d50 (¥s-1) PsP

where q, = al gd;(, ; q is the unit discharge, o the standard deviation of the
grains in the granulometric distribution and y, =p.g is the specific weight of
the granulate. The coefficients were obtained by a statistical analysis, being :
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- for channels with mobile beds, having mini-dunes and dunes :

w=037 , x=065 y=009 | z=0.11

- for channels with mobile beds, being flat (see Fig. 3.5) or having anti-
dunes :
w=028 | x=062 y = 0.09 , z=0.08

4°  Different empirical relationships have been elaborated for the calculation of the
friction velocity and of the coefficient of friction, u," and f ", being due to bed
forms. Here are given two relations :

i)  The relation proposed by Einstein-Barbarossa is given usually in graphical
form (see Fig. 3.6), where a large spread is evident. Used were many
observations from American rivers, having 0.19 < d;5 [mm] < 4.3 and

1.49 x 10* < S, < 1.72 x 10”. This relationship is expressed (see Graf,
1984, p. 310) by :

U ps-p  dis
o= [ s | =) (3.31)
u* p Rh Sf f
WO RTTTTI T T T TTTTI T T T T
L. —4
. —
50 -
- ——
= -
U
" I~ _1
u,
10: -
5 —
sl bt ] Lol b A D A |
04 05 1.0 5 10 50
P-p by
p Rh‘ Sf

Fig. 3.6 Friction velocity, u.", due to bed forms for mobile bed ;
after Einstein-Barbarossa.
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i)

iit)

The relationship proposed by Alam-Kennedy is given as :

R, U
"= —_ 3.32
fr=f (dso '_—gdso) (3.32)

Also this one is usually (see Yalin, 1972, p. 280) given in a graphical form
(see Fig. 3.7), where a large spread (not shown) is evident. A great many

data from artificial (laboratory) channels, having 0.04 < d;,[mm] < 0.54,
and American rivers, having 0.08<ds,[mm]) < 0.45, have been used.

In this figure, Fig. 3.7, the relation of Einstein-Barbarossa corresponds to the
region where the lines of the values of U/+/g ds, stay reasonably horizontal,
namely for Ry, /ds,>3x 10>,

3 1 [ [ I [ LA 1

1073 | L TN S I N ] ! [ G N | {

102 2 4 6 8yp 2 4 6 8y 2 3
R,/ ds,

Fig. 3.7 Coefficient of friction, f " due to bed forms for mobile bed;
after Alam-Kennedy.

Some more relations have been presented in Graf (1984, pp. 303-320) and

L Yo lald ]
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DISCHARGE CALCULATION, FIXED BED

The study of uniform flow in a watercourse is a common task for the hydraulic
engineer.

Determination of the discharge, Q , in a channel with a fixed bed requires the
knowledge of the channel geometry, of the roughness coefficient and of the bed
slope.

Assumed will be that the walls (bed and side walls) of the channel are fixed or
immobile, thus not subject to erosion.

3.3.1 Conveyance

10

20

30

The discharge, Q , at uniform flow, given by eq. 3.2a, using the corresponding
velocity, given by eq. 3.16, can be expressed as :

Q=UA = R¥5%A (3.33)

The values of the wetted section, A , and of the hydraulic radius, R, , are
determined and given by the flow depth, h. Furthermore, the nature of the wall
roughness, n, is taken to be known. The following expression can be formed:

KM = = R2A (3.34)

known as the conveyance of the channel (see Bakhmeteff, 1932, p.13), being only

a function of the flow depth, h = h, . This depth is known as the normal depth, h,, ,
for the given discharge, Q . Thus, above expression, eq. 3.33, yields :

Q = Ks; (3.35)
or
QNS = f(h) (3.35a)

For a given form (shape) of the section, this relation can be obtained and plotted>
point by point (see Fig. 3.8). One can readily calculate the conveyance for
geometrically simple sections; for complex ones, a graphical solution is necessary.

The normal depth , h, , increases with the discharge, Q . For identical channels, but
having different slopes, S;, the normal depth increases if the bed slope decreases.

The conveyance, K , characterises the channel; it represents a measure of the
capacity of water transport through the cross section.
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The curve of the normal depths (see Fig. 3.8) will he found to be rather useful in
solving different kinds of problems : if two of the three parameters, h,, , Q and S;,
(see eq. 3.35a) are known, the third one can be found; a priori, the roughness of
the walls is taken to be known.

h
}n S; decreasing
e
$=C
_____ S; increasing

i
¢
: o
Qu Q' Q - K \/—S_f'

Fig. 3.8 Curve of conveyance or of normal depth.

3.3.2 Normal Depth

lO

20

30

The normal depth, h, , (see eq. 3.36) is the flow depth at uniform flow of
discharge, Q , at a given bed slope, S; . (All geometric elements of the cross
section, which correspond to the normal depth, h, , are known as normal elements,
suchas: R, ,A orP,.)

n

The normal depth of a channel of a given geometry is calculated using the relation
for the discharge :

Q= UA = Rh2/3 S A (3.33)

1
n
This relation shows that uniform flow is only possible in a channel whose bed

slope is descending, S;> 0. In a horizontal channel, S; = 0, the normal depth
would be infinite.

For a natural watercourse and for rectangular channels whose width, B, is very
large (see Fig. 3.9), one takes R;, = h as the hydraulic radius. The relation of the
discharge, eq. 3.33, can now be written as :

Q = UA = (Ch'"*S/®) (h B) (3.33a)
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Fig. 3.9 Section of a channel, having a large width.

For the normal or uniform depth, h  hn, one obtains :

hn = (’\-§—7 where = Q/B (3.36)

.3 Composite Section

A cross section of a channel can be composed of different subsections (see
Fig. 3.10), of which each one can have a different roughness and a different bed
slope.

This is frequently the case during floods, when the flow leaves the channel and
enters into the overflow section of the channel.

Such a case can be approximately treated by applying the formula of discharge for
each subsection :

(3.37)

Q = Qc + Qo = AcRh 23 ~

Note that the wetted perimeters, Pc and PO, should be calculated for the lines of
contact between water and bed.

overflow channi

channel

Fig. 3.10 Composite section.
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. . Section of maximum Discharge

The construction of a channel with a given slope, sf, and a given roughness, n,
which should convey a certain discharge, Q, will be less expensive if the cross
section, , is the smallest possible.

2  Take the formula of discharge :
Q = UA = Rh23Sf12A (3.33)

where for (Sf12n) = Cte one writes :
Q = Cte(A5/3P2)

For a wetted cross section, A , being constant, the above expressions show that the
discharge will be maximal, Q = Qmex , if the hydraulic radius is maximal,
Rh=> Rhmex ; thus if the wetted perimeter is minimal, F => Pmin .

3 Amongst all geometrical forms possible, the cross section of a semi-circular form
will give a Pmin for a given constant cross section, A . This is given (see
Fig. 3.11) by:

A= —2~ , P = Ar , Rh=2=2

The semi-circular form can however be only realised (constructed) with artificial
channels, made of metal, concrete or wood.

Fig. 3.11 Sections of maximum discharge.

4 For channels in an alluvium, one should also take into account the angle of repose,
(p, as well as various constraints due to construction. Consequently, a trapezoidal
form (see Crausse, 1951, p. 51) may be the most reasonable one (see Fig. 3.11)
where one defines the wetted section, A, and the perimeter, p, such as (see
Table 1.1):

A = h(b+mh) p = b+2hVI+m?2 where m = ctg .
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Subsequently, one takes dA as being zero, since the section, A , remains constant :
dA = hdb+{(b+2mh)dh=0

If one puts the wetted perimeter, P, as being minimal, this yields :

dP =db + 2Vl +m?> dh=0

By elimination of db and dh in above equations, one gets :

b=2h(\]1+m2-m)

This value, b, can be put in above relations for A and for P, and one obtains an
expression for the hydraulic radius, or :

R, = h/2
which remains independent from the angle of repose, ¢ .

It should be remarked that for m = O the trapeze becomes a rectangle (see
Fig. 3.11) such as :

b = 2h
R, = h2

I

For a rectangular channel, where b = B, the ratio width/depth must be (B/h) = 2.

DISCHARGE CALCULATION, MOBILE BED

Artificial and natural channels, whose flow moves in an alluvium, composed of a
(non-cohesive) granulate, are channels of mobile bed. The discharge will be
calculated using the coefficient of roughness for a mobile bed (see sect. 3.2.6).

In such channels, the velocity (in the vicinity of the bed) should :

i)  not be superior to a certain critical value, otherwise there is a risk of erosion
of the solid particles on the bed : this is the permissible maximum velocity or
velocity of erosion, usually also called the critical velocity;

if)  not be inferior to a certain critical value, otherwise there is a risk of deposition
or sedimentation of the solid particles which are possibly suspended in the
flow : this is the permissible minimum velocity or velocity of sedimentation.
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The flow velocity, U , to be selected for a 'good functioning' of the channel, must
lie between the velocity of erosion, Ug = U, , and the one of sedimentation, Up, :

Up<U<Ug.

It is evident in Fig. 3.12, that the two velocities, U, and Uy, will have distinctly
different values .

3.4.1 Sedimentation Velocity
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The allowable minimum velocity or velocity of sedimentation, Uy, , is the minimum
velocity which is necessary to transport the flow containing solid particles in
suspension.

Recommended (see Chow, 1959, p. 158 and Crausse, 1951, p.16) is to take the
following approximate values :

0.25 <Up [m/s] < 0.9
depending on fine or very coarse material.

The diagram (see Fig. 3.12) which was established by Hjulstrom (see Graf, 1984,
p. 88) delimits the zone of sedimentation as a function of the diameter of the
(monodispersed) granulate.

T
EROSION — ]
3 U_=U — 1
102 A Cr/ s /, / i
3 \b\ /)‘/ / E
i Sy~ ]

) —T"]

B 10 L v
2 3 / E
= - 7 .
X TRANSPORT §
- / SEDIMENTATION 1

10°

F v =
g //jA ]
- U .
10~l i AN RATS 1 1 14 L. 1ddl L L IR . L1l N |
1008 5 o St S o0 5 o0 5oy 3

d {mm]

Fig. 3.12 Velocity of sedimentation and of erosion, Up et Uy, for a uniform granulate,
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In an experimental study with granulates of 0.49 <d;,[mm] <3.02, Graf et
Pazis (1977) expressed the critical values by the shear stress, T, . It was found that

T,. < 7T
The difference was however shown to be negligible for this range of granulates;

one may thus readily take t o = Tog -

3.4.2 Critical Velocity

10

20

There will be erosion of the bed (and the walls) when one exceeds a certain critical
value, expressed with :

1)) the average critical velocity, U, , or the critical velocity, Uy at or close to
the bed,
i)  the critical shear stress, Togr *

From an hydraulic view point, it is more reasonable to use the shear stress, T, , as a
criterion of erosion.

The shear stress was earlier defined as :
To =Y Rh Sf (35)
and the average velocity as :

U = CyR, S; 3.11)

This gives the following ratio, showing the relation between the shear stress, T,
and the velocity, U, or :

u_ _c
Ve Ve

In fluvial hydraulics, one uses rather often (see Graf, 1984, p.91) a dimensionless
form of the shear stress, T_, or:

LA YRy S¢ (3.38)
('Ys"Y)d (Ys"Y)d

where d is the diameter of the granulate (to be specified); ¥, and y are the specific
weight of the granulate and of water respectively. With this relation, one compares
the flow parameters , R, and S;, with the granulometric parameters, d and (s¢-1).
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Amongst the different formulae, which one finds in the literature (see Graf, 1984,
chap. 6), only three will be presented herewith, namely the ones proposed by
Hjulstrom, by Neill and by Shields.

In an analysis of available data from (monodispersed) uniform granulates,
Hjulstrom used the average flow velocity, U , instead of the velocity close to the
bed, vy, , by assuming that u, = 0.4U. On Fig. 3.12, one can see the limiting zone,
where erosion is encountered. This diagram of :

UCI' =ﬁd)

shows that fine sand (d = 0.1 mm) is rather easily eroded; the strong resistance to
erosion for silt (d =0.01 mm) is attributed to the cohesion between the particles.

For erosion of a bed composed of a uniform granulate of large diameter, Neill
proposes the following relation :

2 0.2
PU« _ 55 (_d.) (3.39)
gd (ps - p) Dy

being valid for 0.01<(d/Dy)<1.0.

Relying on some concepts of the hydrodynamics, Shields developed a relation
between the dimensionless shear stress, T, (see €q.3.38), and the friction/particle
Reynolds number, Re, = u_d/v , such as :

T *d
T*E“‘*‘"—o—‘"—— :f
(YS-Y) d (UV

where u, = \/‘co/p . Shields has determined the form of this relation, using
experimental data. An average curve (see Graf, 1984, p. 96), reasonably well
defined (despite an important scattering), characterises the begin of erosion,
expressed by 1, . For the particle diameter, one takes usually d = dy,. It is to be
seen (see Fig. 3.€lr3) that these critical values fall roughly in the range of :

) (3.40)

003< 1, < 006
cr

The determination of Teer 1s done using the above relation, eq. 3.40, by successive

approximations. It must be underlined that the criterion of Shields is of great
importance for the hydraulic engineer.
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Since a direct use of the relation of Shields, eq.3.40, is not a simple one, Yalin
(1972, p.82) has proposed an interesting combination of terms, such as :

2

Re* = d_3_g (ps'p)
T, V2 p

Rather than using the Reynolds number, Re, , it is now proposed to use a
dimensionless diameter of the granulate, given by :
13
d, =d ( PsP 8 )
p Vv
Consequently, above relation, eq. 3.40, can be expressed as :

T, = f(d*) (3.40a)
which is given with Fig. 3.13; one usually takes d = d; .

If the properties of the fluid, p and v , and of the granulate, p; and d , are known,
one can readily determine the corresponding value of Taer and subsequently of Toer

3 T 1 T 11171 1 T 11117 L
101 |- =
< - —
£ - MOTION -
= st —
5 — it*=’t*cr -
I NOMOTIONX ]
© 10-2 L1 Lol Lol
5 5 5
10° 10! 10? 103
173
- 4
d.=dg, Ps-P &
p v 2

Fig. 3.13 Dimensionless shear stress, 7, , as a function of the dimensionless
diameter, d, , after Shields-Yalin.
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8° For cohesive material, the determination of the critical values, U, ort,
represents a difficult task; the specialised literature (see Graf, 1984, chap 12, ahd
Raudkivi, 1976, chap.9) should be consulted.

3.4.3 Distribution of Shear Stress
1°  The shear stress, T, , is given by :
T ='YS%5Sf='YRth (3.5)
For a channel of large width (see Fig. 3.9), when R;, = h, one writes :
o = YhS; (3.5a)

2°  However, it must be remarked that the shear stress, T, , is distributed over the
wetted perimeter, P. A typical distribution for a trapezoidal channel (see Chow,
1959, p.169) is given with Fig. 3.14.

t,= 0.757vh S,
T,= YhS;

Fig. 3.14 Distribution of the shear stress in a trapezoidal channel.

3°  An expression for the shear stress on the channel side walls, (T, ) was proposed
by Forchheimer and subsequently by Lane (see Graf, 1984, p. f16) being of the
following form :

172
(Tocr)w = 1, [cos® (1 -1’0 /tg’¢p) ] (3.41)

o, is the critical shear stress on the bed — given for example with Fig. 3.13 -, 8 is
the inclination of the side wall(s), and @ is the angle of repose. The latter depends
on the granulometry and on the cohesion (see Graf, 1984, p. 115); it varies such
as 20° < ¢ <40°. Evidently : (1:0ch) <Ty, and for stable side walls : 6 < @ .
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3.4.4 Stable Section

1° A stable cross section of a channel with a mobile bed, thus erodible, is a section
where there is no erosion over the entire wetted perimeter, P.

2°  An ideal stable cross section — with a maximal discharge and a minimal wetted
perimeter — can be calculated with a method advanced by Glover et Lane (see Graf,
1984, p. 119). The form of such a section (see Fig. 3.15) can be determined as
follows :

)  Assumed will be that the angle of the side wall at the water surface is identical
to the angle of repose, 8, = ¢ .

— ‘Z:ezo o

Fig. 3.15 Ideal stable section.

if)  The shear stress on an element on the bed situated at the side wall is :
(t,") = yh'S; (dy/Vdy’ + dz°) = yh'S; cos 0

iii) Subsequently, one assumes that this shear stress, (t,") , be critical, ('l:ocr)w,

over the entire wetted perimeter ; using now the expression of eq. 3.41, one
writes :

Yh S;cosd = (1,%) = (1:(,“)W = 7h S; [cosB(1-tg°0 / tg’p) ']
where h is the maximum water depth situated at y = 0.

iv)  After mathematical manipulations and taking (dz/dy) = tg6 , one obtains :

t

2 2
dz h
(a‘);) + (T]—) tgz(p - tgz(p =0.
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v)  The solution of this differential equation is :

h'= h cos (t—ghf y) (3.42)

which gives the geometry of the ideal stable cross section, being sinusoidal.

vi)  The other hydraulic parameters of such a section are deduced as being :

A = 2h'/tge
B = mh/tge (3.42a)
U = %sf"z (h cosp/E)*?

with h = 1,/v S; and E(sin@) being an elliptic integral, approximated by
E = (1/2) (1 - 5 sin’p).

vii) The discharge, Q, , which can be conveyed through this ideal stable section,
is evidently given by Q; = UA.

3° If the discharge, Q , which must be conveyed through such a section is different
from the ideal discharge , Q; , thus Q # Q; , a corrective calculation must be done :

% i

== B o o)

Fig. 3.16 Ideal stable section for different widths.
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)  ForQ<Q, the width, B , must be reduced by B’', to be computed with :

B'= B (1-VQQ)

ity  For Q> Q;, the width, B , must be increased by B", to be computed with :

B"=n(Q-Q)/h”’s{")

- The effect of this change in width on the geometry of the channel section is shown

in Fig. 3.16 (see Chow, 1958, p. 177).

FLOW IN CURVES

A curve or bend, positioned in a rectangular channel, causes a change in the
flow direction.

If the discharge, Q , remains constant along the curve, the flow velocity , U , as
well as the wetted section, A , remain also constant. The sectional distribution of
the flow depth, h(y) , will be responsible for a transversal water slope and a super-
elevation, Az, at the outside of the curve.

The distribution of velocity in the curve can be approximated by the one of a free
vortex (see Graf & Altinakar, 1991, p. 196). The velocity has a maximum at the
inside of the curve (see Fig. 3.17).

3.5.1 Super-elevation

10

20

In a curve the streamlines will no longer stay parallel and the flow becomes three-
dimensional. This is a complex physical phenomenon, for which an adequate
analysis seems difficult.

The method proposed by Kozeny (1953, p.223) puts forward the following
arguments and this for turbulent flow (see Fig. 3.17) :

i) Assumed is that the head loss, hrc , — following a streamline, s , — can be
expressed as :

[+

e S 2
Lc—},us

=

Se =
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1i1)

where A is a factor of proportionality and L_ = ar is the length of the curve;
o being the angle and r the radius of the curve. Thus one may write :

. Jii.\/?_ﬁ
S Ao roNr

Forr=r, , one takes u; = u, = U; this implies that the axial velocity, u,, 1s
identical to the average velocity, U , of the cross section. One obtains now

u, v r, =X and an expression for the distribution of the velocity, such as :

Y _ alle
u, r

If r, and ry are the outside and inside radius, the corresponding velocities are
given by :

u, = u, \ry/n, and u, = u, Vr/r,
The super-elevation (see Fig. 3.17) can now be calculated as ‘being :
2 2
Az = W W _ U o(Te T
T2 287 g (rl Iy )
Since B = (1, - 1) is the width of the curve, one can also write :

Br, U*
0T, 28 ‘ (3.43)

Az =

If the channel width, B , is small compared to the radius of the curve, r, , one
gets the simplified expression of :

B U°
= ;; g (3.43a)

The transversal water profile is convex; one can write :
_u To _ U
e (n)  m s g (0)

The super-elevation, Az = Az, + Az, , given with eq. 3.43 has its maximal
value, Az = Az .. , usually observed for fluvial flow, Fr< 1, at the

entrance of the curve and for supercritical flow, Fr > 1, at the exit of the
curve.
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| ['2
rO
streamline [ r,
~mmO-=s Rt
N
P T X n Az,
R T
A
flow y
1 6]
A ro separation ﬁxed bed
SECTION A - A
mobile bed
a .
6]
deposition
erosion
Fig. 3.17 Flow in a curve.
One can also define a coefficient of super-elevation by :
K = Az /(U*/2g) (3.44)

which, taking eq. 3.43,is : K°= Br, /(r, 1,) .

Apmann (1973, p.73) proposed the following empirical expression, after analysing
flow in curves in artificial and natural channels, or :

5 r, r
K® = 7 tgh (‘;3 ) In (r—f) (3.44a)

The super-elevation, Az , can readily be used for the determination of the discharge
(see Apmann, 1973, p. 70) :

Q=AV2g Az /K"

This relation is of great use in the determination of flood discharges, which usually
leave traces (marks) at their largest occurring flow depth, thus Az .
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The super-elevation at the outside of the curve (see Fig. 3.17) causes a vertical
downward current, which comes back to the water surface at the inside of the
curve. Such a secondary current will superpose itself on the primary flow and
result in helicoidal flow over the entire reach of the curve.

If the outside side wall is of mobile material, erosion will take place; on the inside
there will be deposition (see Fig. 3.17).

3.5.2 Supercritical Flow

lO

20

30

Gravity waves (see sect. 2.4.3) will establish themselves in a curve (see
Fig. 3.18), notably if the flow is supercritical, Fr > 1 (see Ippen, 1950, p.563).
For a rectangular channel, the celerity of a gravity wave is given by :

¢ = gh (2.27a)
At the entrance of the curve at the points A and A’, one observes under an angle, :
)  positive perturbations (waves) along the line ABD ,

if)  negative perturbations (waves) along the line A'BC,

if)  but no perturbations appear in the zone ABA'.

This angle, B, is approximately defined as being :

goC _Ygh 1
smB-—-U =0 = (3.45)

where Fr is Froude number of the flow upstream of the curve.

Consequently, the flow depth varies :

1) increasingly along the line AC, having a maximum at C,
it)  decreasingly along the line A'D, having a minimum at D .

The maximum (+) or minimum (-) flow depth can be calculated (see Ippen 1950,
pp.551 and 564) as being :

h ™ = h Fr’ sin® (B 0/2) (3.46)

The central angle, 0 , is determined using geometrical considerations, or :
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g6 = B (3.46a)
(r, + B/2) tg B

These maxima/minima are then reflected from one to the other side in the curve,
such as is indicated in Fig. 3.18. The next maxima/minima appear after an interval
of 26. This swinging, referred to as cross waves, can continue well beyond the end
of the curve.

The maximum super-elevation, (Az' + Az), due to the gravity waves, can be twice
the super-elevation, Az , obtained with eq. 3.43. It is calculated by :

, _B U’
Az = T, 2g (3.47)

The water surface and the resulting transversal slopes are shown schematically with
Fig. 3.18.

N[ 20 39 40
~BL = e /
I i i

; A \\Q A o
water surface e negauve wave

——— positive wave

super-elevation

~—b = B——1 < sub-elevation

Fig. 3.18 Supercritical flow in a curve.
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If the super-elevations get very large, methods are available to suppress it (see
Naudascher, 1987, p.206), like the construction of transition curves or the
installation of steps on the channel bed.

3.5.3 Head Loss

10

20

3.6
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In flow over a curve, one encounters not only a head loss due to friction, h,, but
also one due to the curvilinear flow, hrC (see sect. 3.5.1).

This additional head loss is usually expressed by :

2
he = g %— (3.48)

where C_ is a coefficient which depends on :
L. = f(Fr, Re,r,/B,h/B, )

o being the angle of the curve, Fr and Re are the number of Froude and of
Reynolds, respectively. According to numerous experiments, one takes (see Chow,
1958, p. 443) :

0.1 < ¢ < 11

where the larger values of {_ are for curves of r, / B = 0.5.

INSTABILITY AT SURFACE

If the channel slope is very high and/or if the flow is supercritical, the water surface
can become unstable. The normal flow depth, h,, , must now be considered as an
average value.

Such an instability is characterised by :

i)  aseries of gravity waves of small flow depth, eq. 2.27, called roll waves,
progressing downstream, and

i)  abreaking of these waves, causing an air entrainment.
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3.6.1 Roll Waves

10

20
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An instability at the water surface is evidenced by the formation of roll waves. The
uniform steady flow becomes locally an unsteady one.

zone of strong turbulence

Fig. 3.19 Roll waves.

The roll waves are superposed on the uniform flow (see Fig. 3.19). They displace
themselves towards the downstream — increasing in height and then collapsing —
with an absolute celerity, cy, , being larger than the flow velocity, U, or :

cw =U+ vgh > U

There is no simple criteria available to determine the geometrical dimensions of this
type of waves. Their height can, however, attain dimensions of the order of
magnitude of the prevailing flow depth (see French, 1986, p. 625).

The crests of the roll waves are zones of strong turbulence, while the rest of the
waves remains remarkably smooth.

Some theoretical considerations for a determination of the (in)stability of uniform
flow are presented in Liggett (1975, chap. 6).

However, there exist useful practical criteria to determine the instability, which is
responsible for the creation of roll waves. The geometry of the channel and the type
of flow are taken in consideration.

i) Taken is the Froude number, Fr = U / v/ gh ; the flow of a large channel is
unstable (see Albertson et al., 1960, p.355), if :
Fr>2 for turbulent, rough flow,
Fr=z1.5 for turbulent, smooth flow,
Fr= 0.5 for laminar flow.
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if)  Taken is the number of Vedernikov (see Chow, 1959, p. 210), defined as :
Ve = x fg Fr (3.49)
where x is an exponent of the hydraulic radius, Ry, , ineq. 3.11 (x =2 for

laminar flow; x = 2/3 or x = 1/2 for turbulent flow, taking the relation of
Manning or of Chézy, respectively). f, is a shape factor given by :

fg=1-Ry as

being f, = 1 for very wide channels and fy = O for very narrow channels. If :
Ve<1

flow can remain stable and any wave at the surface will be depressed. If :

Ve 21

stable flow is impossible; unsteady flow will prevail and existing waves will
amplify and form the roll waves.

Roll waves form themselves not only in uniform flow, but are also encountered in
non-uniform flow.

3.6.2 Air Entrainment

10

20

30

For large channel slopes, S;, — such as exist also on the downstream face of a
weir — the flow is usually supercritical and gravity waves appear at the water
surface. These waves will break and entrain air into the water. The turbulence will
diffuse (mix) the air bubbles across the entire flow depth; and water droplets will
escape into the air.

In flow of such an air-water mixture, it becomes a bit difficult to define the flow
depth; the water surface is often covered by white water.

The schematic distribution of the concentration of air :

volume (air)
volume (air + water)

Cz) =

is given with Fig. 3.20. Two regions are to be distinguished : bubbles in the water
and droplets in the air.
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o °* *
'... . ) O; dwater
ropl,
0..... plets
. *.* e e ——

air

S¢
o (large)
Fig. 3.20 Flow with air entrainment.
The equivalent flow depth of water (without the air) is defined by :
h = J(-C) dz (3.50)

0
and the average velocity of water by :
U = ¢g/h
where q is the unit discharge of the water.

The depth of the mixture, which is the depth where the concentration is equal to
C =90%, is given (see Wood, 1985, p.21) by :

= t-lé) | (3.51)

where C is the average concentration in the cross section, given (see Henderson,
1966, p. 185) by the relation :

C = 0.710og(S/q"”) +0.9 (3.52)

which was obtained from experimental studies performed by Straub et Anderson
for 0.14 < q[mzls] < 0.93. Usually (see Wood, 1985, p.21) one takes :

= 0.14 for slopes of S¢=7.5°
= 0.71 for slopes of S; = 75°

al A

The air entrainment, or the aspiration of air on the downstream face of a weir,
begins at a point where the boundary layer is completely developed, & = h (see
Wood, 1985, p. 18).
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3.7 EXERCISES

3.7.1 Problems, solved

Ex. 3.A

A charmel i1s to be built of medium-quality concrete to convey a discharge of
Q=80[m ¥/s). The channel should have a trapezoidal cross section with a bottom width
of b =5 [m] and side slopes of m = 3. The channel slope will follow the geomorphology
of the terrain which is determined to be S; = 0.1 %. It is admitted that the flow is
uniform and the water has a temperature of 7= 10 [°C].

i) Calculate the flow depth using both the coefficient of Manning and the coefficient
of Weisbach-Darcy.

iiy  Verify whether the flow is laminar or turbulent and subcritical or supercritical.

SOLUTION :

The geometrical characteristics of a trapezoidal cross section are (see Table 1.1) :
wetted surface : A = (b+mh)h = (5+3h)h

hydraulic radius : Ry = G+rmhh _ G+3bh

b+ 2hV1+m® 5+ 2hV1+3°
i) a) Calculation of normal flow depth using the coefficient of Manning:

If one uses the Manning-Strickler formula, eq. 3.16, to express the average flow
velocity, the discharge in the channel is given by :

Q=UA= % Rhm Sfl/2A

The coefficient of Manning is obtained from the Table 3.2 :

For a medium-quality concrete, one can take : n = K—l— = —7—16 = 0.0143 [m¥3s]
s

By introducing the expressions for A and Ry, , as well as the values of n and S; into
the equation for the discharge, Q , one obtains :

Q= 80= 70 (@—i—ﬂ‘é—ﬂ )m VO.00T (5 +3h) h

5+ 2hV' 10
This equation can be solved by trial-and-error : h [m)] Q [m3/s]
2.20
2.50 91
2.36 80

The normal depth is therefore : h=h, =236 [m]
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b)) Calculation of normal flow depth using the coefficient of Weisbach-Darcy :

The average flow velocity in a channel is given by :

U = V8g/f VR,S; (3.10)
The discharge is therefore: Q=U A = A / % VR,S; A

The coefficient of Weisbach-Darcy, f , can be obtained (either by using the
Moody-Stanton diagram or) by using the Colebrook-White formula :

1 kS/Rh bf
- = =2 ]Og Pl e (313)
N f ( Y RV f J

For a trapezoidal channel one generally uses : ag= 12 and b¢ = 2.5. However this
equation can only be solved by trail-and-error.

The uniform equivalent roughness, k,, is obtained from the Table 3.1 :
For a medium-quality concrete, one can take :  k, = 0.001 [m].

It is evident that the velocity, U', calculated with eq. 3.10 for an estimated normal
depth, h, , should also satisfy the relationship U = Q/A, where A is the wetted
surface corresponding to h,,. Using this fact, a trial-and-error type calculation can
be devised for calculating the normal depth. The flowchart of this trial-and-error
calculation is given hereafter. As it can be seen the algorithm is based on two nested
calculation loops. The internal loop calculates the friction coefficient, f , Whereas
the external loop calculates the normal depth, h,, .

This procedure can be programmed on a microcomputer using a spreadsheet
program. The calculation sheet presented below simulates the sequence of
calculations depicted in the flowchart. The order of execution of the nested loops is
shown in the leftmost column. The detailed explanations of the other columns,
numbered from 1 to 10, are given in the table.

The iteration starts with an estimation of h, = 2.20 [m] in the external loop. The
internal loop is here executed three times for this same value of h,. Although the
estimated and the calculated values of the Weisbach-Darcy friction coefficient are
equal: f = f '=0.01419, at the end of the third iteration, the velocities, U and
U, are still different : AU #0. Consequently, the calculations must continue by
next taking h, = 2.50 [m] and then h, = 2.35 [m]. After the first execution of
the internal loop with h, = 2.35 [m] and f: 0.02, one finds already that

f '=0.01402 and AU = 0.00 . The iterations can be stopped here without

waiting for the convergence of the value of f . The following two calculation lines
only help to refine the value of f .

The normal depth is therefore : h=h, =2.35[m]
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ii)

START

1

estimnate the normal
flow depth, h

!

l calculate A Ry . k. /Ry and Re l

calculate the velocity:
U=Q/A

L

i

estimate a friction
coefﬁcient.f

T

r

calculate the friction
coefﬁcien(.f' s

using the formula of
Colebrook-White (eq. 3.13)

calculate the velocity U

using eq. 3.10

For h, =2.36 [m] , Ry = 1.43 [m] and U = 2.81 [m/s] , one has :

Reynolds number : Re

The flow is therefore rurbulent.

Froude number : Fr=

The flow is therefore fluvial.

C_RyU _ (143) 281 _

\Y

U

1.31 x 10°°

2.81

Jeh,  V(O81) (2.36)

= 3.1x10 %> 2000

=0.58 < 1

1M
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Calculation sheet for determining the normal flow depth
by using the coefficient of Weisbach-Darcy,
calculated using the formula of Colebrook-White (eq. 3.13)

Q =80 [m’/s] S¢ = 0.001 [-] ag= 12 []
b =5.0 [m] ks = 0.001 [m] m=3.0[-] b= 2.5 [-]
For T=10[°C] v =1.31x 10° [m¥s] (Graf & Altinakar; 1991, Table 1.3)
iteration 1 2 3 4 5 6 7 8 9 10
number
for h, A Rp U ks / Rp Re f f ' U' | AU
| hy and f | ml | m? | [m] | [ms] [-] (-] [-] (-] [mv/s] | [m/s]
1 1 122025527 1.35 | 3.13 | 7.41x10%} 1.29x107 | 0.02000 | 0.01417
2 0.01417 { 0.01419
3 0.01419]10.01419 | 2.73 | 0.40
2 1 [250]31.25] 1.50 | 2.56 | 6.66x10-*] 1.18x107 | 0.02000 | 0.01388
2 0.01388 1 0.01389
3 0.01389{0.01389] 2.91 | -0.35
3 1 |235]2832] 1.43 | 2.83 | 7.01x104| 1.23x107 { 0.02000 | 0.01402 | 2.82 | 0.00
2 0.01402 10.01403 | 2.82 | 0.00
3 0.01403 1 0.01403 | 2.82 | 0.00
col. symbol explanations expression
1 h, estimated normal depth h
2 A wetted surface (b+mh)h
3 Ry hydraulic radius brmbh
b + 2hV 1+m
4 U average velocity : Q/A
5 ks/Rp  relative roughness ks /Ry
6 Re Reynolds number 4URy/v
7 f estimated friction coefficient
8 f friction coefficient calculated using eq. 3.13 :

=)

9 U’ average velocity obtained using eq. 3.10 : \/ 8g /f' N Ry, S¢
10 AU difference between the velocities u-u
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Ex. 3B

The river Happy has a variable discharge in the range of 10 <Q [m3/s] < 1000. In the city
of Ste-Justice, the width of the bed is b = 90 [m] and the non erodible banks have a
slope of 1:1. A bridge crosses the river (without causing any obstruction to the flow) and
it is planned to install a measuring gauge at the mid-span of the bridge. A grain-size
analysis of the bed material yielded : s, =2.65 [-] and d5, = 0.32 [mm] ,
dys = 0.29 [mm] and dyy = 0.48 [mm]. The water temperature is T = 14 [°C]. A
survey of the river bed showed that the bed slope is S; = 0.0005 [-].

i)  Determine the stage-discharge curve, Q = f(h,), by assuming that the flow is
turbulent rough.

i)) At what depth will erosion and deposition begin to occur ?

SOLUTION :

For water at T = 14 [°C] (interpolating the values in Table 1.3, in Graf & Altinakar,
1991), one has : p=999.1 [kg/m’]  and v =1.186x 10® [m?¥s] .

Using the definition of the specific density (see Graf & Altinakar, 1991, p.9), one writes:
S5=Ps/Peaw = Ps = Pean S = 1000 x 2,65 = 2650 [kg/m’]
where gy, = 1000 [kg/m’] is the density of water at p, = ! [atm] and 7 =3.98[°C].

i)  The bed (and banks) of a river are generally mobile, composed of erodible granular
material. If it is desired to obtain the hydraulic radius, R}, , or the bed shear stress,
T, , it becomes necessary to make a distinction (see eq. 3.24) between the
contribution of the grain roughness, Ry' or 7', and the one of the bed forms,
Ry"ort".

The calculations can readily be programmed on a microcomputer using a
spreadsheet program. The tabular computation sheet prepared in this way is
presented below. Each line of this table represents the computation of the
discharge, Q, and some other useful parameters for a given water depth, h. The
detailed explanations concerning all the columns are given on the bottom of the
table. A brief description of the computation sequence is presented hereafter.

The calculations on a line start by assuming a value for the hydraulic radius due to
the grain roughness, Ry' . The values of R;' should be chosen in a way to cover
the whole range of the possible discharges, 10 < Q [m 3/s] < 1000. The calculations
in the columns 2 and 3 are straightforward. It is interesting to note that, according
to the method of Einstein-Barbarossa, the average velocity, U, is calculated using
only Ry'. The hydraulic radius due to bed forms, R;," , calculated in the columns
4 to 7, influences only the flow depth. It is to be noted that the value of U/u." is
obtained from Fig. 3.6 with the value of .
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Computation sheet for determining the stage-discharge curve . . .

b =90 [m] T=14[°C]
m=1 p=999.1 [kg/ m’] p, = 2650 [kg/m’]
S; = 0.0005 [-] v = 1.186 x 10 [m%s]
1 2 3 4 5 6 7 8 9 10
Rh’ us' U w' _LJ_ " Rh" Rh Ux h
u*u

(m] | [m/s] | [m/s] | [-] (-1 | [m/s]| [m] [ [m] | [m/s] | [m]

0.02 0.01 0.16 41.92 4.5 0.04 0.26 0.28 0.04 0.29
0.05 0.02 0.29 19.17 6.6 0.04 0.39 0.44 0.05 0.44
0.10 0.02 0.45 9.58 8.7 0.05 0.55 0.65 0.06 0.65

0.15 0.03 0.58 6.39 10.4 0.06 0.63 0.78 0.06 0.79
0.20 0.03 0.69 4.79 11.9 0.06 0.68 0.88 0.07 0.89
0.40 0.04 1.05 2.40 18.3 0.06 0.67 1.07 0.07 1.09
0.60 0.05 1.33 1.60 23.4 0.06 0.66 1.26 0.08 1.29
0.80 0.06 1.58 1.20 32.4 0.05 0.49 1.29 0.08 1.32
1.00 0.07 1.81 0.96 42.6 0.04 0.37 1.37 0.08 1.41
1.25 0.08 2.06 0.77 56.2 0.04 0.27 1.52 0.09 1.57
1.50 0.09 2.30 0.64 73.1 0.03 0.20 1.70 0.09 1.76
2.00 0.10 2.72 0.48 107.2 0.03 0.13 2.13 0.10 2.23
2.50 0.11 3.11 0.38 163.0 0.02 0.07 2.57 0.11 2.71
3.00 0.12 3.46 0.32] 68440 0.00 0.00 3.00 0.12 3.19

col. symbol explanations € ssi
1 Ry’ hydraulic radius due to grain roughness (assumed value)
2 u friction velocity due to grain roughness, eq. 3.24, Vg R}’ S¢

3 U average velocity in the cross section u.' \) 8/ f '

with (see eq. 3.13b): '\ 8/ f' =5.61log Ry /k) + 625

- d

4 parameter of Einstein-Barbarossa, eq. 3.31, PP _Sis

p Rn'S¢
5 h—‘%— ratio of velocities corresponding to W' (see eq. 3.31 and Fig. 3.6)
6 us" friction velocity due to bed forms U/ (Ul
7 Ry hydraulic radius due to bed forms (us"y’ / (2 Sp)
8 Ry total hydraulic radius, eq. 3.24, Ry + Ry"
9 u friction velocity , eq. 3.7, Vg Ry, S¢
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U,=02[m/s] & k,=ds=0.00032[m] = d«=721[]

... using the method of Einstein-Barbarossa

dy = 0.00029 [m]

= T"‘cr = 004 [']

(see Fig. 3.12) dgy = 0.00048 [m] (see Fig. 3.13)
11 12 13 14 15 16 17 18 19 20
— PO fs) *
(g h| do (Vg Ry Vg ds
[m2] | [m] } [m¥s]) [-] (-] (-] -1 [INm2p o []
25.83 90.81 42 0.10 889 0.10 2.88 1.39 0.27 ¥
40.20 91.26 11.7 0.14 1377 0.14 5.18 2.16 042)1 ¥
59.25 91.85 26.5 0.18 2016 0.18 7.99 3.16 0611 ¥
71.92 92.24 41.4 0.21 2437 0.21 10.27 3.82 0741 ¥
81.34 92.53 55.8 0.23 2747 0.23 12.25 4.31 08317 ¥
99.28 93.08 103.7 0.32 3333 0.32 18.65 5.23 101} ¥
118.03 93.66 157.4 0.37 3938 0.38 23.80 6.18 1191+ ¥
120.78 93.74 191.3 0.44 4026 0.45 28.26 6.31 1229+ ¥
128.53 93.98 2324 0.49 4274 0.49 32.28 6.70 1291+ ¥
144.00 94.45 297.3 0.53 4765 0.53 36.84 7.47 14411 ¥
161.62 94.98 371.6 0.55 5317 0.56 41.04 8.34 1.61]1 ¥
205.28 96.30 559.3 0.58 6662 0.60 48.63 10.45 2021+ ¥
251.41 97.67 780.9 0.60 8044 0.62 55.44 12.61 2431+ ¥
297.05 99.02] 1026.7 0.62 9375 0.64 61.69 14.70 28411 ¥
col. symbol explanations expression
1 A wetted surface (see Table 1.1) (b+mh)h
12 P wetted perimeter (see Table 1.1) b+2h+v1+ m?
13 Q discharge (see eq. 3.2a) UA
14 U/~gh Froude number using the flow depth Fr
15 Ry /dy  relative depth

16 U/gR,
17 U/gds,
T

18

Q

19 1,
20+
¥

Froude number using the hydraulic radius

parameter proposed by Alam-Kennedy (see eq. 3.32 and Fig. 3.7)

total bed shear stress, eq. 3.6,

dimensionless bed shear stress, eq. 3.38,

p U*z
T

Q

(Ys - Y) dSO

U> U, = erosion according to Hjulstrom's criteria (see Fig. 3.12)
T« > Tsy, = motion according to Shields' criteria (see Fig. 3.13)
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The friction coefficient due to bed forms, f ", can be evaluated using either the
method of Einstein-Barbarossa, or the method of Alam-Kennedy (see sect. 3.2.6).
The second method is more general but, it necessitates an iterative solution; the
calculations are also more elaborate. The method of Einstein-Barbarossa, on the
other hand, relies on a straightforward and simple calculation and it will be used for
solving the present problem. However, as was already mentioned (see sect. 3.2.6),
according to Alam-Kennedy (see Fig. 3.7), the relationship of Einstein-Barbarossa
is valid in the region where the friction coefficient due to the bed forms, f ", does
not depend on the relative depth, Ry, /ds,. At the end of the calculation, a
verification must be made to check that the calculated f"-value lies in that region.

After calculating the total hydraulic radius, R, = R’ + Ry," , the flow depth, h, can
be obtained using the geometrical relationships. For a trapezoidal cross section (see
Table 1.1), the problem is reduced to finding the positive square root of the
following quadratic equation :

mh2+(b-2R,VI+m2)h-bR, =0

The calculations for the remaining columns are explained in the computation sheet.
The Froude numbers in column 14 show that the flow is subcritical for all flow
depths. Using the values in columns 15 to 17 it can now be checked on Fig 3.7 that
all the points fall into the region where the value of f " is independent from Ry/ds, .

The stage-discharge curve, Q = f(h,), as well as the variation of other useful
parameters, U, P, A, R, R,", R, , are plotted on the following figure, On this
figure, it is interesting to observe the evolution of the curves corresponding to
R;"and Ry".

R, . Ry . R, [m] ' Qm3/s)
4 3 2 1 0 0 500 1000

F ;

h [m]
r 30+

12571

T20T Q U

- 1.5 +

U {m/s]
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1)

a) According to the criteria of Hjulstrom, for a given grain size, the critical
velocities for the erosion and the sedimentation can be obtained from Fig. 3.12 :

for ds;, = 0.00032 [m] = Ug=U,=02[m/s] and U,=0.03 [m/s]

As it can be seen in the column 20 of the computation sheet, for the average
velocities calculated in column 3. one has :

always U > U, : sediment transport takes place,
always(except for h =029 m)) U > U; : erosion of the bed should be expected.

It is to be noted that the erosion of the bed does not mean the formation of a scour
hole in the river bed. Since the sediment transported from the upstream
compensates globally the erosion, one should rather talk about a transport of
sediments.

b) According to the criteria of Shields, the initiation of erosion should be verified
using the total bed-shear stress, T« (see eq. 3.40), whose critical value, T« , for a
given dimensionless grain diameter, d_, is obtained from Fig. 3.13; namely:
13
dgo = 0.00032 [m] = du= dy, (15;9— £ J = 721[] = Toy=004[]
p v

As it can be seen in the column 20 of the computation sheet, the calculated
dimensionless total bed-shear stress values (column 19) are :

always T« > T« : erosion of the bed should be expected.

In order to compute the flow conditions corresponding to T+ = T« , one has to
consider the values of Ry, < 0.28 [m]. The flow depth at which the erosion starts
can be calculated as being h,, = 0.05 [m], which is too shallow for a river of this
importance.

Ex. 3.C

A channel excavated in earth should convey a water discharge of Q = 57 [m3/s] at an
average temperature of 7 = 14 [°C]. The bed slope, Sy =0.001 [-], is given; it will be
assumed that the banks will have side slopes of 1.5 horizontal for 1 vertical. A grain-size
analysis yielded : dg, = 37 [mm], ¢ = 37°, s, =2.65 [-] and n = 0.02 [m-'3s]. What
should be the dimensions of this channel, if no erosion is allowed either at the bottom or
on the banks ?

SOLUTION :

For water at T = 14 [°C] (interpolating the values in Table 1.3, in Graf & Altinakar,
1991), one has: p=999.1 [kg/m’]  and  v=1.186x 10° [m®/s] .
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Using the definition of the specific density (see Graf & Altinakar, 1991, p.9), one writes:
Ss=Ps/ Peay = Ps = Peau Ss = 1000 x 2.65 = 2650 [kg/m’]
where Dy, = 1000 [kg/m’] is the density of water at p,= 1 [atm] and T=3.98[°C].

The stability of the banks requires that the side slopes, 8, should be smaller than the
angle of repose, @ = 37° (see sect. 3.4.3) :

tgfd=1/1.5=0.667 = 0=337°<37° = the banks are thus stable.

The critical bed-shear stress on the banks can be calculated using eq. 3.41 :

2g\t/2 2 172
(5 " =1, [cose (1 i t%‘i) J: T, [cos(33.7) (1 - AEE '7)) ] =0.391,

tg°Q tg"(37)
To determine the critical shear stress, the Shields criteria will now be used (see
sect. 3.4.2).

The dimensionless grain diameter corresponding to ds,=0.037 {m] is :

) 113 ) 13
du = dg (_&_p g ) = 0037 ( 2650 - 999.1 9.81 ) =835 []
p

V2 999.1 (1.186 x 10°%)’

According to Shields' criteria, the critical value of the shear stress at the bed, T+, , is
obtained from Fig. 3.13. In the present case, this value falls in the region where
de>2x10° [-], having a constant value of T4, = 0.055 [-] = Cte.

The critical shear stress for the bed is (see eq. 3.38) :

g (ps - p) ds, = 0.055 x 9.81 x (2650 - 999.1) x 0.037 = 33 [N/m?]

T =
O%r *cr

On the banks, however, the critical value is already reached for :
(t,) = 0397, =039x33 = 129 [N/m’]

The flow depth should be chosen not to exceed these critical values. By taking the critical
value of shear stress at the bed as the design criteria and by assuming a wide channel the
flow depth can readily be calculated using eq. 3.5a :

T 33

h= e
og S, - 999.Tx 981 x 0.001

= 3.37 [m]
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According to Fig. 3.14, for a wide channel with a trapezoidal cross section having
side slopes of m = 1.5, the maximum value of the shear stress on the banks is :
1,= 0.75 pg h S; . By taking this value as the critical value, one concludes that the flow
depth should not exceed :

w
(T, ) 12.9

€r

= 075pgs,  075x999.1x 981 x0.001 = 17 ml

One should therefore choose h = 1.75 [m] as the maximum flow depth.

Now the channel width, b , should be determined such that for a discharge of
Q=57[m /s] the uniform ﬂow can be established at a flow depth of h = 1.75 [m}. The
discharge in a channel is calculated using eq. 3.33 :

Q= UA = han Sfl/ZA

= -

where U represents the average flow velocity. Given that both the hydraulic radius, Ry, ,
and the wetted surface, A , depend on the channel width, b, which is what we are trying
to calculate, the above relationship can not be solved directly for b. Therefore, a trial-and-
error calculation should be carried out by varying b until the desired discharge is
obtained. The computation sheet for the trial-and-error calculation is presented below.

Computation sheet for determining the channel width, b, by trial-and-error. -
m=1.5[-] S¢=0.001 h=1.75 [m] n=0.02[m s}

b A=hb+mh) | p_pLonV1 + m2 Ry=A/P U (eq. 3.16) Q=UA
[m] [m?] [m] [m] [m/s] [m3/s]
5.00 13.34 11.31 1.18 1.77 23.56
10.00 22.09 16.31 1.35 1.94 42.77
14.00 29.09 20.31 1.43 2.01 58.46
13.63 28.45 19.94 1.43 2.00 57.00

The channel width should therefore be : b = 13.63 [m]. In calculating the shear stress at
the bed the channel was assumed to be a wide one. Given that b > h, this hypothesis is
now justified.

The uniform flow velocity is U = 2.0 [m/s] (see the above computation sheet). This
velocity can be compared with the critical velocity for the erosion according to Hjulstrom.
As it can be read on Fig. 3.12, the erosion velocity for dy, = 0.037 [m] is U =2 [m/s]
approximately. Given that the uniform flow depth was selected considering the critical
shear stress on the banks, the flow is at the limit of the beginning of erosion in
accordance with the previous calculations. To have a better security against the erosion it
is necessary to choose a flow depth smaller than the one corresponding to (T, )
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Ex. 3.D

An artificial channel is going to be constructed in a mountainous region. The slope of the
channel imposed by the terrain is S; = 0.01 [-]. This channel should convey a discharge
of Q=30 [m3/s] at a temperature of T = 14 [°C], without causing any erosion.
The grain-size analysis has shown that the granular material is non cohesive with
dsy = 50 [mm] and s, = 2.65 [-]. The angle of repose of this material is ¢ = 37°. The
Manning coefficient is estimated to be n = 0.025 [m’ms 1

i)  What should be the dimensions of this channel which should have a rectangular
section with the sides made of wooden boards ? The use of two different
approaches is suggested : the critical velocity, U , and the critical shear
stress, To -

if)  What will be the dimensions of the channel, if it were to be constructed entirely in
its bed material having an ideal stable cross section ?

iif) Compare the dimensions of the channel, obtained using the different methods.

SOLUTION :

For water at T = 14 [°C] (interpolating the values in Table L3, in Graf & Altinakar,
1991), one has: p=999.1 [kg/m’] and v =1.186x 10° [m?¥s] .

Using the definition of the specific density (see Graf & Altinakar, 1991, p.9), one writes:
So=Ps/ Pean = Ps = Peay Ss = 1000 x 2.65 = 2650 [kg/m’]
where p,,, = 1000 [kg/m3] is the density of water at p, = 1 [atm] and T = 3.98[°C].

i)  a) Design of the channel using the critical velocity criteria :
The critical velocity, U, , according to Hjulstrom (see Fig. 3.12) is :
dso=0.05[m] = U, =2.5 [m/s]

The hydraulic radius corresponding to this velocity can be calculated using the
formula of Manning-Strickler :

UsU, = + RZ’S/” (3.16)

With n = 0.025 [m”s'] and S; = 0.01 [-], one finds :

U 2.5x 0.025 \2
Ry = ('5—;17[21')3/2=(—-—6>£am———) = 0.494 [m]
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The wetted surface is (see eq. 1.3) D A=Q/U =30/25=12 [mz]
The wetted perimeter is (seeeq. I.1)  : P=A/R,= 12/0.494 =243 [m]
Given that (see Table 1.1) : A=bh and P=b+2h,

the dimensions of the rectangular channelare: b=23./[m] and h=0.52[m]

b) Design of the channel using the critical shear-stress criteria:

The dimensionless grain diameter corresponding to ds,=0.05[m] is (see
sect. 3.4.2) :

173

173

PP g 2650 - 999.1 9.81

de=dso|—— = | =005 7 | =1129[-]
5"( p Vv ) ( 999.1 (1.186 x 10°°)’ J

Since d« is known, the critical shear stress at the bed, T« , according to the Shields
criteria, can be obtained from Fig. 3.13. In the present case, the calculated value
of d« falls outside of the limits of this figure. Nevertheless, it can be assumed
that for d« > 2 x 10° [-] the critical shear stress has a constant value, being
Taer = 0.055 [-] = Cte.

Given the definition of T« (see eq. 3.40) : Togy = Tuge (s -Md = T, _2(ps-p)ds

The bed-shear stress is given by eq. 3.5 : . = YRS =gp R, S

Ocr
Combining these two expressions, the hydraulic radius can be calculated :

.90 (pg-p) | 0.055x0.05 (2650 -999.1)

Rn=—5; 5 = o0l 999.1

= 0.45 [m]

The velocity corresponding to this hydraulic radius can now be calculated using
the formula of Manning-Strickler, eq.3.16. With n=0.025 (m'’s'] and
S¢=0.01 [-], one has :

1

5035 0.45)"% (0.0 = 2.35 [m/s]

U=U_ = Rh2/3 Sfl/Z -

|
cr n
The reinaining part of the calculations are the same as in the first case (see above) :

A=Q/U =30/235=128[m’] and P=A/R,= 12.8/045 =284 [m]
h

The dimensions of the rectangular channel are : b=27.5[m] and h=0.47[m]
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The critical dimensionless shear stress at the bed, 1, , according to the Shields
criteria has already been obtained above :

dy, = 0.05 [m] = de = 1129 [-] = Taee = 0.055 [-]
By using the definition of t. (see eq. 3.40), one finds :
Toer = Tece 8 (Ps - P) dsg = 0.055 x 9.81 x (2650 - 999.1) x 0.05 = 44.5 [N/m’]

Ocr

The maximum depth in the middle of ideal section will be (see sect. 3.4.4) :

Yoo Yoo 44.5
vS; gpS, OBIx999.1x0.01

h= = 0.45 [m]

The expression for the ideal section is given by eq. 3.42 :

h' = hcos(gq) ): 0.45 cos(to(i;-]) y) =  h' = 0.45 cos (1.675 y)

Other characteristics of the section are calculated using egs. 3.42a :

A = 2h°/tgo 2x(045) /tg(37) = 0.54 [m*]

Il
]
il

B 1.88 [m]

]
i
|

nh/tge 1t x 0.45 / tg(37)

Approximating the elliptic integral by :
. 2
E=(w2)(1-3sin’p) = (w2) (1 LR ) = 1429 []

one obtains :

1 . in (hcospVys 0.45 x cos(37)\¥?
U= - 5" ( )2 0025 (0.01)? ( )) = 1.59 [m/s]

1.429
The discharge, Q, , which can be conveyed through this ideally stable section is :
Q;=UA = 1.59x0.54 = 0.86 [m’/s]
This discharge is considerably less than the required discharge of Q = 30 [m/s] .

Therefore the wetted surface should be increased by adding a rectangular central
part which has a flow depth of h = 0.45 [m] and a width of :
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w_ o (Q-0Qp) (30-0.86)
B"= n W = 0.025 (0.45)3/3 (0.01)”2 = 27.57 [m]

The total width of the channel will thusbe : B + B" = .88 + 27.57 = 29.45 [m]

This section is drawn below :

: B +B"=2945[m}
| o= g=37°

%~—— B/2 = 0.94 [m] «—«I——— B"=27.57 [m] ———=f——— B/2=0.94 [m]
| 5
é |
i H 0ol 02 04 06 08 |10

AN

V4 ’ ral ’
I 1 y [m}
) 017 = 0.45 cos(1.675 y)
2 021
' I 0.3+
| = {
» 0.4

H 0.51~ o

iii)  The figure below shows the superposition of the sections, which were determined
using the three different methods. It is interesting to note the differences in the
dimensions of channels designed according to the erosion criteria and the one
designed according to the criteria of an ideal stable section. Each of the three
methods rely on different assumptions and a perfect agreement of the results should

not be expected.
;— B =29.45 [m] !
| B =27.50 [m]
[ — -l
1 | - B =23.10 [m] -]
= V4 2
1= =
h=0.52 [m) h =0.47 [m] h = 0.45 [m] E
L J J I
\ | S

N
\ \' section determined using Hjulstrom’s criteria 2.00 [m]
section determined using Shields’ criteria
section determined using the criteria of ideal stable section
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Ex. 3.E

In ariveted steel channel, the uniform flow is established at a depth equal to 70% of the
critical depth. This channel has a rectangular cross section with a width of b =9 [m].
An average velocity of U = 12 [m/s] has been assumed for its design.

i)  What bed slope should the channel have for this flow ?

ify  What flow regime should one expect ?

iif)  What is the shear stress at the bottom of the canal ?

iv)  Verify if there is air entrainment into the flow and if so determine its influence on
the flow depth.

v)  After a long straight reach, the channel makes a o = 60° curve with a radius of
curvature of r, = 100 [m] . How much super-elevation should one expect ? Will
cross waves develop in the curved reach ?

SOLUTION :

i)  Assuming a turbulent rough, uniform flow regime the average velocity in the

channel can be calculated using the formula of Manning-Strickler :

U = KRS/ (3.16)
2

from which one can obtain the bed slope : S; = [U / (K Rh2/3 )]

The average velocity, U, of the flow is specified. From Table 3.2 the friction
coefficient is estimated as being K, = 65 [m'”s"] .

bh
For a rectangular channel (see also Table 1.1), one has : Ry = —b—ﬁﬁ—
n

The width of the channel, b, is given, but the normal depth, h = h,, has to be
calculated using the following relationship: h,, = 0.7 h,. . The critical flow depth, h,
for a rectangular channel is given by :

he _ ¢ 13/93
£ - = .23
3 2gh or h, g (2.23)

where the unit discharge, g, for the uniform flow is :
q=Q/b=(UA)/b=(Ubh,)/b=Uh,=U (0.7 h,)

One can therefore write :

3
_Jfo7Un) \/ [(0.7) (12) h ] .
= 931 981 =193

whirh vialde - h e 710 Tn 1N A o oton

o N r o1
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iif)

The discharge for uniform flow, h=h,, is:
Q=hb)U = (5.03x9.0) 12 = 543 [m"/s]

b h
One can now compute : R, = T Sh =3 3(25'(053)03) = 2.38 [m]
a )

u P 2 P
and the bed slope : S;= [K Rhm} =[(65) 5 38)273] =0.0107 [-].
S .

For such a uniform flow, the bed slope should be :  S; = 0.0107 [-].

Given that : h, > h, = the flow is supercritical, namely : Fr > 1.

For a water temperature of 7 = 20 [°C], the viscosity is v = 1.004 x 10° [m2/s] (see
Graf & Altinakar, 1991, Table 1.3). The Reynolds number is then
(seeeq. 1.7) :

_Ry U _ (238) (12)

— 7 .
v =1 004x10° " 28x10">2000 = the flow is turbulent.

Re'

Moreover, on the Moody-Stanton diagram (see Graf & Altinakar, 1991, p.438), it
can be verified that the flow is in the region of turbulent rough flow, where the
friction coefficient is independent of the Reynolds number.

The flow regime in this channel is therefore supercritical and turbulent rough.

The bed-shear stress can be calculated using eq. 3.5. By taking p = 998.2 [kg/ms]
for water at 20 [°C] (see Graf & Altinakar, 1991, Table 1.3) one has :

T,=pu,’=YRy S¢=pg R, Sp=998.2 x 9.81 x 2.38 x 0.0107 = 249.4 [N/m’]

The Froude number for the flow is :

_ U _ 12
Veh, +9.81x5.03

For a turbulent rough flow the surface instabilities are expected only for Fr > 2.
Given that in the present case Fr < 2, there will be no roll-wave forming on the
free-water surface.

Fr = L71 [+

Since the channel slope is weak, it can also be surmised that there will not be any
air entrainment. This can be verified using the following equation to compute the
mean air concentration in the cross section :

C = 0.7 log (sinat/q"°) + 0.9 (3.52)
The unit dischargeis: q=Q/b=Uh,=12x5.03=60.4 [m2/s]

-~ RTAR ~ - PR

o~ ~ s P R
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The calculated value of the mean air concentration is negative, which is an
impossibility. It can therefore be concluded that no air entrainment takes place
across the water surface.

The Froude number, Fr = 1.71, calculated above indicates that the flow is
supercritical. The cross waves will form in the curved reach. The angle formed
between the upstream tangent and the positive and negative waves is given by
eq. 3.45:

. 1 1 o

sinpB = B = 191 = B=358

By using now data for the curve, r, = 100 [m] and B = b = 9 [m], the central angle
between a successive maximum and minimum can be calculated using eq. 3.46a :

B 9

0 = B/ ep  (00+9/0 sy - 019 = 6=68

Knowing these values, 3 and 0, one can then calculate the maximum and minimum
water depths on the concave and convex side walls of the channel, respectively by
using eq. 3.46 :

hpax = hy Fr sin® (B + 6/ 2) =5.03 x (1.71)* x sin*(35.8 + 6.8 / 2) = 5.88 [m]
Bypin = hy Fr® sin® (B- 0 /2) = 5.03 x (1.71)* x sin’(35.8 - 6.8 / 2) = 4.22 [m]
The super-elevation is:  hy,y - hyin = 5.88 -4.22 = 1.66 [m]

It is interesting to compare this value with the one obtained using egs. 3.43a and
3.47 (see Fig. 3.18) :
B U 9 12°

Az + A7 = 2‘12—2?: 2mm= 1.32 [m] < 1.66 [m]

One can see that the first relationship yields a value larger than the second one. For
a better safety a super-elevation of 1.66 [m] can be assumed.

The super-elevation with respect to the normal depth, h, = 5.03 [m] , is :
hpax - by = 5.88-5.03 = 0.85 [m]

This value will be used in dimensioning the channel cross section in the curved
reach.

The formation of cross waves in the curved reach and the downstream straight
reach as well as the channel cross sections at different central angles are represented
in the following figure. It is important to emphasize that this figure represents a
rather simplified image of the reality. A more realistic representation of the water
surface can be calculated using the method of characteristics which will be studied
in sect. 5.2.2.
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sections
2,4,6,8,10

sections
1,3.5,7,9

scale 1:50

K

|~ negative wave

{ — positive wave

] scale

f — b=B=9(m] 1:100
U =12 [m/s]

The situation downstream of the curved reach is difficult to predict by a simple
method. At the end of the curved reach, at the point of passage from a curved
channel to a straight channel, new positive and negative waves are created.
According to the ratio between the total angle of the curve, o, and the central angle
between a successive maxima and minima, 0, these new waves can be in phase or
out of phase with the existing waves in the curved reach. In some cases a cross-
wave pattern of considerable amplitude continues to exist in the downstream
channel fo1 some distance before being gradually attenuated by the friction. In the
present case, given that the water surface is inclined at the end of the curved reach,
it can be expected that the cross waves do continue in the downstream reach.
The distance between two maximum (or two minimum) will be in the order of :
L=2B/tgf =(2x9)/tg(35.8)= 25 [m]. This situation is schematically
represented on the figure.
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3.7.2 Problems, unsolved

Ex. 3.1

The width at the bed of a trapezoidal channel is b = 2.30 [m] and the side slopes are at an
angle of 50° with the horizontal plane. The bed drops by 150 [cm] over a distance of
1.2 [km]. Determine the average velocity and the discharge for a flow depth of

h = 1.60 [m] and a coefficient of friction after Bazin of myz =0.46 [mm]. Calculate also
the shear stress on the bed.

Ex. 3.2

Calculate the discharge for the channel as given below. The bed slope was measured,
being S¢ = 0.09%. Consider the flow as steady and uniform.

hy = 2.4 [m] 1[7‘/

K, =40 [m!3 51

\\]P(]
AN

120 [m}

Ex. 3.3
The circular pipe of a sewage system has a coefficient of Manning of n = 0.015 [m?s}
and is put at an inclination of S; = 0.0002. When the flow depth attains 0.9 of its

diameter, the pipe must still transport a discharge of Q = 2.5 [m’/s]. What should be the
diameter ? Try to make the same calculations using the coefficient of Weisbach-Darcy.

Ex. 3.4
Water at a temperature of 20 [°C] flows in a large rectangular channel, whose coefficient

of Manning was determined previously as being n = 0.011 [m™?s]. The channel slope is
S¢=0.0004 and the flow depth is put at h, = 1.20 [m]. Calculate the value of the
corresponding coefficient of Chezy, C, using the formula of Strickler and the logarithmic

expression of U=2.5u, In(41.2 R;/d) ; compare these two resulting values. The viscous

sublayer is given by 8 = 11.6 v/u,.

Ex. 3.5
A semi-circular canal is made of smooth metal, with n, = 0.012 [m™"s]; the diameter is
D =2 [m] and the bed slope is S; = 0.005. What diameter should the canal have if it will -

be reconstructed of corrugated metal, with n, = 0.022 [m'ms] ?

-1/3
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Ex. 3.6

A trapezoidal channel must convey a discharge of Q = 5.25 [m3/s] at a flow velocity of
U = 1 [m/s]. This channel is made of brickwork (dry, rough stones); the lateral walls are
inclined at 45° and the channel slope is S¢ = 0.0005. Determine the flow depth and the
width of the channel.

Ex. 3.7

A stream should be channelised between the sections 15.2 [km] and 17.5 [km] with a
circular pipe having a diameter of 1.5 [m]; the flow drops 4.6 [m] between these two
sections. This pipe should transport a maximum discharge of Q = 0.8 [m3/s] at a flow
depth of 1/3 of its diameter. What will be the coefficient of Manning, n , for this flow and
what pipe material should be selected ?

Ex. 3.8
A rectangular channel being B = 3.6 [m] wide conveys a discharge of Q = 5.50 [m’/s].
What will be the critical flow depth and the corresponding velocity ? For what slope, S,

will the velocity be critical, if a coefficient of Manning of n=0.02 [m’s] is assumed ?

Ex. 3.9
Find the critical flow depth in a trapezoidal canal, whose width at the bottom
is b=4.0 [m] and whose side slopes are inclined by 1 : 2. The discharge is given as

Q=90 [m’/s].

Ex. 3.10
In a trapezoidal channel the bottom width is b=6.10 [m] and the side slopes are inclined
at m = 2. The elevation of the bed at km 35.0 is 681.30 [m] and the one at km 48.7 is

659.38 [m]. Determine the flow depth for a discharge of Q=11.33 [m*/s). A coefficient

of Manning of n = 0.025 [m""*s] was previously determined. Subsequently determine
the flow regime, using the average depth as the characteristic length.

Ex. 3.11

A trapezoidal canal must convey a discharge of 16.70 [m3/s] at a flow depth of 1.05 [m]
over a distance of 5 [km]. The side slopes are 2 horizontal to 1 vertical; the total drop is
given as 8.5 [m]. What will be the bottom width, b, if the flow velocity is supposed to
be critical (for the characteristic length use the ratio of the transversal section to the
surface width). Give the corresponding coefficient of Manning.

Ex. 3.12
A rectangular channel having a width of B = 6.5 [m] conveys a water discharge

of Q = 18 [m’/s]). Establish the specific-energy curve, Hg = f(h) , in the range of
0 <h [m] < 8. What is the critical depth ? What would be the specific energy, H; , if

the flow depth is h = 2h,,. What will be the flow depth of uniform, supercritical flow
having the same specific energy, H; ?
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Ex. 3.13
A rectangular channel, made of smooth concrete and having a width of B = 20 [m],

conveys a discharge of Q=200 [m%s] at a specific energy of H; = 3.75 [m]. Determine
the flow depth, h, , and the bed slope, S;, for uniform, steady flow. Is this flow a
supercritical one ?

Ex. 3.14
A trapezoidal channel, made of rather rough concrete and having a side slope of m = 2, is

envisioned to transport a discharge of Q=17 [m3/s] at an average velocity of
U = 1.2 [m/s]. Determine the width at the bed, the flow depth, and the bed slope for the
hydraulically optimal cross section.

Ex. 3.15

A trapezoidal channel - the coefficient of Strickler is estimated to be K = 40 m"s'1 -
should be designed having a cross section of maximum discharge. The bottom width is
b= 2 [m] and the side slopes are of m = 3. The average velocity is fixed at
U =1.98 [m/s]. What will be the geometry of this section, the discharge, Q, and the
channel slope, S; ?

Ex. 3.16
A drainage channel on a highway, running on a slope of S¢ = 0.0001, has a triangular

section whose side slopes are m = 4 and m = 2. The coefficient of Manning is
n =0.02 [m'ms]. If flow in the channel is uniform, what will be the flow depth for a
discharge of Q = 0.1 [m’/s] 2 By how much can the wetted surface be reduced if the
channel is made semi-circular ?

Ex. 3.17

A channel of a trapezoidal cross section is built in an alluvium whose granulate is
dso =1 [mm]. The flow depth is h, =3 [m] and the width at the bed is b =4 [m].
The bed slope is S; = 0.001 and the side slopes of worked stone are 45° inclined. What
will be the corresponding velocity, U, and the discharge, Q. Check if the bed will be
subject of erosion. May one expect the formation of dunes ?

Ex. 3.18
A very large canal in an alluvium, whose granulate of quartz is ds, = 1 [mm], has a bed

slope of S¢ = 10, At what flow depth, h, will erosion commence ? What is the velocity
which corresponds to this critical condition ?

Ex. 3.19
One envisions the construction of a non-erodible canal having an ideal, stable cross

section. The bed slope is S; = 10”. The analysis of the granulometry gave : p/p = 2.65,
dso = 6.5 [mm], and an angle of repose of ¢ = 30°. Establish the design dimensions for
the following discharges : Q, = 1.5 [m’/s] and Q, = 4 [m'/s].
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Ex. 3.20

Calculate the profile of a trapezoidal channel for a discharge of Q=12 [m /s] on a bed
slope of S¢=0.0016. This channel should be excavated in an alluvium of large gravel.
For the side slopes it is recommended to take m = 2.

Ex. 3.21

In the town of Ste-Justice, the construction of a road along the river Happy is envisioned.
This project can be realised if the river's width is reduced to 67.5 [m]. All other
parameters are the same as the ones in Ex. 3.B.

i)  Establish the rating curve, Q = f(h,), assuming the flow is rough and turbulent.

iy At which flow depth should one expect the commencement of erosion and
deposition ?

itiy  Compare these results with the ones of Ex. 3.B. Remark on the consequence of
such a reduction in the river width.

Ex. 3.22

The downstream slope of the back of a large weir is 30°; it is long enough such that its
flow can be considered uniform. The coefficient of Manning is assumed to be n = 0.0149
[m-1/3g]. The width of the weir is B=7[m] and the flood discharge is set at
Q=0.3[m /s] Determine if one may expect air-entrainment and calculate the flow depth
of the mixture as well as the pressure on the back of the weir.

Ex. 3.23

On a slope of 20°, a canal in concrete was projected to evacuate a unit discharge of
q=35 [m‘/s] Calculate the flow depth and the pressure on the floor. Will air-
entrainment take place ?

Ex. 3.24

A rectangular canal made of wood has a width of B = 8 [m] and should evacuate the
flood discharge. The flow depth is h= 1.0 [m] and the flow velocity should be
U = 10 [m/s]. Determine the radius of the curve which should be foreseen, under the
condition that the maximum flow depth does not exceed a height of h,, = 2.0 [m].

Ex. 3.25
A rectangular channel, having a bed of sand and side walls of concrete, should be
designed to have a cross section of maximum discharge :

1) Knowing that the flow in the channel has a depth of h = 1.0 [m] and runs at a
Froude number of Fr = 0.7, what will be the discharge ?

i) A change in the flow direction of o = 30° should be envisioned. Determine the
radius of the curve for the case that the maximum super-elevation is not larger than
15% of the normal depth. What is the head loss in this curve ?
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6.1

GENERALITIES

6.1.1 Notions

2

30

4°

The flow of water over a mobile bed has the ability to entrain the sediments ($olid
partieles); a water-sediment mixture will consequently displace itself in the water-
course. The movement of the sediments — erosion, transport, deposition — will
modify the flow, but also the channel bed, thus its elevation, its slope and its
roughness. The interaction between the water and the sediments makes the problem
a coupled one.

When the bed is a mobile one, the fluvial hydraulics must concern itself with both

the flow of the liquid phase, namely the mixture, and the movement of the solid
phase, namely the sediments in the mixture.

A characterisation of the liquid and the solid phase of a water-sediment mixture is a

difficult task-

The liquid phase is rather well described by :

0 its density, p
ii) its viscosity,
iii) the average velocity of the flow, u , and
iv) tofaiction velocity, u*.

The solid phase is more difficult to characterise ; considered should be :
) the size of the solid particles, given by its granulometriccurve, which

includes different types of diameters such as d9, , d35, etc.,

i) the form of these particles,

ill) the density of the particles, ps,

iv)  together, these parameters can be defined by the settling velocity of the
particles, , and

v)  possibly, the cohesion between the particles.

All these parameters could vary along the watercourse. Furthermore, they will
depend on the way the bed samples (in the nature) are taken and are analysed.

The dimensions of the sediments are relatively small compared to the ones of the
flow ; thus the turbulence will play an essential role in all flows of a water-
sediment mixture.

The transport of these sediments plays an important, if not the most important role
in all problems of fluvial hydraulics. This phenomenon is very complex and
consequently a theoretical study can only be performed in simple or simplified
cases. The formulae, developed for the quantitative determination of the transport of
sediments, are based on experimental results, being often limited, and thus should
be used with much caution. Such formulae are of great value for the hydraulic
engineer, but must be applied within hydraulic conditions under which they have
been established.
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2 Flow of a Mixture

For gravitational low of a water-sediment mixture, one may distinguish three types
of movement (see Table 6.1).:

i)

The mixture may be considered Newtonian, if the volumic concentration of
the particles is very small, Cs « %. The difference between the density of
the mixture and of the water, Ap = (pm-p) = (p -p) Cs (see eq. 7.2),
remains also small, Ap « 16 [kg/nv].

The transport of sediments (see chap. 6), as bed load and as suspended load,
falls into this category. It is this type of transport of solid particles, which is
most often encountered in watercourses.

The mixture behaves quasi-Newtonian, if the volumic concentration remains
small, Cs< 8%. The difference between th density of the mixture and of the
water becomes important, Ap < 130 [kg/m3.

The transport of sediments as concentrated suspension (see Gra/, 1971,
p. 182-186) notably close to the bed, as well as the turbidity currents
(see chap. 7) fall into this category.

Table 6 Classification of flows of a mixture.

Gravitationalflow ofa water-sediment mixture

non-Newtonian mixture quasi-Newtonian mixture Newtonian mixture

c >8% c,« 1%
transport of sediments as transportofs d men s transportof sediment as
hyperconcentraied suspension : suspension bed load suspended laa
debris flow turbidity currents

The mixture behaves non-Newtonian, if the volumic concentration becomes
of importance, Cs> 8%. The difference between the density of the mixture
and o”the water is also very large, Ap > 130 [kg/m3].

The flow of a non-Newtonian fluid modifies all concepts of Newtonian
hydraulics, such as the resistance to the flow, as well as the distribution of
velrcity and of concentration the settling velocity is also influenced and the
solid particles stay longer in suspension.

The transport of sediments as hyperconcentrated suspension (see et
Wang, 1994), the debris flow (see Takahashi, 1991), as well as
hyperconcentrated turbidity currents (see Wan et Wang, 1994) fall into this
category.


http://code-industry.net/

TRANSPORT 0 SEDIMENTS

20

- The transport of sediments as an h”rconeentrated. snspension is
encountered in watercourses of small slopes. Usually enormous quantities
of sediments — being of small sizes — enter the channel due to surface
erosion caused by extensive rainfalls in the catchment basin. These solid
particles stay usually for long time periods in suspension, as wash load.

- Torrential flows of debris may establish themselves at rather steep slopes,
a>15°. All kinds of particles, from the finest (having cohesion) to the
largest (blocks of [m3] ), participate in the movement, which is rather
rare in occurrence and of short duration, and is usually caused by severe
rainfalls-

It should be stressed, that the above schematic classification (see Table 6.1) is a
simplification of the reality, where limits can often not readily be defined and where
the different cases can coexist.

6.1.3 Modes of Transport (see Fig. 6.1)

20

The (total) transport of sediments by flow of water is the entire solid transport
(of the particles) which passes through a cross section of a watercourse.

Traditionally (but a bit artificially) the transport of sediments is classified in
different modes of transport (see Table 6.2) which correspond to distinctly different
physical mechanisms.

Table 6.2 Modes of transport of sediments (T.S.).

T.S. as bed 1©ad,
T.S. ©fbed material,

T.S. as wash I©ad, q.$

In a watercourse the sediments, namely the solid phase, are transported :

0 as bed load, gsh, — volumic solid discharge per unit width [m3sm] — when
the particles stay in close contact with the bed ; the particles displace
themselves by gliding, rolling or (shortly) jumping ; this type of transport
concerns the relatively larger particles ;

as suspended load i), , when the particles stay occasi
the bed; the particles displace themselves by making more or less large
jumps and remain often surrounded by water ; this type of transport
concerns the relatively smaller particles ;
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/I as bed load + suspended load, being the (total) bed-material load
gs = qsb + gss,when the particles stay more or less in continuous contact
with the bed

v) as wash load, gsw , when the particles are almost never in contact with the
bed ; the particles are washed through the cross section by the ‘low ; this
type  transport concerns the relatively finest particles,

Fig. 6.1 Scheme of the modes of transport.

The transport of sediments , namely the erosion of the bed (see sect. 3.4.2),
commences upon attainment of a certain critical value, which can be parametrised,
for example, by the critical shear stress, Tocr.

It will be useful, but it is also rather imprecise, to give limiting values for the
separation of the different modes of transport. Given here are purely indicative
values, which use the ratio of the shear velocity of the flow, u* , and the settling
velocity of the particles, vss (see Graf, 1971):

-— > 0.10 bernning”~d-load transport,
SS

> 0.40 beginning of suspended load transport.

Ss

To determine quantitatively the transport of sediments, there are three possibilities
available, namely :

- using existing formulae (see sects. 6.3, 6.4 and 6.5),
- obtaining field measurements with adequate instruments (see Graf, 1971,

- performing physical models (see Graf, 1971, chap. 14).
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6.1.4 Types of Problems

20

Many of the hydraulic problems, which require a knowledge of the transport of
sediments, can readily be put into one of the following categories :

- determination of a sedimentological rating curve, gs=/(q), for a given cross
section of the channel (see Fig. 6.2);

- determination of the stability of the bed in a given cross section (see sect. 3.4.4);

- detemiination of the stability of the channel slope (aggradation and degradation)
in a given reach of the channel (see sect. 6.2.4).

The different modes of transport of sediments, quantified in form of solid
discharge, gsb , gss and gs, should be related to the liquid discharge, g. This will
give the relation of the "sedimentological” rating curve (see Fig. 6.2) for a given
cross section of the channel. This curve together with the "liquid" rating curve (see
Fig. 3.8) give a rather complete hydraulic description for a given cross section of a
channel having a mobile bed.

Fig. 6.2 Rating curves for the liquid discharge and the solid discharge.

The formulae, which are used to calculate the solid discharge, , allow to know
the capacity of the transport of sediments for a given flow. Under such conditions,
the transport of sediments is said to be in equilibrium.

However it could happen, that the supply of solid discharge is not equal to the
capacity of the transport. The transport of sediments is then not in equilibrium :

- if the capacity is larger than the supply, erosion and transport occurs,

if the supply is larger than the capacity, deposition and transport occurs,

if the supply is equal to the capacity, transport without erosion or deposition
occurs,

- if the bed is armoured, the capacity may not be satisfied (see sect. 6.3.4).

One sees here the complexity of the problem, where along a watercourse the
different scenarios can coexist or overlap.
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6.2 HYDRODYNAMIC EQUATIONS

Presented will be the hydrodynamic equations, and some solutions, for flow in an open
channel over a mobile bed, when entrainment of sediments is possible.

1.2.1 Filiations of Saint-Yenant - Exner

The equations of Saint-Venant (see sect. 5.11) for unsteady and non-uniform flow
over afixed bed in a prismatic open channel with a small bed slope (see Fi§. 5.1),
have been given before (see eq. 5.2 and eq. 5.3); for flow over a mobile bed they
can be written as :

+h— +Uu- =0 = Cte 6.1
* dx dx ©.9
u dz U
¥ + + -

The energy slope, ” , shall be expressed with a relationship established for uniform
flow, by using a friction coefficient,/, for a mobile bed (see sect. 3.2.6), or :

=f(f, u,h) (6.3)

where h is the flow depth, U is the average velocity of the flow and z(x,t) gives the
elevation of the channel bed.

(x 1)

0 (small)

z(*,1) z (x,t)
PdJL

Fig. 6.3 Scheme of unsteady and non-uniform flow over a mobile bed, z(x,t).
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2o flow over a mobile bed (see Fig. 6.3), the elevation (level) of the ehannel bed,
z(x,t), may vary. According to the relation of Exner (see Exner, 1925, and
Graf, 1971, p. 288), such a variation can be expressed by :

dz au (6.4)

akE

at dx

where aE is an erosion coefficient. This relationship, eq. 6.4, can be written (see
Graf, 1971, p. 152 and Krishnappan, 1981, ~ 91) in fo roo”ontinuity equation
for the solid phase, namely :

1_|_) -(Csh)+ — (CsUh) : + i (6.4a)

where p is the porosity of the sediments of the bed, being defined as the ratio of the
volume of empty space (occupied by water) and o£the total volume. qs=C Uh is
the volumic solid discharge per unit width and Cs(Cs) is the volumic concentration
(in the cross section) of the solid phase, being defined by the ratio of the volume of
the sediments and of the volume of the mixture. In general one admits that the solid
discharge, gs, is a function — still to be determined (see sect. 6.3 to sect. 6.5) —
of the liquid discharge, q= Uh , or :

=/) h;sediment) (6.5)

The three basic (differential) equations, egs. 6.1, 6.2 and 6.4a, contain three
unknowns, U(*, t), h(x, t) and z(jc,t), with their independent variables, * and t .
u and h are the average velocity and the flow depth of the water-sediment mixture
(the liquid phase), or of the water only, if the concentration of the sediments, Cs,
is negligible.

The two other unknowns, Sg (see eq. 6.3) and (see eq. 6.5), have to be
expressed with semi-empirical relationships.

The five relations, egs. 6.1, 6.2 and 6.4a together with eq. 6.3 and eq. 6.5, are
the equations ofSaint-Venant - Exner.

The three relations, egs. 6.1, 6.2 and 6.3, describe the flow of the liquid phase
over a mobile bed ; the two other relations, eqs. 6.4a and 6.5, describe the
transport (erosion and deposition) of the solid phase.

The liquid and the solid phase are implicitly coupled by the semi-empirical relations,
eqgs. 6.3 and 6.5. After the solution for the liquid phase, egs. 6.1 and 6.2, a
solution for the solid phase, eq. 6.4a, can be obtained, giving the variation of the
bed elevation, z(x,i).
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The equations of Saint-Venant - Exner can be explicitly coupled, if the equation of
continuity for the liquid phase, eq. 6.1, is expressed (see Krishnappan, 1981,
p. 93) as follows :

| + | +61) 0=(C ) 2
direct coupling is thus achieved (see et al., 1992), since the term, dzJdt
— which is however often rather small — exists now in both eg. 6.1a and

eg. 6.4a. ©ne looks now for a solution by solving simultaneously the equations
for the liquid and for the solid phase.

To obtain solutions to the equations of Saint-Venant - Exner, use can be made of:
) analytical methods (see sect. 6.2.3) for simple problems, and
i)  numerical methods (sc sect.3 )forra””~roblems.

6.2.2 Propagation of Perturbations

20

The propagation of a perturbation, being a wave of small amplitude on the mobile
bed, can now be investigated by using the equations of Saint-Venant - Exner,
eg. 6.1 to eq. 6.5.

For a rectangular channel, these equations — see also the system of equations,
eq. 5.2 to eq. 5.10— are written as six equations of partial derivatives :

“~cb with: + ~ dt = dh

+
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The three last equations are expressions for the total derivatives of the three
dependent variables, h(*,t) , U(jc,t) and z(x,t).

In writing eq. 6.4b, it was assumed that the solid discharge is only a function of the
flow velocity, gs=/(U), thus :

3gs 3gs au
dx 1 dx
Upon mathematical manipulations of these six equations — the determinant of the

matrix of the coefficients must become zero — the following cubic relationship
(see de Vries, 1965 and 1973, p. 2) is obtained :

-cw3 + 2Ucw2 + (gh-U2+g Mcw- gU(6.6) 0 =7
au

where the absolute celerity (the characteristic) is defined by :

> «=£ )2-34(

° This equation, eqg. 6.6, has evidently three real roots, thus three characteristics :

i) Two roots, cW and O/2, are an expression of the celerity of the perturbation
(wave) on the water Surface ; the third root, CW3, gives the celerity of a
perturbation (undulation) on the mobile bed.

i) cw is positive for subcritical flow, u <Vgh ; the form (undulation) of the
becl, usually called dunes (see sect. 3.2.5), displaces itself in the same
direction as the flow (see de Vries, 1973, p. 3).

cw is negative for supercritical flow, u > VgIT; the form (undulation) of the
becl, usually called antidunes (see sect. 3.2.5), displaces itself in the opposite
direction ofthe flow.

Hi) For a fixed bed without solid discharge, gs= 0, one gets :

cW = u + WnhT and QR =u - vgh (5.14a)

This solution has already been presented in sect. 5.2.1 and sect. 2.4.3
(see Fig. 2.9).
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It seems reasonable (see de Vries, 1973, p. 4, and Jansen et a/., 1979, p. 96) ti
assume that for Fr = U/VgF* 1toe celerities, cw and ¢ , of the waves on th
surface are much larger than the celerity, OAB, of the undulaiions on the bed, or :

Cw, and Cw2 » Cw,

When studying the perturbations on the bed having a weak celerity, OA3, it is no®
possible to consider the flow of the liquid phase as quasi-steady ; thus :

3U/MHt =0 and 0= U

Consequently, combining eq. 6.1 with eq. 6.2, one can write a single differentia
equation, which is the equation of the free-surface flow (see eq. 4.7), or :

By eliminating du/dx between eq. 6.7 and eq. 6.4b, one obtains :
towt = - ¢ w Se=F (U( )6.

gvhere F(U) is a friction (roughness) term — being responsible for the decay of th
perturbation on the bed — and
s =M | => nfrir >69

where Fr2 = u2gh. For subcritical flow, when Fr2<< 1, the followin
approximation is possible :

If the solid discharge is expressed by a power law of the form :

gs = asUbs and dU=bs(u) (6.5a)

one ma”® write :

Oon3 = (1-p) bs

It is to be noted (see eq. 6.9a), that the celerity of propagation of the undulations
cw?, on the bed is usually rather small compared to the average velocity, u, of tto
flow itself
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6.2.3 Analytical Solutions

10

20

30

To obtain analytical solutions to the equations of Saint-Venant - Exner, which are
non-linear and hyperbolic, is a very difficult and often impossible task. However
simplifications are nevertheless possible, if one assumes that for flow at small
Froude numbers, Fr < 0.6, a quasi-steadiness is maintained. This hypothesis of a
steadiness of flow can be justified : in general a variation of liquid discharge,
9(Uh)/3t, is a short-term phenomenon, while a variation of the bed elevation, dz/dt,
is a long-term phenomenon, which produces itself when the variation of the
discharge has already disappeared ; thus the flow may be considered reasonably
constant, ¢ = Uh = Cte. Under such conditions solutions are of great interest,
notably if one studies the variation of the bed, z(x,t), as a long-term phenomenon.

Using the hypothesis of quasi-steadiness of the flow, a system of two differential
equations can be written as :

* )6.7(

@ap +~ f =0 (6-4b)

These two equations are non-linear ones ; only numerical solutions are possible.
For certain special cases, analytical solutions (after linearisation) can be of help to
understand the problem, notably the relative importance of the different parameters.

If one further assumes (see Vreugderthil et de Vries, 1973, p. 8) that the quasi-
steady flow is also quasi-uniform, 3U/3x = 0 , the above equation, eq. 6.7,

becomes :
0+g | =-gSe=-9g " =-976.10 )

where ¢ is the coefficient of Ch< zy and g = Uh is the unit discharge.

By eliminating du/dx after differentiation of eq. 6.10 with respect to x, one obtains
for the above equation, eq. 6.4b :

|-K (t)o = 0O (6.11)

where the coefficient (of diffusion), K(t), being a function of time, is given by :

K=J 4 ) TT <m*>
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This model, eq. 6.11, is a parabolic one and is limited to large values ofx and O
namely for* > 3h/Se (see de /™, 1973, p. 9). The expression for the coeffieie
eq. 6.12, ean also he written (see de Vries, 1973, p. 6) in the following way :

and upon linearisation (possible for U U0 ), one obtains :

K R au < ®

where the index, O, refers to the uniform (initial) condition. Using the power-1
expression for the solid discharge, namely :

gqs=asuls (6.5

one obtains :

)6u2

The parabolic model — obtained by using the different important assumptions
is of interest, since it allows to obtain analytical solutions in certain well-defin
cases.

Depending on the applied mathematical techniques and on the hypothesis us
some solutions — which often are rather similar — have been communicated
Vreugdetihil et de Vries (1973, p. 9), Ashida et Michiue (1971), Jaramillo et
(1984), Ribberink et Sande (1985) and Gill (1987).

A hyperbolic model for quasi-steady flow, but being non-uniform, has be
proposed (see Vreugdetihil et de Vries, 1973, p. 5 and Exner, 1925) :

where K and cW are respectively given by eq. 6.12 and eq. 6.9. Solving tl
equation, one fix® K and cw at their initial values, KO and OAB. However, sin
an analytical solution to eq.13 is rarely possible (see de Vries, 1985, Ribberi
et Sande, 1985 and Lenau et Hjelmfeld, 1992), this model turns out to be not
that useful.
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A model of a simple wave (see Vreugdenhil et de Vries , 1973, and Exner, 1925)
is obtained by reduction of eq. 6.8, or:

where OMBis given by eq. 6.9. Since the friction term, F(U), is now neglected, the
application of this model remains limited (see Ribberink et Sande, 1985) to small
values of * and of t, namely for x « 3h/Se .

6.2.4 Degradation and Aggradation

1

30

A degradation (or aggradation) in a reach of a watercourse is encountered if the
entering solid discharge is smaller (or larger) than the capacity of the transport of
sediments. The sediments of the bed will be eroded (or deposited) and as a
consequence the elevation of the channel bed decreases (or increases).

Degradation (erosion) and aggradation (deposition) are long-term processes of the
evolution of the channel bed, z(xt).

The flow, being steady and uniform at the beginning, will also be steady and
uniform at the end of the process ; in between the flow becomes non-uniform and
quasi-steady. If one assumes, that during this transition the flow can be considered
as being quasi-uniform, d\J/dx = 0 , one may make use of the parabolic model.

The equation for this parabolic model was given as :

where K is a function of time ; the other variables (see eq. 6.12) must be kept
constant to facilitate a resolution of eq. 6.11.

Note that this model is limited to large values of . and of t, namely for X> 3h/Se,
and for Froude numbers of Fr < 0.6.

Analytical solutions to the parabolic model, eg. 6.11, can be obtained for cases,
where the initial and boundary conditions are well specified. Such solutions will not
only clarify a physical problem, but can often be considered as a first tentative for
an understanding of the problem. Caution is however necessary since this model
was established using different assumptions.
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4°  The analytieal solutions will certainly help to explain the long-tem evolution of th
bed of the channel, when the variation of the liquid discharge can be readil
neglected. The following examples can be cited (see Fig. 6.4) :

Degradation:
- the supply of solid discharge is reduced (interrupted) at the upstream ;

- the liquid discharge is increased ;
- alowering of a fixed point on the channel bed at the downstream.

Aggradation:

- the supply of solid discharge is increased at the upstream ;

- the liquid discharge is decreased ;

- amounting of a fixed point on the channel bed at the downstream.

Some applications of the parabolic model will be presented in the following pages.

blocking of sediments lowering of fixed point

non-uniformflow

Fig. 6.4 Scheme of a degradation or an aggradation.
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5 Degrading channel (see Fig. 6.5) :

f) Consider a ehannel wilh a mobile bed, having a uniform flow of eonstant unit
diseharge, g , at an initial time, t = 0, and a flow depth of h = h°. This
discharge enters into a reservoir, whose water level is lowered by Ahw,
causing a local lowering of the fixed point of the bed of Ah. Consequently, a
degradation of the bed is initiated and a long time after, t = °°, one will notice
throughout the reach of the channel a lowering of the bed and of the water
surface ; the flow depth will then be again the initial depth, h® = . During
the period of degradation, t =t , the discharge, q , as well as the flow depth,
h , remain quasi-constant.

channel eq. 6.15

Fig. 6.5 Degradation due to lowering. Ah, of the fixed point on the bed.

if)  The flow is considered as being steady and quasi-uniform ; the use of the
parabolic model, eq. 6.11, seems justified. Since the discharge stays
constant, the coefficient K (see eg. 6.12) remains also constant.

iii) The problem has to be mathematically specified. The x-axis is put into the
initial bed pointing upstream ; z stands now for the variation of the bed

elevation with respect to the initial bed slope, Sf'.
The initial and boundary conditions are :

z(x0) =0 ; limz(x,t) = 0
z (0t) = Ah

iv)  The solution to eq. 6.11 — making use of Laplace transformations (see
Vreugdenhil et de 1973 , ?, p. 9and p. 11)—is:

z(x,t) = Ah erfc (6.15)
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where the complementary error function is given as :

erfc(Y)=~ - - dg (6.16)

which can he found in mathematical tables (see Ex.6.A).

V)  One may now ask (see de Vries, 1973), after what time period, t5%, at a
certain section, x3%, the bed elevation will be lowered by 50 % with respect
to the final bed elevation, namely z!Ah = 1/2. Using eq. 6.15, one writes :

= = erfc ' = erfc (Y)

and, upon consulting the tables of the error function, one finds Y = 0.48, thus
obtaining :

*5006 =0.48 (27 Kt50%) where 5%  xesow/ (0.962K)  (6.17)

vi) It has been shown (see Vreugdetihil et de Vries, 1973, p. 11) that the
parabolic model — which approaches itself to the hyperbolic one, being
m re correct but also more complex — is rather valuable, if the value of
(*2(2Kt)) < 1/2 is small, or x > 3h/Se , namely if the time, t , and the
distance, x , are large and/or if the bed slope, Se, is relatively large.

Aggrading Channel (see Fig. 6.6)

0 Consider a channel with a mobile bed, having a uniform flow. A particular
cross section, fill now in equilibrium, is overloaded, namely the supply of
solid discharge, Ags, is increased (caused by an earth slide or by a mining
operation). Aggradation on the channel bed will take place. Subsequently,
after a lapse of time. At, the elevation of the bed as well as the water surface
will increase by Ah. During the period of aggradation, t =t , the discharge, q,
will remain essentially constant.

ii) The flow is considered as being steady and quasi-uniform ; the use of the
parabolic model, eq. 6.11, seems justified. Since the discharge remains
constant, the coefficient K (see eq. 6.12) stays also constant.

iii) T e problem has to be mathema”"lly spec™
initial bed, being positive towards the downstream ; z stands now for the
variation of the bed elevation with respect to the initial bed slope, Sf°.

The initial and boundary conditions are :
z (0 = (0, ; limz(x,t) = 0

2 (0t) = Ah(®)
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iv)

The solution toeq. 6. is :

z(*,t) = Ah(t) erfc 6.15) -a)

Evidently this solution is of the same type as the one in the preceding
problem ; however now Ah(t) is a function of time, to be determined. The
coefficient K = KO, eq. 6.12, must be evaluated for the initial situation, thus
not taking into account the overloading, Ags .

overloading ofsolid discharge,

u.gs

Fig. 6.6 Aggradation by overloading the supply of solid discharge, Ags

It is necessary to define the length of the zone of aggradation, La, taken as
being the one corresponding to a deposition of ztAh = 0.01 (Y  1.80);
according to eq. 6.15a, one writes :

La = *1% 3.65 VKt|% (6.19)

The volume of the supply of solid discharge,Ags ,during a certain time. At,
is given by Ags At ; this quantity isdistributed over the bedof the channel
(see Fig. 6.6) as follows :

AgsAt= (1-p)™ z dx (6.18)

Subsequently, eq. 6.15a can be used to calculate (see Sotii et al., 1980,
p. 122) the thickness of the layer. Ah , due to the aggradation :
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Ah(t) = - 6.20) )
1.13(1-p)A/KAL

it becomes evident that Ah increases with time, t.

Ve  Agreement of experimental work (in the laboratory) with eq. 6.15a has been
communicated (see Soni et al., 1980); but the coefficient of aggradation, K,
had to be slightly adjusted. Also, it was remarked, that the parabolic model,
eq. 6.11, remains valid over the entire region ; thus not limited tox> 3h/sf.

Computation of a degradation and of an aggradation, such as was discussed in the
present section, is only possible if the conditions assumed for a parabolic model are
well fulfilled, namely :

0 quasi-steadiness of the flow (long-term variation of the bed)
i)  quasi-uniformity of the flow at ? < 0.6 ;
validity forx> 3h/Se.

If these conditions (hypothesis) are not fulfilled, it is Obviously necessary to solve
the equations ofSaint*enant - Exner using numerical methods.

6.2.5 Numerical Solutions

1

20

30

Analytical solutions of the equations of Saint-Venant - Exner are only possible
when the hypothesis of quasi-steadiness of the flow is justified. Furthermore, it is
often necessary to assume also quasi-uniformity of the flow. However these
assumptions are no more possible, if the temporal variation of the discharge,
8(Uh)/ )t, and the one of the elevation of the bed, dz/dt, are of the same order of
magnitude, namely relatively rapid.

If the flow is unsteady and non-unifci™ (see chap. 5) or steady and non-uniform
(see chap. 4), no analytical solutions, which are reasonably simple, are available.

The system of the equations of Saint-Venant - Exner, eq. 6.1b, eq. 6.2 and
eq. 6.4a, together with eq. 6.3 and eq. 6.5, can be resolved — without making
too severe assumptions — by numerical methods ; this may be well achieved with
the use of computers.

The numerical methods are essentially the same which are used to solve the
equations of Saint-Venant, namely for flow over afixed bed (see sect. 5.2). Theye
tecome however rather complicated, if they are applied for the modelisation of flow
over / bed.
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The implicit meth©ds (see sect. 5.2.4) using finite differences are the Dnes which
are at the present frequently used to solve the equations of Saint-Venant - Exner.

Here we shall only give reference to a selection of the existing literature, which
employ numerical methods for the solutions of the equations of Saint-Venant -
Exner for steady and unsteady flow over mobile bed : Chen et al. (1975) and
Cunge et al. (1980, p. 271); Yucel et Graf (1971), Krishnappan (1981), Holly et
Rahuel (1990) and Correia et al. (1992).

BED-LOAD TRANS?ORT

6.3.1 Notions

1

30

Transport as bed-load is the mode of transport of sediments (see Fig. 6.1) where
the solid particles glide, roll or (briefly) jump, but stay very close to the bed,
0 <z<zhb, which they may leave only temporarily. The displacement of the
particles is intermittent; the random concept of the turbulence plays an important
role.

There exist a number of formulae, which can be used for the prediction of the
bed-load transport (see Graf, 1971, chap. 7, Yalin, 1972, chap. 5, and
Raudkivi, 1976, chap. 7).

Many of theses formulae are of empirical nature, but often have incorporated
dimensionless numbers. This allows to make experiments in the laboratory, where
the hydraulic conditions can be well controlled ; subsequently it is possible to use
such formulae for field conditions.

6-3-2 Theoretical Considerations

10

20

Considered will be that the bed of a channel (see Fig. 6.1) is plane but mobile,
composed of solid particles of unifoi™ size and being non-cohesive. These particles
displace themselves under the action of the fiow, which be uniform and steady.

For such simplified conditions — bed forms (see sect. 3.2.5) may form, the
granulometric distribution may be non-uniform (see sect. 6.3.4) and cohesion may
exist —, one tries to obtain functional relations, such as the ones given by
eq. 3.40 and eq. 6.29. The form of such functions, being often rather complex,
will be established by experiments, which more or less will take care of the reality
of the problem.

The forces, which enter (see /, 19" 1, chap. 6) into the description of the
uniform and steady motion of a single pa cle, isolated and without cohesion, are :
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the hydrodynamic force :
\Y

the submerged weight of the particle : ~ Wp g (psp) d3

where s the friction velocity, considered as being proportional to the velocity
the particle.

The components of this two-phase flow are :
thefluid, by its density, p , and its viscosity, V;
The solid material, by its density, ps, and a characteristic diameter, d ;
the flow, by its flow depth, h or R”, the slope, Sf, and the gravity, g ; th

by the friction velocity, = ~~~"w hich characterises the turbulen
(see sect. 2.6.4).

In all, there are thus 7 parameters.
A dimensionless analysis, using the n-theorem (see Yaliti, 1972, p. 61), sho®

that the arguments which quantify the two-phase flow, such as the bed-lo
transport, can now be expressed by 4 dimensionless quantities, namely :

a Reynolds number of the particle :
Re* = — (6.21

a dimensionless shear stress (see eq. 3.38):

YY) rfixi (%W 0622

or a densimetric Froude number of the particle :

Fr*D = = = = -\fxt (623
v(ss-1)gd Al (ysy)d

a relative depth :
ou 6.24)

a relative density :

s = 8 (6.25
P
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In addition, a dimensionless particle diameter ean be obtained by combining
eq. 6.21 with eq. 6.22 (see point 3.4.2.7°), or:

3
* = dA(s - 1) 7| (6.26)

5 Combining eq. 6.22 and eq. 6.21, a relation was proposed by Shields (see
sect. 3.4.2 and Fig. 3.13), snch as :

* = /(Re¥) or X =/(d) (3.40)
for the study of the commencement of erosion, expressed by the *
shear stress, x*cr. Furthermore, a relation of the form :
x*cr=/(Re*) (6.27)
gives a delimitation of the zone of "motion™ from the zone of "no motion™ of the
particles ; this was developed experimentally from laboratory date, showing a
rather large spread. The function of Shields, eq. 6.27, is generally agreed upon as
being valuable and useful, notably for the hydraulic engineers, if the granulometry

is uniform or almost so.

6° The transport of sediments can be expressed as a function of these 4 dimensionless
quantities, namely :

D =/(d* ,X,Rhd ,plp)

Utilising the n~theorem, one obtains (see Yalin, 1972, p. 67) an expression for a
dimensionless intensity ofthe solid discharge as the bed load, or :

Q¥ = (6.28)

with g b [m2s] a$ the volumic solid discharge per unit width.

Expressions, which are similar to the one of eq. 6.28, can be written (see Yalin,
1972, p. as:

- = > !

Since some terms, RWd and p¥p, are included in the term of x», and taking
x, =/(Re»), one can formulate now a rather simple relationship :
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=) ( =/) ( )6.2

which is often written as :
o =fC¥) (6.29

where X = "and is called the dimensionless intensity of shear stret
applied upon the solid particles.

This expression, eqg. 6.29, links the solid transport, qsb (see eq. 6.28), to the she
stress, X* (see eq. 6.22). Thus an increase in X*— passing by X* , where erosi(
begins — is responsible for an increase inq ,.

The form of this function, eq. 6.29, must still be established ; it is given by t
formulae of bed-load transport, which are established by experiments performed
the laboratory and in the field.

One often assumes that this relation, eq. 6.29, can be expressed in form of a pow
law, or :

0o = 0(6.3

Making use of the ratio, which defines the coefficient of friction :

vIVF “

one can formulate the following proportionalities :

u2 « o« X

Thus it is possible to express the above equatioin, eq. 6.29, by an approxim
relation (see de Vries, 1973) in the form of :

‘. ) .

where ,a and 2 = p, p are the coefficients which depend essentially on t
granulometry. T[ s simple, but often useful relation, shows that the avera
velocity, u , of th flow is the predominant parameter for the determination oft
solid discharge,


http://code-industry.net/

TRANSPORT OF SEDIMENTS 375

6.3.3 Bed-load Relations

the present, the formnlae for a determination of the solid discharge as bed load
give only reasonably satisfying results within a domain of the parameters for which
the chosen formula has been established. Consequently, the application and use of
such formulae has to be done with great care.

Here will be given a selection (in chronological order) of some of the many
available formulae ; their most characteristic hydraulic aspects will be pointed out.

2°  From the different empirical formulae, proposed by Schoklitsch in 1934 and 1950
(see Gra/, 1971, p. 133), the last one is presented, namely :

gsb = ™ s €3/2(g-qcr) (6.31)

The critical liquid discharge, qcr, characterises the commencement of erosion
— usually expressed by Ter— ; it is given with the use of the Manning-Strickler
formula, eq. 3.16 and eq. 3.18, such as :

qor = 0-26 (Ss-1)53 6.31) a)
valid ford >0 6 [m] (see Bathurst et al., 1987); for a non-uniform granulometric
mixture one takesd =, as the equivalent diameter.

This relation, eq. 6.31, is applicable for larger grain sizes, d 6 [mm], being rather
uniform and for bed slopes being moderate to strong (see Table 6.3).

3°  From the different empirical formulae — using the condition of similitude of
Froude — which Meyer-Peter et al. have developed in 1934 and 1948 (see Graf,
1971, p. 136 or Yalin, 1972, p. 112), the last one is presented, namely :

0.25 p13 — = 6.32) 0.047 - )
(Ys-Y)d (Ys-Y)d

where gsb' = g (Y-YVYs is the solid discharge in weight under water and

gsb/ly = gsb ; Rhb is the hydraulic radius of the bed. For a non-uniform
granulometry, the mean diameter, d = d90, is taken as the equivalent diameter.

This relation can be written in the dimensionless form (see eq. 6.29) such as :

(6.32a)
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where X* is the dimensionless critical shear stress (see eq. 6.27 and Fig. 3.13)
is a roughness parameter, given by :

where Ks' is the roughness of the granulates, to be evaluated with the formula
Strickler, eq. 3.18, and Ks is the total roughness of the bed, evaluated with th
formula O”~nning-Strickler, eq. 3.16, or :

K* = and Ks' =

*Hb  °e 0
In the absence of bed forms it is recommended to take =1;but 1> > 0.35
if bed forms are present. M M

This relation, eq. 6.32, is applicable for rather large grain sizes, d>2 [mm], bein
uniform as well as non-uniform, and for bed slopes, being moderate to strong (se
Table 6.3).

Using extensively the concepts of hydrodynamics, Einstein has developed in 194
and 1950 (see » /1971, pp. 139-150) a probabilistic model for the transport
sediments as bed load.

I) Determination ofthe probability oferosion

The probability, pe, of erosion of a particle at any time instant depends (see
Einstein, 1950, p. 35) on the hydrodynamic force, FH, here the lift force
and the submerged weight of the particle, Wp :

e = wce / k2 g(ps-p) d3
-k 12 K|C L(I--T]) p d2 (5.752u%2px2)

(Bp/2F) (6.33)
(1+ )

 and k2are form factors of the particle ;C L= 0.178 is a lift coefficient anc

is a random variable of lift, where = 0.5 is the most probable value
According to eq. 6.29a and eq. 6.22, the intensity of shear stress, ', i
defined by :
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(Ys-rnd (Ys-y) d (6.34)
Ypu*'2 hb Sf

where Rhb' is the hydraulic radius of the bed due to the granulate (see
sect. 3.2.5); for a non-uniform granulometry, d = d3¥is taken.
B = 2k2/(5.75 CLK]) is a numerical constant and is a relation which takes
in account the logarithmic velocity distribution as well as the roughness,
ks = d65. The following expression (see Einstein, 1950, p. 36), where d = X
is a characteristic diameter of the granulometry, was given :

Py log (10.6 X/A) (6.35a)
with X
where A =/ ( ky5) according to Fig. 6.7a
15 v/u¥

The above functional relation, eq. 6.33 , is valid for a uniform granulometry,
but can be generalised for a non-uniform one, in the following way :

(6.35)

His a hiding coefficient — the smaller particles hide behind the larger

ones— ; it was obtained experimentally (see Fig. 6.7b). is a lift-force
correction coefficient, also obtained experimentally (see Fig. 6.7c¢). This
expression, eg. 6.35, can also be written (see Einstein, 1950, p. 37) as :

Pe = /(B X
where *F is the intensity of shear stress after Einstein :

(6.36)

and B* is a constant to be determined experimentally (see eq. 6.42b):

Bx= — with p = log (10.6) (6.36a)
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Note, that for a uniform granulometry, one takes (see Einstein, 195)
p. 36( =1, p=1and ) / thus one writes ; 1= )2:

(6.36b
In orer to express the probability of motion, Einstein (1950, p. 37

postulated the following function, being rather similar to the normal function
or :

(6.37;

where is a variable of integration.

14

0.6
01 kjd 100

01
1 05 k,s 01

Fig. 6.7 Correction coefficients : (a) of velocity distribution, (b) of hiding and
(c) of lift force (see Graf, 1971, p. 146).

()  Equation of bed load

The number of particles, which are deposited per unity of time and of bed
surface, - , s given by :
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N°  (ALd)(yJka3 (6'38)

where (ysk2d3) is the weight of a particle and AL is a constant. isb is a fraction
(see Fig. 6.9) of the granulometric curve of the unit solid discharge, gsb, in
weight.

The number of particles, which are eroded per unity of time and of bed
surface, is given by :

Ne = (Pelte) (6.39)

where (ib/k|d2) is the number of particles in a unit bed surface ; ibis a
fraction (see Fig. 6.9) of the granulometric curve of the bed material. pe is the
probability of erosion of a particleithe exchange time, tg , necessary for the
replacement of a particle of the bedbyanother particle,is expressed by :

where vss is the settling velocity of the particle.

The equation of bed load after Einstein (1950) postulates that the rate of
erosion, eq. 6.39, is equal to the rate of deposition, eq. 6.38 ; thus one takes
Nd = Ne and consequently :

= <

Furthermore, one admits that a solid particle displaces itself by making jumps
of a length of ALd (see eq. 6.38), which are linked to the exchange

probability (see Einstein, 1950, p. 34) in the following way :
Ald = )

where X is a constant of the jump of the particles. Introducing this expression
into the above relation, eq. 6.40, yields :

( )=A( )o =AD (6.41)

is the intensity of transport aft r Einstein, given by :
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<+ = — 6.28) -=
V(ss-1)gd-

where gqsb = gsblys is the volumic solid discharge per unit width and A* is a
empirical constant to be determined experimentally (see eq. 6.42b). ?or
uniform granulometry, one takes (see Einstein, 1950, p. 36) simply :

0, =0

The above relations, eq. 6.37 and eq.6.41 put together, give now the fin'
form of the equation ofbed load ofEinstein (1950):

namely a functional relation (see eq. 6.29a), such as :

. 6.42) (=) a

The (universal) constants have now to be determined experimentally both fc
uniform and non-uniform granulometries (see Einstein, 1950, pp. 3
and 43) ; they are given (see Graf, 1971, p. 149) as being :

A*=43.6 ; B* = 0.143 ; =05 (6.42b

This relation, eq. 6.42, is plotted in Fig. 6.8 — using the tables of the erro
function — together with the data of Meyer-Peter et al. and Gilbert. Th
graphical representation facilitates the use of the above relation, eq. 6.42.

Since a non-uniform granulometry can be broken down into its fraction
idYib , this relation is rather flexible. For a quasi-uniform granulometry, a
equivalent diameter of d =  can be taken.

It is interesting to remark, that the relation ofEinstein, eq. 6.42, and the on
of Meyer-Peter et al., eq. 6.32, give rather similar results (see Graf, 1971, f
150), and this notably for 10 > . Note also, that in the relation of Einstelii
the notion of a critical value (for erosion), ~ = * ' has nowhere bee
used explicitly. Nevertheless, one may ask now, what numerical value for
one would get, if the value of o becomes very small; for example :

0 0.0004 2 = Tor = 0.04
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Fige 6.8 Equation of bed load, $ =/(¥*), of Einstein (see Graf, 1971, p. 148).
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Here one sees that there exists a rather agreement with the critical vail
T*cr, taken from the diagram of Shields (see Fig. 3.13).

The equation of Finstein, eq. 6.42 and Fig. 6.8, is well suitable for unifoi
and non-uniform granulates over a large range of diameters, d > 0.7 [mr
and of bed slopes (see Table 6.3). It is world-wide used with great succes

4  Granulometry, Armouring

The non-cohesive sediments (solid particles), which make up the bed of
watercourse, are in general of different sizes, being given by the granulomet:
curve of the bed material (see Fig. 6.9a).

This curve, which is in general half-logarithmic, can be divided into fractio
(percentages), ib., whose sum is :

1(100%) = , = + b5 +%5) + ..+ %)

Usually this curve is partitioned into 4 or 5 (unequal) fractions, after havi
eliminated small fractions, namely 5 % , of the finest particles — they are part
the wash load — and of the coarsest particles.

For each fraction the average diameter, dj, is determined and the corresponds
solid discharge, isbqsb, is calculated, using one of the formulae for bed-lo
transport. For the entire granulometric mixture, the solid discharge is now obtain
as :

s« s s — sb|lIsb| : $2

The granulometric curve of the bed material is in general different from the one
the material moving as bed load or as suspended load (see Fig. 6.91
Consequently, for an average diameter of the granulate, d , the given fraction of t
granulometric curve of the bed material, ib, will be different from t
corresponding fraction of the granulometric curve  the solid discharge, ish.

This subtlety was elaborated by Einstein (1950, p. 32) by introducing the ratio
id’ib and the hiding factor, , into the equation of bed-load transport, eq. 6.42.

For a very intensive sediment transport, all sizes (fractions) of particles will read
participate ; consequently ib = ish, since the curves L and ¢ become identical (s
Fig. 6.9b). ' '

For cohesive material, the determination of the solid discharge represents a ve
difficult task ; literature specialised on this topic should be consulted (see Gri
1971, chap. 12 and Raudkivi, 1976, chap. 9).
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The “nulDmetric curve of the bed material is obtained by taking samples from the
bed of the ehannel. ~commended is (see Einstein, 1950, p. 48) to take many
samples at different sections of the watercourse under study, and obtain an average
granulometric curve. Each sample should be taken at (up to) a, to-be expected,
maximal erosion depth, namely at a depth of 0.70 [m] below the bed surface.

Fig. 6.9 Scheme of granulometric curves for the bed material, L , and the armoured bed
material, La, the bed-load material, € , and the suspended (wash) load material, s (SI).

50

On a channel bed of non-uniform granulometry, the smaller particles are more
easily eroded than the larger ones, agrain-size sorting takes place. An accumulation
of the remaining larger particles results in an armouring of the bed, which
subsequently protects the underlying "original” granulate (see Graf, 1971, p. 102).

It can thus happen, that erosion does not take place, if the bed becomes (naturally)
armoured with the larger particles which remain at the bed surface after an important
erosion process during a previous flood event. In such a case the flow cannot take
its (full) capacity of sediments transport (see point 6.1.4.3°), and this until another
exceptional flood will destroy the armour layer and the original granulate reappears
to form onee more another new armour layer.

The formulae developed for the capacity of transport are thus only valid for such
watercourses, which pass through their own alluvium, namely in a bed being made
up of material, which was also transported and can again be transported.

From above it becomes evident that granulometric samples taken in situ — if
armouring takes place — have to be interpreted with great caution.

The development of an armour layer is an asymptotic process. When the friction
velocity, u*, increases, the smaller particles are eroded and the larger ones stay in
place. The corresponding friction velocity is used to define the critical friction
velocity for armouring, u*aa. The (maximum possible) armoured bed will now be
formed by the largest particles, dQor larger, which are found in the granulometry
of the original bed. For high discharges, when *> u*acr, the armoured bed
becomes unstable and will be destroyed. A bed, being composed of the sizes of the
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granulometric curve of the original composition, arrives at the surface and
extremely active erosion will take place.

There exists only limited conclusive information about the ratio of the origin,
granulometry, d , and the granulometry of the armour layer, . For some Swi
rivers, having large bed slopes, Sf> 0.03 [-], and large grain sizes, d30> 6 [mm
an indicative relationship of :

50 50 ) 0 06
was developed by Correia et Graf{ 1988).
An empirical relationship for a prediction of the stability of the armour layer w
given by Raudkivi (1990, p. 113) as:

0.4¢(. ( +

a,max 3 max

wilh ®

where d50 is the median diameter of the (maximal possible) armour and T,cr
the dimensjonless critical shear stress, taken as x*cr 0.05  (see Fig. 3.13
Evidently the armouring process is controlled by the largest fraction, or large
of the granulometric curve of the channel bed. No armouring takes place, if tl
granulometry is uniform.

SUSPENDED-LOAD TRANSPORT

6.4.1 Notions

1

20

Transport of sediments in suspension is the mode of transport where the sol
particles displace themselves by making large jumps, but remain (occasionally)
contact with the bed load and also with the bed. The zone of suspension is delimit(
by :zsb<z <h (see Fig. 6. ).

Transport as suspended load could be considered as an advanced stage of transpc
as bed load ; however the analytical methods do not allow a description of the
two modes of transport with the same (or single) relationship.

6.4.2 Theoretical Considerations

1

The transport of sediments in suspension can be explained with the concept
diffusion-convection, which gives the vertical distribution of the (loc2
concentration, cs(z) , of the suspended particles.
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For steady uniform flow, the vertical distribution the concentration of the
suspended particles, ¢ (z) , in the fluid, can be obtained by using the equation of
one-dimensional diffusion-convection (see sect. 8.4 or Graf, 1971, p. 166) :

VSS + “  (£s436) ( )

where cs(z) is the local volui®ic concentration, £ is the diffusivity of the suspended
particles, whose units are [LYT], and vss is the settling velocity of the particles.

This equation, eq. 6.43, relates the vertical exchange of solid particles due to the
turbulence (upwards) with the gravitational motion (downwards), expressed with
the settling velocity, vss; it is valid only for weak concentrations, namely for

(l-cg=lor > . ]%.

Integration of the above equation, eq. 6.43 , yields:

Wscs + esdf = Cte = 0 (6.44)

where the constant of integration is taken to be Cte = 0, implying that cs= O at the
water surface for es=0.

The above equation expresses that, at all levels, zb<z < h, there is a (vertical)
equilibrium between the movement in the direction of gravity and the one due to the
concentration gradient in the direction against gravity. In other words, the rate of
sedimentation of particles per unit volume is equal to the rate of turbulent diffusion
per unit volume.

For not so weak concentrations (see Graf, 1971, p. 185) the above equation,
eq. 6.44, should be written as :

V$644) 8) - a + — a)

The following remarks, concerning the diffusivity, should be made :

A relation between the diffusivity of suspended particles in the fluid, £ , and the
turbulent diffusivity of a (soluble) substance in the fluid, £t, is in general admitted
(see Gra/, 1971, pp. 167 and 177):

(6.45)

es = PsEt
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where ps is a factor of proportionality. For fine partieles, which follow readily th
fluid motion, one takes ps = 1; for larger particles, one takes Ps< 1
researchers (see Graf, 1971, p. 178 and Raudkivi, 1990, p. 172) advancee
arguments to show that PS>1.

For weak concentrations it is usually assumed that:

£ £ (6.46

thus one takes p =1I.
Furthermore, one may also postulate (see sect. 8.1.3) that:

- diffusion (per unity of surface) of matter, namely of a substance in the fluid, i
given by :

- diffusion (per unity of surface) of momentum is given (see eq. 2.49) by :

Here is assumed that the turbulent diffusivity, £t , and the turbulent viscosity,
are far more important than the molecular diffusivity, : , and the viscosity, V
respectively (see Graf 1971, p. 166).

According to the analogy of Reynolds (see Taylor, 194 , p. 451), the transfer O
matter (as well as the one of heat) and the transfer of momentum by the turbulenc
~ee analogous ; this is strictly correct close to a solid surface (the bed)
Consequently, one may also take :

£ =vf=1¢ (6.47

For the case, where the diffusivity is independent of the level, £ = Cte, the abov
equation, eg. 6.44, can be integrated and yields :

(6.48

where csa is the concentration at a reference level, a. This relation has bee
experimentally verified (see Graf 1971, p. 167).
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In the open-ehannel flow, the turbulence and thus the d ffus v ty are vertically
distributed, £ (z), (see sect. 2.6). The distribution of the diffusivity, £ =vt,
is given (see Graf, 1971, p. 173) by :

es = KU16.49) - )

This parabolic relation, established for unidirectional flow, has been obtained by
assum ng :

- the vertical distribution of the tangential turbulent shear stress :

= 2.47) ( ) 01

- the vertical distribution of the velocity (see sect. 2.2 . ):

du Vvp i
dz ~ K z

where K= 0.4 is the Karman constant, which is independent of the concentration
(see Colemann, 1981);

- the expression of the Reynolds stress :
= pv, 249) )
- the analogy of Reynolds :

es = e( = vt (6.47)

This distribution of the diffusivity, eq. 6.49, has been experimentally verified (see
Raudkivi, 1990, p. 170).

Substitution of eq. 6.49 into eq. 6.44, and separation of the variables, yields :

)6 "5 0 (

where one defines the Rouse exponent as :
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This expression, 6.50 . , can now be integrated by part$, within the limits
a<z<h (see Rouse, 1938, p. 341, and Graf, 1971, p. 173) and renders :

where csais the concentration at a reference level, a. This egnation, eq. 6.51, giv
the distribution of the relative concentration, cgcsa, for one single particle size,
and . Note that in the definition of the Rouse exponent, , the friction velocil
*' due to the granulate must be used.
In the Rouse exponent, eq. 6.50a, one should take the settling velocity, vss, of
particle in clear and quiescent water, thus being not influenced by turbulence or
concentration. For natural particles of quartz, Ss = 2.65 [-], falling in quiesce
water atr=20 [C°], the settling velocity can be determined using the Fig. 6.10 (s
/, 1971, p. 45).

v Imm/s|

Fig. 6.10 Sett ng velocity , vss, as function of particle diameter, d.
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The equation, giving the distribution of the relative concentration, eq. 6.51, for
different values of the Rouse exponent, , is shown in Fig. 6.11. The following is
to be observed :

For small ~-values, the relative concentration is large and tends to become
uniform over the entire flow depth, h.

For large ~-values, the relative concentration is small at the water surface and is
large close to the bed.

The size of the particles, expressed with the settling velocity, vss , is directly
responsible for these distributions.

Close to the bed, 0 , the concentration goes towards infinity, cs= , thus to
an impossible value. Thus one delimits this level usually by a=2zbs0.05h
or by zsh=2d, below which there exists the bed load (see Fig. 6.1).

The reference concentration, csa, is usually taken at a level of a s zsh; it will
be calculated later (see eq. 6.57) with one of the bed-load formulae, qsb .

Numerous are the investigations, both in laboratory and in situ, which give
evidence of the validity of the above equation, eq. 6.51 (see Graf, 1971, p. 175).

zZ-a

Fig. 6.11 Vertical distribution of the relative concentration, cgcsa, in a suspension.

6.4.3

Suspended-Load Relation

1°  The volumic solid discharge in suspension per unit width, in a region delimited by
zsh<z<h,is obtained by :

qss

= Jcsudz (6.52)
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where cs(z) is the loeal concentration, eq. 6.51, and u(z) the local velocity. Thi
relation is valid for a single particle size, d or vss.

There exist different methods for the calculation of the suspended-load transpoi
(see Graf, 1971, p. 189), but only the one of Einstein (1950) will be presented
being presently the most popular one.

The distribution of the velocity shall be given by a logarithmic relation (se<
Einstein, 1950, p. 17), of the form :

u(z) = u*15.75 log (30.2 6.53) (

where A is a correction term, given in Fig. 6.7a, and *is the friction velocity dui
to the granulate.

Upon substitution of eq. 6.51 and of eq. 6.53 into the above equation, eq. 6.52
one obtains :

h
qs = - ' 75 )3 .2 ( )6.54

zsh

Replacing a = zsb by a dimensionless expression, zsyh = AE, and using h as th
unity of z (see Einstein, 1950, p. 18), yields :

[
gs = lcsudz = rsu hdz (6.52a

zsb AE

After some mathematical manipulations, one gets :

h5.75 ) .

a} log)302 -( ) dz + 0434 | Inz dz {  )6.55
A A

: The values of the following integrals

I
/.

N = 0216 —E—  # ( dz
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10’

- 04 - 0- 101
AE=2sb/h

, used in the method of Einstein ) 9 O(.
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AE=2%/h

Fig. 6.12 The integrals, il (AE,”)andj (AE,")
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J2 = 0.216 Inz dz
)

are numerically evaluated (see Einstein, 1950, p. 19-24) and this for diffe
values of AEand ;they are given in Fig. 6.12.

Finally, the above equation, eq. 6.55, can be put into the following form :
gs = 116 csau*'zsh 2.303 log (30.22| +J2 6

where gss is the volumic solid discharge per unit width of the suspended load.

The reference concentration, csa, shall be taken there, where the concentra
distribution, eq. 6.51, lacks any physical sense, namely very close to the be
will thus be positioned within the layer where the bed load moves (see Fig. 6.1

One usually assumes (see Graf, 1972, p. 191), that the thickness of this la
called layer, is twice the grain diameter, zsb2 d ; for a granulometric mixt
the bed layer takes different values for each granulometric fraction.

It is now of the foremost interest, to establish a relation between the bed-load
sus” nded-load transport ; the reference concentration, csa, will make this link.

The formula of Einstein for bed-load transport, eq. 6.42, for one sir
granulometric fraction, qsb ish, shall be used for the determination of the (aver
concentration in this bed layer ; one writes :

Exploiting experiments (see Einstein, 1950, p. 40) which rendered the velocit;
bed load as being u 11.6 =,', one obtains an expression for the refere

concentration, such as :

Consequently, the solid discharge as suspended load per unit width — using
expression, eq. 6.57a— is given by :
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gssiss being the volumic solid discharge per unit width of the suspended load for
one single granulometric fraction.

This relation, eq. 6.58, establishes the link between bed-load and suspended load

transport for all particle sizes, which are found in the granulometric fraction of the
bed-load.

TOTAL-LOAD TRANSPORT

6.5.1 Notions

1

Total-load transport of sediments — or better called total bed-material load
transport — is made up of transport as bed load (see sect. 6.3) and of transport as
suspended load :

gs = gsb+ gss(+gsw (-)
Added should (possibly) be the transport as wash load, qsw.

Different formulae (see Graf,, 1971, chap. 9 or White et 1973 ,/) exist, which can
be used for the prediction of the bed-material load in a watercourse.

The formulae for determination of the total load — just as the ones of the bed
load — give only reasonable results in the domain of their established parameters.
Thus an application of any formula must be done with great care.

Here will be given a selection (in chronological order) of some existing formulae.

6.5.2 Total-Load Relations

20

The indirect methods determine the bed-material load by addition of the calculated
bed load and the calculated suspended load. Thus these methods take into account
that the hydromechanics of each mode of transport is not the same. However, a
clear distinction between the two modes is not easily possible.

The direct methods determine the bed-material load directly, without making a
distinction between the two modes of transport.

Einstein (1950, p. 40) proposed a formula for bed-load transport, eq. 6.42, and
one for suspended-load transport, eg. 6.58 ; by combining up these two relations,
it is possible to get a formula for the bed-material load transport:

$ q% ssb q@e2.308 49 (30.2 )I\ +h (6.60)

This relation gives the sediment-transp t capacity, but does not, of course, include
the wash-load transport.
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This formula, eqg. 6.60, can be used if the hydraulic and sedimentolo
parameters are known in advance. If in addition a measurement of the suspe
load is also available, there exists a modified version (see Graf, 1971, p. 20’
the above relation.

In many ways, the indirect method of Einstein, eq. 6.60, is hydraulically r2
complete, but its application might seem laborious. Notably, the non-uniformil

the granulometry is accounted for by using the ratio of igish. Furthermore,

considers also the influence of the water temperature (see Graf, 1971, p. 238
the velocity distribution, eq. 6.35, and of the concentration distribution, eq. t
using the exponent of Rouse, eq. 6.50a.

A relation for the direct prediction of the bed-material transport, valid for
channel flow [but also for flow in pipes], was developed by GrafetAcan
(1968).

A parameter of shear intensity was elaborated as a criteria of solid transport
Graf, 1971, pp. 218 et 443), such as :

which is the inverse of the dimensionless shear stress, given by eq. 6.22.

Applying the concept of power (work) of a flow system, a parameter oftrans
was proposed (see Graf, 1971, pp. 219 and 446), such as :

= )

which is similar to the dimensionless intensity of solid discharge, giver
eq. 6.28.

Note, that the hydraulic radius, Rh, is here taken as the total one ; for a nai
channel, the hydraulic radius of the bed, Rhb, should be taken. Cs is the volt
concentration in the section and d = dis the equivalent diameter.

It could be shown, that a functional relation between these parameters, and
(see eq. 6.29a) is possible :

= )
whose form was experimentally determined. Using close to 800 experiments i
the laboratory and close to 80 experiments in the field (see Table 6.3), all for i
surface flow [and close to 300 experiments for pipe-line flow], the follow
relationship (see Graf, 1971, pp. 220 and 448) was established :

$ - 1039 pPA-2@ ®
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This relationship is found valid for 10" > > 10" or for < 14.6. An
extension of this work by Gra/et Acaroglu (1968) has been done by Grafet Suszka
(1987) ; it provided the following relationship :

0A=10.4K( FA 16.63) 3)
with K= = if y A<14.6
K = (1-0.045 4%)2 if 222>TA> 14.6
K=0 if Fa>22.2

The trend, for very weak solid transport, 1 0 ~ 0 > A< 10~2, with >14.6, is also
evident inother experiments (see Pazis et Graf, 1977).

If one takes in the above relation, eq.6.61, the energy slope, Se, defined by
eq. 6.2, the functional relation between and . ,eq. 6.63, can also be used for
the calculation of the sediment transport during unsteady flow (see Gra/et Song,
1995).

The relations, eq. 6.63 and eq. 6.63a, are also valid when taking an equivalent
diameter, d d50, if the granulometry is a non-uniform one.

For a direct determination of the total-load transport, gs, Ackers et White (1973)
proposed the use of some dimentological parameters ; employed were hydraulic
considerations and dimensional analysis.

A parameter ofmobility of sediments was defined as :

(6.64)
Far V(ss-1)gd [v32 log(10hmd).
which becomes Fgr= (see eq. 6.23) for very fine particles, where nw=1.
A parameter of transport of sediments was postulated as :
= «) - ) . 5(
The total-load transport is calculated according to :
- - “m )6'66(

where Cs is the volumic average concentration in a section and hm= A/B is the
average flow depth.
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The coefficients  the above relations were determined by regression an
using close to 1000 experiments in the laboratory and close to 250 experim(
the field, with sediments having a uniform and a non-uniform granuloi
0.04 < d® [mm] < 4.0 and for flow at Fr < 0.8 (see Table 6.3). The res
values of these coefficients are the following :

4 >60 1,0 > 60
coefficient d>25 Immi > 04
w (1.0-0.56 l©gd*) 10
150 )9.66/ + 1A
0.17 )0.23/ (+0.14
0.025 log CW= 2.86 log d+ - (log 353- ¢

Above, the dimensionless particle diameter, d*, is used, defined as :

For a non-uniform granulometry, one takes d = d3% as the equivalent diametei

6.5.3 Applications of Relations

1

30

4°

Different formulae for the determination of the solid transport have been pres
However, none of these relations can pretend to translate the intrinsic comple)
the transport of sediments.

Most of these formulae should not be used beyond the conditions within whicl
were established. Table 6.3 contains a summary of the range of the param
d and Sf, investigated for the establishment of each formula by their auth<
other author(s) may have extended this range. Also listed are the recommen
by the author(s) for the choice of the equivalent diameter, dx , if the granulom
quasi or non-uniform.

The formulae for the transport of sediments are often established, using laboi
data and less often using field data.

A verification of these formulae in watercourses is a very delicate task, sine
difficult to measure correctly the solid discharge in the field. Furthermore, it is
a rather subjective evaluation, since the zones of the modes of transport ¢
easily be separated.

Numerous studies have been reported, comparing measurements in waterco
with the different existing formulae.

For a better appreciation of the validity of the above presented formulae, it wil
be of interest to compare the computed results with the direct measurements (
solid discharge in the field.
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Table 6.3 Parameters used for establishing the different formulae.

d x [mm], equivalent diameter

Formula d [ ] for a non-unifonn granulate
?éhf'%'.i;f;h 0.3-7.0 (44.0) 0.003 -0.1
“("eeg.‘;rz‘fe)ter et /. 3.1-28.6 0.0004 - 0.020 (
(e;.-6.4<2) 0.8-28.6 7 %
?erqffogg;arOQ'“ 0.3-1.7 (23.5) 7 d50

Ackers et White

- <
(eq. 6.66) 0.04-4.0 Fr <0.8 35

Many (nineteen) of the existing formulae for the calculation of the total transport
have been studied by White et al. (1973) and compared with experimental results.
They evaluated almost 1000 laboratory experiments with uniform and non-uniform
sediments of 0.04 < dso [mm] < 4.9, at flow depth of h < 0.4 [m], and almost 270
experiments in watercourses with sediments of 0.1 < d [mm] <es.0 and a
width/depth ratio of 9 < B/h <160.

Each formula was applied to all the data of the solid-discharge measurements.
Subsequently was established a ratio of the values calculated, Ccdc , and the
values observed, Cobs, where C =(Sis the total-load transport, expressed in
concentration.

Some results of this investigation are given in Fig. 6.13, where one may see the
success of a prediction (in percentage) for different ranges of the ratio, CcadCobs.
For the formulae, which are presented in this book — considering only the range
of 1/2<CallCds< 2 - itcan be seen that the percentage is for the formula of

Einstein (1950), eq. 6.60 : 44 %  of success
Grafet Acaroglu (1968), eq. 6.63 : 40 %  of success
Ackers et White (1973), eq. 6.66 64%  of success
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This implies that with the formula of Ackers et White, 64 % of the experimen
data can he predicted in the above-mentioned range. This is usually considered a
good (or a not-so-bad) result; more than half of the studied (nineteen) formu
give results which are less good, namely < 40 %. Also noticed is that with
formula of Einstein there is a slight under-estimation of the solid discharge ; wh
the one of Graf et Acaroglu gives a slight over-estimation

% % %

*5 "calc "ohs

Fig. 6.13 Comparison, with respect to CadCobs, of the
success of prediction for the presented formulae.

The comparative study of White et al. (1973) is reasonably objective, but certair
not conclusive, ©ther studies exist (see Raudkivi, 1976, p. 227) which sh
clearly that an objective validation is nearly impossible.

Amongst the different existing formulae for the determination of the total-lo
transport, but equally for the ones of the bed-load and suspended-load transpo
each one will give an answer, but none will be very precise nor very true.

Finally, it must be said, that the results obtained with these formulae give on
valuable guide-lines for the engineer. For practical purposes, it is advised to cons(
more than one formula ; the obtained result may however render different valu
(see /, 71 p. 156).

6.5.4 Wash Load

10

The wash load, gsw, contains all these particles which are never in contact with tl
bed and displace themselves by being carried (washed) through the channel by tl
flow (see Fig. 6.1).

This mode of the transport of sediments (see Table 6.2) is limited to the very fine
particles which are rare in the granulometry of the bed material. The distribution '
these particles is rather uniform over the entire flow depth (see Fig. 6.11).
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Einstein (950 , p. 7) has proposed that the granulometry of the wa$h load is the
fraction of granulometry of the bed whieh is smaller than 10 %. It was also
proposed (see Raudkivi, 1976, p. 220) that the wash load is composed of the fine
particles having a diameter of d <0.06 [mm],

Since there exists no physical relationship to the flow, it has been difficult to
advance an analytical method for the determination of the wash load.

The wash load depends more on the hydrological, geomorphological and
meteorological conditions within the drainage basin (see Graf, 1971, p. 232),
namely on the overland surface erosion and less on the erosion in the stream bed.

Thus it is to be remarked, that at the present no methods exist for the prediction of
the wash load.

In order to obtain a quantitative information on the wash load, measurements in the
field must be performed. One measures thus the total suspended load, gss + gsw.
Subsequently is calculated the suspended load, gss, (see sect. 6.4) and
consequently the suspended wash load, qsw, can be obtained.

In some watercourses, the transport as wash load can be much more important than
the bed-material load, gsw> . Obviously, this makes the problem of sediment
transport hopelessly complicated.

If the total suspended-load transport, gss + qsw, becomes very large, one may well
imagine that this influences on the flow behaviour ; such a mixture of water-
sediments is probably not anymore a Newtonian one (see Table 6.1). The flow of
such a non-Newtonian mixture will modify the hydraulics, thus the distribution of
the velocity and of the concentration, but also the flow resistance as well as the bed
forms.

An early version ©f section 6.2 was published as :

GrafW.H. (1994): Les equations de Saint-Venant-Exner.
Osterr. Ing. und Arch. Zeitschrift, Jgg. 139, N°9, Wien, A
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EXERCISES

6.6.1 Problems, solved

Ex. 6 .A

A rectanguJar channel has a width of B = 5 [m]. At some point, the bed of the chann
changes from a fixed bed to a mobile bed with a uniform sediment of dso = [mm] ar
ss = 2.6 [-]. The discharge of Q = 5 [mVs] remains constant and the water depth
h = 2.2 [m]. In the fixed-bed reach of the channel there is no sediment transport. Th
flow initiates however erosion in the mobile-bed reach of the channel, where the porosi
of the bed material is p=0.3 [-].

A degradation of the channel starts at the junction between the fixed bed and the mobi
bed. Determine the time it will take to lower the bed level down to z =0.4Ah at a stati(
located at L = 6 RWSf downstream from the junction; subsequently draw the bed profi
for this particular moment. Furthermore, show the temporal variation of the degradati
at this station. Calculate also the resulting bed profile if the mobile bed is limited to
length of x = 90 [km].

SOTUTION:

) The steady flow will be considered to be quasi-uniform during the phase
degradation (see Fig. Ex. 6 .A. ); therefore the parabolic model can be used :

where x is positive towards the downstream and follows the initial bed profil
represents the bed-level variation with respect to the initial bed, sf°. Note that tl
use of the parabolic model is limited to : Fr < 0.6 and x > 3RhSe.

solution .solution
.enot valid ix valid

Fig. Ex.6.A. 1 Scheme of the degradation.
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i)

The initial and boundary conditions arc given as :
Zo ,0)= ; limz(x,t) = o
z(0,t) =Ah(t)

The solution to eq. 6.11 is given by :

(jct) = Ah erfc i (6.15)

Calculation of the quasi-uniformflow in the mobile-bed channel.

The slope of the energy line, , is calculated using the Manning-Strickler formula:
= = )3.16(
with Ks = 21.1/dsowve = 66.7 [mIA/S] (3.18)
h = 22 [m] , B=50[m , Rh=1.17[m]
Q = 150[ma/s] , q=Q/B = 3[ms]

u=q/h= 136][m/s]

The slope of the energyline : Se=0.00034 [-]
The Froud number is Fr=0.29 = [-]

It should be emphasized that the Froude numberhas to be small, Fr <0.6, being
one of the conditions (see sect. 6.2.3) for thevalidity of theparabolic model,
eq. 6.11.

Calculation of the solid discharge in the mobile-bed channel.
The solid discharge, ¢*=C Uh , is calculated using the Grafet al. (1968) formula :

6.63) = 1039 | )
"V[(ps-p)/plgd® fh
with (psp)lp = 16 []

dso = 1 [mm]

Sf  se = 0.00034[-]

¢ s URh = 3.910~5 [m2/s]

The solid discharge is :  gs = Csu h 5310-7=-~ B.9e

[ma/s
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iv)  The coefficient, K, in the parabolic model, eq. 6.11, is approximately given by :

Ko m K- 3p( (6.12
with se® = 000034 [
(1-p) = 07
bs = 2(252) 5 (where p = 2.52 is the exponent in eq. 6.6
according to eq. 6.5a and eq. 6.30)
The coefficient is K = 0.511[m25s]

Table for the complementary error function
(see Handbook of Mathematical Functions. 1964, National Bureau of Standards, pp. 310-311, formula 7.1.2

Y erfc(Y) Y erfc(Y) Y erfc(Y)
0.00 1.00000 1.20 0.08969 2.30 0.00114
0.10 0.88754 1.30 0.06599 2.40 0.00069
00 0.77730 1.40 0.04772 2.50 0.00041
0.30 0.67137 1.50 0.03390 2.60 0.00024
0.40 0.57161 1.60 0.02365 270 0.00013
0.50 0.47950 1.70 0.01621 2.80 0.00008
0.60 0.39614 1.80 0.01091 2.90 0.00004
0.70 0.32220 1.90 0.00721 3.00 0.00002
0.80 0.25790 ? 0.00468 3.10 0.00001
0.90 0.20309 2.10 0.00298 3.20 0.00001
1.00 0.15730 2.20 0.00186 3.30 .

1.10 7

: The complementary error function can be calculated approximately using the following expression
erfc{y(=1/)1+ | Y+a2Y2+ Y?+adY4a3+ Y5+a6Y6) +e(Y) wrere 8Y( > 310~
= a2 |0.0705230784 = 0.0422820123 ; =0 927 5272
a4 = 0.0001520143 ; = ab ; 0.0002765672 = 0.0000430638
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V)  In the present problem, it is asked to determine the time it takes to lower the bed
level down to 0.4 = Ah, thns :

z(x,t) _ 0.4Ah 04
Ah Ah

The eq. 6.15 is now written as :
0-4 = erfc N = erfc (Y)

Using the table of the complementary error function yields :

At the station x =L =6RhSe = 20.73 [*m], the lowering of the bed down to a level
ofz = 0.4Ah occurs at the time :

t= ([2* 330.sn) = 5841°8[10562-1 = [ [h] 18.52 [years]

N draw the bed profile for the entire channel at this particular moment,

t = 5.84+ 10 [s], the calculations are repeated for different values for the distance x
(see following table).

Calculation of the bed profile

Rh=1.17[m] ; Sf=0.00034 [-] ; K=0.511[m2s]
Ah =3.11 [m] ; t=5.8410s [s]
* (Se/Rh) Y = x [(2VKi) 71Ah =erfc(Y) z
W) M i H []
10500 3.04 0.30 0.66735 2.073
11000 3.18 0.32 0.65253 2.027
13000 3.76 0.38 0.59465 1.847
15000 4.34 0.43 0.53923 1.675
20000 5.79 0.58 0.41299 1.283
20730 6.00 0.60 0.39615 1.231
30000 8.68 0.87 0.21946 0.682
40000 1158 116 0.10157 0.316
5 0 14.47 145 0.04070 0.126
60000 17 37 1,74 0.01405 0.044
70000 20.26 2.03 0.00417 0.013
80000 23.15 2.32 0.00106 0.003
90000 26.05 2.60 0.00023 0.001

100000 28.94 2.89 0.00004 0.000
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The depth cf degradation of the channel bed due to a solid discharge
qs=7.310 5[m2s] , during a time period of t = 5.8410s [s] is given by :
An = q At )7.310°5( -/ -84 08

= = 3.11 [m] 61
0.7) (13.- . 3)1 y AMu

and z = 0.4Ah = 1.23 [m] .

The bed profile, ) ), for t = 5.84-108 [s] = 18.52 [years], is plotted
Fig. Ex. 6.A.2. This solution is valid only if x >3RNWSe. For distances
x <3RNWSe, the solution is only an indicative one.

channel channel with mobile bed
with fixed bed

25 30
dimensionless distance, x (Se/ Rh)

! —ml / with mobile bed
withfixed bed

dimensionless distance, x (Se/ Rh

Fig. Ex.6.A.2 Bed profile after 18.52 [years] of degradation.

For sake of comparison, the bed profiles, z(x) , for t = 1.76 [year] and
t= 6. [month] are also plotted (without giving the calculations) in Fig. Ex. 6.A.
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V) The temporal evolution of the degradation at the station loeated at
:x =L =6RWSe = 20.73 [km] is given by

z(t) = Aherfc () = Aherfc) ( )6.15(
KAt 2\0.511 At 2

: where, Ah(t) can be evaluated by

q Ah= -
I-p)\K A t(1.13

time, Jyears|

20

m~z= 21 [, =m[ 3.11]

Fig. Ex.6.A.3 Evolution of the degradation at the station X=L = 6RWSe =20.73 [km].

Calculation of the evolution of the degradation

Rh=1.17[m] . Sf= 0.00034 [ . K=05L1[m/s]
x =L = 6RWST = 20730 [m]
t t Y =jd(2Vki) zJah =erfc(Y) Ah z
[years] [s] f— [ [l [mi
3.15E+07 258 0.00026 0.72 0.0002
3 9 46E+07 1.49 0.03502 25 0.0438
5 1.58E+08 115 0.10248 1.61 0.1654
7 2.21E+08 0.98 0.16756 1.91 0.3201
10 3.15E+08 0.82 0.24823 2.28 0.5667
15 4.73E+08 0.67 0.34579 2.80 0.9669
18.52 5.84E+08 0.60 0.39618 3.11 1.2309
25 7.88E+08 0.52 0.46522 3.61 1.6794
30 9.46E+08 0.47 0.50500 3.95 1.9970
35 1.10E+09 0.44 0.53711 4.27 2.294
40 1.26E+09 0.41 0.56371 4.57 2.5740
45 1.42E+09 0.38 0.58622 4.84 2.8391

50 1.58E+09 0.37 0.60559 511 3.0916
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The evolution of the bed degradation can now be calculated by assuming diff
values for At =t . By using the approximate formula for the complementary
function (see before), the calculation can easily be programmed on a spread
The table above summarizes these calculations; Fig. £x. 6.A.3 shows the evol
of the erosion,O) , at the station, x = L.

This solution is however only valid (see Ribberink et Satide, 1984, p. 30) for :

<1 = 30 000034 = 7421 235 ”

Calculation of the final bed profile if the channel reach with the mobile b
limited to a length of = km[ 90].

channel t Ir channel with mobile bed
with fixed bed

w1 W7/

10

20

dimensionless distance, x (Se/ Rh)

Fig. EX.6.A.4 The channel-bed profile after 37.9 [years] of degradation

By assuming a very small amount of erosion, such as z = O.0OlAh , at the &
xf =90 [km], one can write :

= 001 ) (

Using the table of the complementary error function yields :

Y=182=<2"r)
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and with K= .

t =

[mZs], one calculates :

[si

= 33 0 [h] = 37.93 [years]

407

To obtain the bed profile for the entire channel at this moment, t= 12m 0 [s],
the calculations for the degradation are repeated using different values for x
(see the foiiowing tabie). The final bed profile, calculated in this way, is plotted in

Fig. Ex. 6.A.4.

This solution is valid only ifx> 3Rh/s

The depth of the bed degradation due to a solid discharge, 1%.3 =
during a time period oft =1.210 [s] , is given by the eq. 6.20 :

1.13(I-p)VKATL

Rh=1.17[m]
Ah = 4.45 [m]

* (Se/Rh) Y = jcl(2VK)
[ml [ 1
10500 3.04 0.21
0 3.18 0.22
13000 3.76 0.26
15000 4.34 0.30
20000 5.79 0.40
30000 8.68 0.61
40000 11.58 081

50000 14.47

60000 17.37 7
? 20.26 1.42
80000 23.15 1.62
90000 26.05 1.82

(i.13)(0.7)V0.51i

Calculation of the final bed profile

sf=0.00034 [)

EI
0.76396
0.75307
0.71005
0.66793
0.56734
0.39091
0.25264
0.15273
0.08617
0.04529
0.02214
0.01006

CT [m2s] ,

K=0.511[m2s]
t=12-10 ]Js[
zIAh =erfc(Y)

[m
3.397
3.349
3.157
7Q70
2.523
1.738
1.123
0.679
0.383
0.201
0.098
0.045
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Ex. 6.B

A river on a bed slope of sf=0.0005 [-] conveys a unit discharge ofq=1.5 [m2s], 1
river bed is made of granular material of uniform size of d3 = 0.00032 [m] witl
specific gravity of s = 2.6 ]- ; the porosity of the bed material is p = 0.4 [-]. There exi
a weak transport of sediments.

At a certain station on this river, the solid discharge is locally increased
Ags= 0.0001 [mPn2s] for a time period of At = 50 [h]. Determine the aggradation of
bed to be expected.

SOLUTION:

i) The flow is steady and is considered to be quasi-uniform during the period
aggradation (see Fig. Ex. 6.B. 1); thus the parabolic model can be used :

- ] 61

where x is positive towards the downstream and follows the initial bed profi
z represents the bed-level variation with respect to the initial bed, Sf . Note that
use of the parabolic model is limited to : Fr < 0.6 and x > 3RhSe.

local increase in solid discharge, Ags

Fig. E~.~.B.l Sketch of the aggradation.

The initial and boundary conditions are given as :
z(co)= o ; limzOct) = o

0,0) Ah(t)
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The solution to eq.11. is given by :

0 ) Aherfc = N (6.15)

Calculation of the quasi-uniformflow in the river having a mobile bed.
The normal depth is calculated using the Manning-Strickler formula :

u = = Ks hm Sfl2 (3.16)
with Ks = 21.1/d5016 = 80.7 [ml/3s] (3.18)
q = 15[m”"s]
Sf = 0.0005 -
The flow depth is h=. [m]
The average velocity is U =1.676 [m/s]
The Froude number is : Fr=0.566 =

It should be remembered that the Froude number has to be small, namely Fr < 0.6.

Calculation of the solid discharge in the river having a mobile bed.

The solid discharge, = Cs Uh , is calculated using the relationship given by ~ /
et al. (1968):
, C-UR» 10.39 ) {-
V[(Ps-P)/P)S o o
with (psp)/p = 16 [-]
d® = 0.32 [mm]
Rh = h = 0.895 [m]
The solid discharge is :q =1.678104[m2s]

The coefficient, K , in the parabolic model, eq. 6.11, is approximately given by :

Kos K3 DbIB 6.12) C)
with Sfe = Se° = 0.0005 [-]
(- ( -1
bs = 2(252) 5 (where p = 2.52 is the exponent in eq. 6.63,

according to eq. 6.5a and eq. 6.30)
The coefficient is : K =0.932 [m25s]
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The thickness of the aggradation of the bed (see Fig. Ex. 6.B.1) due to a
increase in solid discharge, Ags = 0.0001 [m/s], during a time period (
At =50 [h] = 1.8-10 [s] , is given by eq. 6.20, or :

05

113 (1p)vVK At <. ). *

The length of the zone of aggradation, La, can be calculated with eq. 6.15 t
assuming, for example, a precision of z/Ah =0.01 :

Using the table of the complementary error function (see Ex. 6.A), yields :

- 1.821=)
2N/IK At

The length of the zone of aggradation (see eg. 6.19) can now be calculated
follows :

La=*% = 2Y VKA = (2) (1.821) V (0.932) (1.8-105) = 1492.3 [m]

To plot the bed profile after a time period of At =50 [h] = 18-10s [s], calculation
are made using eq. 6.15 for different distances, x. (see the following table).

The resulting bed profile, z(x) , is plotted in Fig. Ex. 6.B.2.

The calculations, summarized in the following table, are valid only if 3 < h/s,
In the present case, it can be shown that:

X = 3h/Se = (3) (0.895)/(5+ 10-4) = 5370 [m] » La= 1492.3 [m]

however, experimental data (see Soni et a/., 1980), have shown that the calculate
value is only indicative, but nevertheless acceptable.
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Calculation of the bed profile due to aggradation

Rh=h=0.895 [m] s = 0.0005 [ : K =0.932 [m*/s]
Ah =0.065 [m] At =1.8¢ 10 110
X (Se/Rh) Y = */(2V ko :IAh =erfc{Y) z
[m H & & [mi
10.0 0.01 0.01 0.98623 0.064
50.0 0.03 0.06 0.93123 0.060
100.0 0.06 0.12 0.86296 0.056
300.0 0.17 0.37 0.60459 0.039
500.0 0.28 0.61 0.38813 0.025
700.0 0.39 0.85 0.22696 0.015
900.0 0.50 1.10 0.12032 0.008
1000.0 0.56 22 0.08434 0.005
1100.0 0.61 1.34 0.05761 0.004
1300.0 0.73 1.59 0.02484 0.002
1492.3 0.83 1.82 0.01000 0.001
1500.0 0.84 1.83 0.00962 .
1600.0 0.89 1.95 0.00575 0.000
0 200 400 600 800 1000 1200 1400 1600

distance, ] ]

Fig. EX.6.B.2 Bed profile after 50 [hours] of aggradation.
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The unit discharge of a river is kept eonstant at g = 2. [m2/s]. The bed slope
sf=5.4¢10-4 [-]. The river bed is composed of quasi-uniform sediments (ss = 2.65 [-
with an average grain size of de = 0 [mm] and a porosity of p = 0.3 [-]. The Mannifl
coefficient of the bed was determined as being n =0.032 [m~*"s].

This river enters into a reservoir, created by a dam which keeps the water at a height (
H = 23.5 [m] at the immediate vicinity of the dam.

Determine the deposition pattern of bed-load material, which is carried by the river
the reservoir, after 20 [years] and 100 [years], respectively.

SOLUTION:
a)  General comments on the method of solution :

Fig. EX.6.C.lI shows the longitudinal profile of this river-reservoir system. The dai
creates a backwater curve extending to a certain upstream distance. This curve can
calculated by using one of the methods presented in chap. 4. The backwater calculatic
enables one to know the hydraulic parameters (average velocity, water depth, slope (
energy grade line, etc.) for the entire length of the system.

Let there be two stations, (i) and (i+1), separated by a distance of Ax. ff tl
characteristics of the sediments at the bed are known, one can calculate the bed-lo
discharge for these two stations, qsb(i) and qgsb(i+l) , by using one of the bed-lof
formulae presented in sect. 6.3.3. It will then be seen that the bed-load transport at tl
upstream station, (i+1), is larger than the one at the downstream station, (i). In fact tl
closer a station is to the dam, the larger is the water depth, resulting in a smaller averat
velocity and as a consequence in a decrease in the bed-load transport capacity. Tl
difference of the transport capacities between the two consecutive stations causes
deposition (or erosion) of the sediments, which in turn modifies the bed level. Th
modification of the bed level causes a change in the water-surface profile and therefo)
modifies all hydraulic parameters. This cycle repeats itself.

To calculate the deposition of the sediments, namely the delta formation, one has
simulate the process described above. Such a simulation involves a large number (
calculations and therefore is particularly well suited to treatment on a computer.

In this exercise, a computer program in FORTRAN IV language has been written to can
out this simulation. The program is written in standard FORTRAN and can be run ¢
most of the personal computers. Although a basic knowledge of computers and <
programming in languages like FORTRAN, BASIC or PASCAL will certainly be helpf
in understanding this exercise, it is not essential. Special care is taken to make the gener
programming techniques understandable to everybody, even to those who do not ha\

any experience in programming.
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Fig. EX.6.C.1 Modeling of the river-reservoir system.

Definition ofsolution domain and boundary conditions :

In reality, the eross sections of a natural river have complex forms. Nevertheless, by
considering that the length of the river-reservoir system is much larger than the water
depth, a simplified one-dimensional approach, where the hydrodynamic equations of the
water flow and of the bed-load transport are expressed for a unit width, will be adopted.

The modeled river-reservoir system is presented in Fig. £x.6.c.l. The origin of the
coordinate system coincides with the dam location. The dam constitutes a control section
and gives the boundary condition necessary for the water-surface profile calculations.
Since the flow regime is subcritical, the calculations start at the dam, where the flow
depth is known, and proceed towards the upstream.

The length of the reach to be modeled upstream of the dam can be decided by considering
the boundary condition for the sediment transport at the upstream end. In fact it is
necessary to extend the calculations up to a point where the river atteins its normal depth,
hn. It is even better to include in the calculations a certain length of the river with the
normal depth. This insures a sufficiently long river reach at the upstream end, where the
bed-load transport is in equilibrium, namely where the bed-load transport capacity at two
consecutive sections will be the same.

For the calculation of the unit discharge, , one can take Rh=h ;the Manning-Strickler
equation, eqg. 3.16, can be written as :
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The normal depth ean now he ealeulated with the following expression :

) ) !

The Froude number for the uniform flow is :

Fr =26° - = 7 H
The flow is therefore subcritical.

It is not necessary to compute an initial water-surface profile to guess the point where t
river reaches its normal depth. By considering the known values of the water depth at t
dam, H = 23.5 [m], and of the bed slope, Sf = 5.4+ 10-4 [-], the approximate length
the reservoir can be calculated :L = H/Sf = 43.5 [km]. To be able to guarante
sufficiently long river reach at the upstream, where the flow remains uniform through
the whole simulation period, namely 100 [years], a computational reach length of, 1
example, TL = 120 [km] shall be adopted. This total length of the system (TL) is divid
in ND reaches having a length of DX; this yields NS = ND +1 stations. Starting from
dam location, the stations are numbered from the downstream to the upstream end.

c)  Structure ofthe program DELTA:

A decoupled algorithm has been used in writing the program DELTA. The adjecti
"decoupled™ means that the calculations for the liquid and solid phases are carried
separately and successively (see Fig. Ex.6.c.2).

The calculations start at time t = 0, when the bed-level elevations are known. The wat(
surface profile is calculated without considering the sediment transport. Once the wati
surface profile is calculated, the hydraulic parameters are known at all the stations. T
bed-load transport rate is now calculated for all the stations. The balance ofthe sedimei
entering and leaving is subsequently calculated for all reaches to find the volume
deposition (or erosion). These volumes are then translated into a deposition heig
Finally the bed levels are modified by using these deposition heights. This concludes
computational cycle for the time t= 0. The time is then advanced by At, and a new watt
surface calculation is carried out with the new bed profile; and so on. It should be notic
that during the calculations for one phase, the characteristics of the other phase are k
constant.

The program DELTA is written in a didactic style and does not have the pretention
being optimized. The complete program code is presented
Fig. Ex.6.c. 11. Numerous comments inserted in the code explain the flow of t
program almost step by step. As far as possible, the names of the variables are chosen
recall the notation used in the text. An exhaustive list of variables together with the tyj
of variables and explanations, are provided at the beginning of the main program and
related subprograms.
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Fig. EX.6.C.2 Decoupled simulation algorithm.

The program has a modular structure. It is composed of a main program DELTA and nine
subprograms, each accomplishing a specific pre-defined task : DREAD; TITLES; RK4;
DERIVE; SCHOKL; MEYRET; EINS42; FORMUL and DWRITE. The flowchart, given
in Fig. EX.6.C.3, shows not only the relations between different program units but also
the calculation loops inside the principal program. However, it is important to note that
the flowchart is somewhat simplified; it does not show all the details of the code. The
specific tasks carried out by the main program and each subprogram are described below
in detail (see Figs. EX.6.C.3 and 11).

d)  Working principles of the program DELTA :

The main program DELTA controls the flow of the entire program. The working
principles of the program and the algorithms are described below step by step. The reader
is advised to follow these explanations in parallel with the flowchart, given in
Fig. EX.6.C.3, and the program code presented in Fig. Ex.s.c.l 1

The main program first calls the subroutine subprogram DREAD to read the
program data by questioning the user. The interactive dialog between the program
and the user is presented in Fig. EX.6.C.5. This dialog will be explained later in
detail. The program data are read into the computer in 6 groups :
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Fig. EX.6.C.3 Flowchart of the program DELTA.
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- Physical characteristics (initial bed slope, average sediment diameter. Manning-
Strickler coefficient, densities of the water and of the sediments, discharge per
unit width),

- Choice of the bed-loatl transport formula (number of the formula to be used).

- Data concerning the modification of the bed profile (maximum relative bed-level
change tolerated, porosity of the sediments, the ratio of the upstream/
downstream heights of the sediment deposition or erosion),

- Information concerning the computational domain (coordinates ot' the first and
the last station, space-step length, maximum tolerated dynamic-head variation,
maximum number of subdivisions which can be automatically created),

- Boundary conditions (water depth at the downstream end),

- Simulation time and the printing of results (time step, duration of the simulation,
frequency of the printing of the results and the name of the output file).

According to the data supplied by the user, the program calculates the coordinates
of the stations and the initial bed level at these stations. It also initializes certain
variables, such as the calculation-steps counter, eroded or deposited cumulative
volumes, etc.

The subprogram TITLES is called to echo-print of the program data on the output
file.

The time is advanced one time step. The calculation loop starts in fact at this point.
It can be seen that before entering the calculation loop the time is initialized as
T =- DELT,; in this way the time for the first calculation step is correctly obtained
as being T = 0.

The calculation of the water-.surface profile, using the running bed profile, is carried
out using the 4th-order Runge-Kutta method. The differential equation for the free-
surface flow in a rectangular channel is given by:

A 45

Eor a very wide river, B » h , with a constant unit discharge of g = Q/B, this
equation becomes :

G ——

The slope of the energy-grade line can be expressed with the Manning-Strickler
formula for uniform flow, eq. 3.16. Recalling that for a very wide river one can
take Rh=h, the following is written :

SC =6) ) a)
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Substituting this expression into the differential equation for the free-surface flow
one obtains (see eq. 4.8a) :

1 -

It is to be noted that a negative sign is added before the term on the right-hand sic>
of the equation to take into aceount that the calculation progresses from downstream
to upstream. This differential equation is solved using the 4th-order Runge-Kutt,
method (presented in detail in Ex.7.A.b) by calling the subroutine subprogran
RK4. The differential equation is programmed in the subroutine subprogran
DERIVE, whose name is passed to the subprogram RK4 in the argument list. Fo
this reason, according to the rules of FORTRAN language, the subprogran
DERIVE is declared as EXTERNAL in the main program.

The calculations for the liquid phase are finished for this time step. The progran
now proceeds with the calculations for the solid phase. During these calculations i
is assumed that the water surface does not vary. The bed-load transport at th(
stations is calculated by calling the subprogram corresponding to the metho(
sj~cified by the user :

- The subprogram SCHOKL calculates the bed-load discharge with the method
Schoklitsch (1950), whose formula is given by eq. 6.31 :

< - "» -> <Qsu:

The critical liquid discharge is calculated using eq. 6.31a :
qcr=0.26 (ss- 1)s3 da032 Sg7/6 => QCRIT = 0.26* (SS - 1)5/3*D503/2*SEFF_7/

Since the grain-size distribution is uniform, one may take ds4o = dso . If at

station qgcr > g, the program will assume qsb= . The slope of the energy-grad
line, s (SEFF), is calculated by the main program using the Manning-Stricklei
formula (see the explanations for the water-surface profile calculation) and seni
to the subprogram in the argument list.

- The subprogram MEY?ET calculates the bed-load discharge with the method ol
Meyer-Peter et al. (1948), whose formula is given by eq. 6.32 :

P Rhb"M Se- 0.047 g(ps-p)dso 32
(PS-P) 025 pl'3

sh

In the program this equation is written as:
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AG*ROE*RH*FCOR*SEFF - 0.047*G*(ROS-RQE)«D50V/2
v G*(ROS-ROE) C).25*ROE

Since the calculations are done for a unit width, the program uses Rhb = h
(RH=H). It is assumed that qsb =0, if (gp Rhb  0.047) > ¢ g (ps- p) d90).
The user may or may not use the roughness parameter, (FEOR). This
parameter is calculated in the subprogram DREAD, during data input, according
to the expression :

m) ( =)

where n' (CN50) is the grain roughness calculated using the formula of
Strickler, eq. 3.18:

T = CN50=

and n (CN) represents the total bed roughness, which is introduced by the user
during the data input. If the user chooses not to make any corrections, the
program takes FCOR = 1

The subprogram EINS42 calculates the bed-load discharge with the method of
Einstein (1942), described by  /( 1971, p. 145):

V(ss-1)gdsos (- 0.391(ss-1)d 50>
| 0.465 H . b-

In the program this equation is written as:

QSuU V (SS -~h>G*D503 0.39- NCSS~-O*D50j

Since the calculations are done for a unit width, the program uses RH = H
(Rhb' - Rhb -
- The subprogram FORMUL does not do any calculations, but simply displays a

message, inviting the user to program a bed-load transport formula of his choice
in this subprogram.

Let us now go back to the main program DELTA. The quantity of the sediments to
be deposited (or eroded) in a reach, Aqsb , depends on the difference between the
bed-load transport capacities at the upstream, qsb(i+l), and at the downstream,
qsh(i), stations :

Agshb(i) = gsb(i+I> - qgsh(i) DELQS(l) =~U (1+1)-QSU(I)
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In the program the reaches between two consecutive stations are numbered frc
downstream to upstream. The number o ’ a reach is therefore the same as t
number of the station at its downstream end (i.e.: the reach (i) is limited by t
station (i) at the downstream and by the station (i+1) at the upstream). This
is used in the program as a programming trick. The same variable 1 is used
denote both a reach and the station. In this way, the solid discharges, QSU(l4
and QSU(I), refer to the stations (1+1) and (l), respectively, whereas DELQS(I)
the difference in transport capacities for the reach (I). While reading the progre
this double role of the variable I must be kept in mind.

The procedure used by the program to translate the trans”rt-capacity differenc
between the upstream and the downstream ends of a reach into a deposition heig
— this is Exner's relationship — is presented in Fig. £X.6.C.4. The virtual volur
of the sediments to be deposited at the reach (), by taking into account the volur
increase due to the porosity, p. is the following :

Deposition volume for the reach (i) = Agsh(i) At

The program admits that this volume creates a trapezoidal deposit whose upstrea

and downstream heights are Szam(i) and 5zav(i), respectively. For the reach (
one can therefore write :

AdD AX (6.4
a9) ( p) 2

During data input the user specifies the ratio between the upstream and tl

downstream heights of this trapezoidal deposit, X = Szam(i)/5zav(i) (in the progra

X=HAMHAY). By using this information one obtains :

CRAY ’Aqsb(i) At ;

( Ac (@ —p) *) - p)

2X Aqsh(i) At — CRAM Maqsb(i) At
+X) Ax(l-p) Aje(l-p)

For an internal station ) (, the upstream (i-1) and the downstream (i) reaefr
give two different deposition heights : Szam(i-1) and sza\(i), respectively. The fin
value of the deposition height at such a station (i) corresponds therefore to tl
average of t ese two values :

2X fAqsb(i-1) At N Aqsb(i) AtY 2\
Ax (1 - p) Ax(l-p)
At the end of each time step the program searches for the maximum relate
variation of the bed level, A*(i)/h (= DELZRM), and compares it with tl

maximum tolerated value (VARZMX), as specified by the user during data input.
DELZRM > VARZMX , the program displays an error message and stops.
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reach H |
*
a
> Cc

the ratio Xis specified by the user,

recommended 05 < X< 1.0

2

M:

)1+ ( VAX(l-p)j

2 Aqsh(i(
1 (O \A*(Ip(

Calculation ofupstream )downstream deposition heightsfo r the reach (i
located between the stations (1) at 'he downstream ) +/( atthe upstream
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Fig. EX.6.C.4 Procedure for calculating the v©lume of the sediments to he deposited at

each reach and the modification of the bed level.
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At the end of a time step —  the printing time has come — the main program cal
the subprogram DWRITE for printing the results for the current time step on tl
users specified output file as well as on a second file called GRAPH.DAT.

If the simulation period specified by the user is not yet reached, the progra
modifies the bed-level heights at the stations :

ZjtAt =z t+ Az,

and then goes to the beginning of the calculation loop to start a new time step with
water-surface profile calculation, using this new bed profile.

The program DELTA is a simplified way of solving numerically the equations of Sain
Venant - Exner (see sect. 6.2.1). The equations of Saint-Venant, eg. 6.1 and eq. 6.2, al
written for a steady flow in the form of the equation for the (‘ree-surface flow, eq. 4.5; th
slope of the energy-grade line, eq. 6.3, is expressed here by the Manning-Strickl
formula, eq. 6.a; the relationship of Exner, eq. 6.4a, gives the volume of the deposit;
solid discharge, eq. 6.5, is expressed using the formula of Schoklitsch (1950), eq. 6.3
and the fomiula of Meyer-Peter et al. (1948), eq. 6.32.

e) Use ofthe program DELTAfor solving the problem :

The source code of the program DELTA presented in the Fig. Ex.e.c.l 1is first compile
and linked to obtain an executable code. A FORTRAN compiler is of course necessaty
do these operations on your computer. The reader should consult the manuals of hi
computer to learn the exact procedure to follow.

The user feeds the program data into the computer interactively by answering th
questions asked by the program. Numerous comments has been introduced into th
conversation to remind the user of certain important points treated in chap. 6 and to guid
the user in making his choices. The program also checks some of the likely errors in th
data introduction and warns the user. In case of an error, the question is repeated until th
user answers correctly.

The dialog between the user and the computer for solving the present problem i
presented in Fig. Ex.6.c.5. The values typed in by the user are highlighted by a whit
background. They are followed by a sign representing the RETURN (CR or ENTER 0
some computers) key on the keyboard.

The user begins the work by introducing the initial bed slope (SF) and the average grai:
diameter (D50) of the sediments. Using the average grain diameter the program calculate
the Wnning-Strickler coefficient due to grain roughness and displays it on the screen
CN50 = 0.0202 (m* ~s). The program then asks the user to enter the total Manning
Strickler coefficient (CN). It is the value of CN that is used later in all calculation
(specifying a value of CN = CN50 will mean that the grain roughness is the only cause o
the regular head loss). If the user has good reason to think that the head loss is larger the
the one given by CN50 — since bed forms (such as dunes) or other irregularities an
present — the estimated total value should be entered. For the present problem the valu
given in the problem will be entered, namely CN = 0.032 (m~I/s).

Supplying the density of the sediments (ROS) and of the water (ROE) as well as th(
discharge per unit width (QU) is sufficiently clear.
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The program proposes now 4 formulae for solid discharge as bed-load transport and asks
the user to select one of them. To select the formula of Meyer-?eter et al., one enters "2".
Up to this point the dialog with the computer is the same for all cases. Now comes a short
conversation with the computer which depends on the selected method. Some methods do
not need supplementary data. The program only displays the method used. In case of the
selection of the formula of Meyer-?eter et al.. if CN > CN50, the program asks if the
user wishes to use the roughness parameter, FCOR.

From here on the text of the dialog with the computer is again the same, regardless of the
choice of the bed-load transport formula. The conversation continues with the
introduction of the data concerning the modification of the bed profile. First, the desired
value of the maximum relative variation of the bed level during a single time step,
VARZMX = 0.1, must be entered. The program sees to it that at none of the stations,
during a single time step, the bed-level modification, DZ, is higher than 10% of the water
depth. The user enters also the porosity of the deposited sediments, p (POROS).

The procedure used by the program to transform the volume of the sediments deposited in
reaches into upstream and downstream bed-level modification heights was described
above in detail. For the ratio of the upstream/downstream heights a value of
X=HAMHAYV =0.75 is entered; this means that the deposition at the downstream end of
the reach is higher than the one at the upstream end. It is important to note that this ratio
must be between 0.5 and 1.0. In case of high bed-load transport rates, a uniform
distribution of the sediments over the reach (HAMHAYV = 1.0) may cause instabilities in
the calculation of the bed levels at the stations.

The data input continues with the information on the calculation domain. The first station
is located on the dam; by entering X1=0 [m], the origin of the coordinate system is
placed at the dam. The calculations will be carried out up to an upstream distance of
XF= 120000 [m].

The choice of the step length in the longitudinal direction, DX, is important. A very small
step length necessitates a very small time step; this increases of course the calculation
time. For the calculation of the deposition one can choose relatively large time steps. In
the present case a step length of DX = 600 [m] is used. A too big step length may cause
errors in the calculation of the water-surface profile (especially around the region where
the river meets the reservoir) and may cause the program to stop the execution. To
overcome this difficulty without loosing the advantages of working with long steps the
program uses a clever programming trick.

The water-surface profile is calculated using the 4th-order Runge-Kutta method. The
calculations start at the station located at the dam where the water depth is known. By
sending this value to the subprogram RK4, the main program obtains in return the water
depth at a station immediately upstream. To be able to guarantee a sufficient precision in
the water-surface profile calculations, the program checks if the difference of the dynamic
heads, u 2/2g , between these (¢ success ve stations is less than a value specified by the
user, in the present case DHDYNM = 0.01 [m], or not. If in a reach this value is not
respected, the program divides this reach into 21 =2 sub-reaches, and redoes the
calculation in two steps. If the criteria is still not respected the program tries this time
22 = 4 sub-reaches and so on. It is the user who specifies up to which power of 2 the
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PROGRAM FOR THE BED-LOAD TRANSPORT CALCULATION
BY TAXING INTO ACCOUNT A BED-LEVEL MODIFICATION.

NOTBS j
- AIT SYSTEM  SI
- NUM. FOR WATER-SURFACK PROFILE CALCULATION  4th ORDER RUNQE-KUTTA

- THIS FLOW IS SUBCRITICAL (Fr < 1 ). THE *ATER-SURFACE PROFILE CALCULATION
STARTS AT THE DOWNSTREAM END AND PROGRESSES TOWARDS UPSTREAM

SKDIMKMT TRANSPORT CALCULATIONS ARE CARRIED OUT FROM UPSTREAM TO

- THE CALCULATIONS ARE MADE FOR A UNIT WIOTH

PHYSICAL CHARACTERISTICS DATA
Initial slope, ? 4 5.4 r RETURN

Average diaaMtter of sediments, D50  mm( ?=6 I RETURN 3

*

According t© the Manning co«fficient 3 18

to N grain roughness
CHSO ds50'Cl/6( / 21.1 .0 02>/ 1/3¢(
Total Manning-Strickler coeff., CN / 1/3 2 0.032
Den*ity of sedimente, ROS (kg/m3) ? 2650
Denaity of ROE (kg/m3J ? 0
Unit di*charge, QU (m2/a)

CHOICE O THU BSD-LOAD FORMULA

The prograa allow* the use one of the
0 - 0 H
1- Schocklitach < 5
2- Meyer-P«ter et al. 8
1942) -
Your fozstula {to be programmed
Which fo&M U you chooee ? (1 2 4 C RETURN 3
KIrnH '-PST* 3 > bed-load formula 1. 0
you want to th* roughness parameter, FCOR ?

¥>»§ or N(0)/CR ? Y

The ]I parameter then, FCOR (CN50 / CN)**1.5 * .502

1 21 DATA

The -~ variation during a dingle time step
must . to© big; O instabilit;"®* of
the bed may appear. At the end of each time
step, tha calculatea the maximum relative bed-
1 variation, DELZ/H (bed-level variation divided
by th* watir depth) and checks that it is not bigger
than a specified by the N
rel. - variation VARZMX (-) ?2* 0.1 Creturn™)
Poroaity depo«ited sediments, POROS (-) ? 0.3 ¢ RETURN*™

The VOIUUM sediments deposited in reach is

er&nsforawA into - variation height at the
upatream, by defining trape oid.
Th* uaer © the sediment distribution by choosing
the ratio upatream/downstream heights of the trapezoid.
rec to the values : $ < HAMHAV < 1.
Ratio of' epetr./downatr. heights, HAMHAV {-) ?m0.75 C return !

Fig. EX.6.C.5 Interactive dialog with the computer for the data input (continuec
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Fig. EX.6.C.5 Interactive dialog with the eomputer for the data input (end).

SEDIMENTS
INFORMATION ON COMPUTATIONAL o
Xx-coordinate first station, *1 (M
x-coordinate of last station, XF ita) ? 120000
Total reach length is therefore, TL 120000.00

you have to specify the step length in x-direction.
If the step length is too long to guarantee a correct
prediction of the water-surface profile, the program
will automatically add 3ome intermediate stations. The
results, however, are only printed at the stations
specified by the user; others remain invisible. The step
length for the space must therefore be specified to

guarantee a correct representation physical processes
involved in the bed-load transport. In case of doubt, you
can repeat the 1 with different step lengths and
compare the results.

Step length in x-direction, X < ? 600
Number of reaches, ND ﬂ
Number of stations, NS

Max. tolerated var. of dyn. head, DHDYNM (M) ?

In case this value is exceeded the reach will subdivided

in order to refine the calculations.

The number of divisions is specific in powers of
The maximum value is 7 =

Which corresponds to 2.0AMCMAX = 12~ subdivisions

number of subdiv. in powers of NMC C RETURN 3

INFORMATION ON BOUNDARY CONDITIONS
Note that the sediment transport at downstream end

automatically taken as zero, Qsu() 0.0
Water depth at the downstream end. Hi (M) ?=23.5
PARAMETERS RELATED TO TIME AND PRINTING OF RESISTS ;
Time step, DELT (days) ? 10 C RETURN 3
0 ~ of simulation, TFIN (days) 2 36500
Results will be printed every NPP step ? = 730 C RETURN 1
Name of output file (max. 40 char.) MEYPET.OUT C RETURN 3
TIKE STEP 1.
TIME n (ID
TIME STEP

TIME (days)

TIME STEP 3651.

TIMS {days) 36500-000
2 subdivisions betweenstations 57 and
4 3 betweenstations 57 and
8 subdivisions betweenstations 57 and
16 subdivisions betweenstations 57 and

NORMAL END OF PROGRAM

PRESS ON RETURN KEY TO EXIT

425
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program should continue to subdivide the reach. The maximum number of subdivi
provided in the program is 27 = 128, but this can be modified. In the present cas<
maximum number of subdivisions is chosen as NMC < 7. While running the prograi
case of subdivision of a reach, a message is displayed on the screen indicating the nui
of the reach and the number subdivisions applied (as a power of 2). In this way the
can follow the calculations.

The program needs two boundary conditions to solve the problem. The boun
condition for the calculation of sediment deposition is implicit. The program automati’
considers a zero solid discharge at the dam section (station). For the water-su!
calculations the user enters the water depth at the dam, HI = 23.5 [m].

The last group of data concerns the time and the printing of the results. The choice o
time step depends of course on the step length in the longitudinal direction. In the pr
case atime step of DT =  [days] is chosen. The calculations are done for a simul
period of hundred years (TFIN = 36500 [days]). The results are written in the outpu
MEYFFT.OUT every 730 steps; this corresponds to a period of 20 [years].

The program creates two other files in the current directory (the directory in whicl
program is run):

DIALOG.DAT : contains the text of the dialog with the computer to enter the data.

GRAFH.DAT : contains the station numbers, the bed level and the water-sui
elevation separated by commas. This file can be easily read by
commercial spreadsheet program to draw the longitudinal profile.

Before running the program on a micro-computer, the user should make sure tha
current directory does not contain files with these two names; in such case the pro
will refuse to start. If you do not want to erase these files you must either rename the
move them to another directory. You may also try to run the program in anc
directory.

0 Results ofthe calculations with the program DELTA :

The formation and the advance of the delta in the river-reservoir system were simul
for a period of 100 [years] with the program DELTA, using the methods oiMeyer-I
et al. (1948) and of Schoklitsch (1950).

The output file MEYFET.©UT containing the results of the simulation of the delta
the method of Meyer-Peter et al. (1948) is partially, namely for T = 0, 20
100 [years], presented in the Fig. Ex.6.c.6. Due to lack of space the results for T =
60 and 80 [years] are omitted. For the same reason the output file for the simulation v
the method of Schoklitsch (1950) is not presented either. The results for these
simulations are presented in a graphical form in Figs. EX.6.C.7 and s, respectively.

At the beginning of the output file one finds the problem title and a summary of al
data fed in by the user as well as some useful parameters calculated by the program
results at different time steps follow. Since a time step of 10 [days] was used, and it
decided that the results are to be printed at every 730 steps (see Fig. EX.6.C.5)
results are printed with a time interval of 20 [years], starting with the initial t
T = 0 [years].
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The results for each time step are precede ! by a he ~er, md ;at ng the time step-uumber
as well as the time itself  seconds, hours, days and years. The total volumes of the
deposited (DQSDET) and eroded (DQ$ERT) sediments refer to the cumulative sums of
he positive and negative values of the variable DELQS. since the beginning - the
simulation (T =0). The absolute (DELZMX) and relative (DELZRM) maximum bed-level
variations refer to the bed-level variations (DEfZ) for the runnung time step; being the
one printed at the top right. The explanations for the different columns of the output file
are given below :

STATION NO Station number. There are 201 numbered stations, starting
with station (the dam at the downstream end) up to the
station 201 (at the upstream end).

X (m) Distance between the station and the downstream end
(station
ZF (m) Bed-level elevation with respect to the first station. The

bed-level elevations, ZF, at time T = 0 are also stored as
initial bed-level elevations in the variable ZF1.

ZF-ZFI (m) Difference between the running bed-level elevation, ZF
(at the time indicated on the top left) and the initial bed-level
elevation, ZFI (at time T = ). It is this column which
shows the height of the deposition (or the erosion). On
Fig. Ex.6.c.s, the region o' the delta formation is
highlighted by a thin frame.

(m) Running actual water depth.
ZF+H (m) Water-surface elevation with respect to the bed-level
elevation at the downstream end (at the dam).
(m/s) Average velocity.
Froude number.
;,, (ma/s/m) Solid discharge at a station.
DELQS (ma/s/m) Difference of solid discharge between the extremities of a

reach. There are only 200 reaches for NS = 201 stations.
This is the reason for having DELQS = 0 on the line 201,
however, this value is not used in the calculations. To
calculate the deposition height at the upstream end of the
computational domain, DELZ(NS), the program assumes
implicitly that DELQS(NS) = DELQS(NS-I).

DELZ (m) Modifications to be applied to the bed, before starting the
calculations for the next time step.

The different stages of the formation and the progression of the delta and its influence on
the water-surface profile can readily be observed in Figs. Ex.6.c.7 and 8. These figures
have been prepared by plotting the information in columns ZF, bed-level elevation, and
(ZF+H), water-surface elevation, as a function of the distance given in column X. By
studying the contents of the output file, presented in Fig. EX.6.C.6, and the profiles
plotted in Figs. EX.6.C.7 and 8, one can make several interesting observations.
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First the column QSU for the time T = 0 [years] in Fig. EX.e.C.6 will he considei
From the dam up to the station 69 ( = 40.8 [km]), there is no solid discha!
The velocity in this reach is equal to or smaller than 1 [m/s]. From
station 1\ (x - 42.0 [km]) onward the solid discharge increases towards the upstrean
attain a constant valne of QSU =0.16-10"4 [mVs/m], which is the solid discharge for
river cross-section. The column DFLQS shows that the deposition ol' the sedime
occurs between the station 69 ( = 40.8 [km]) and station 95 ( = 56.4 [kn
Downstream of this reach there is no sediment transport whereas at the upstre
constitutes the river reach where the bed-load transport is in equilibrium. The format
of the delta starts therefore at the point where the river enters the reservoir. The 1
DELZ gives the modifications to be applied to the bed elevation between the station
and the station 95, for the next time step.

At time T = 20 [years], as the column ZF-ZFI shows, the downstream end of the ot
is at the station 62 (jt = 36.6 [km]). The maximum height of the delta is hd= 1.23 [m
the station 64 (x = 37.8 [km]). By integrating the data in this column, using
trapezoidal rule, the total volume of deposited sediments is found as being 14396 [M3
This volume takes into account the porosity. In the header of the results
T = 20 [years], the cumulative volumes of deposition and erosion
given as: DQSDET = 12650.7 [m3/m] and DESERT =-2559.5 [m%¥
The net volume of the deposited sediments is now calculated as be
(DQSDET + DQSERT) = 10081.2 [mVm], By multiplying this volume with
coefficient of swelling CFOI = 1/ (1-p) = 1.4286, one gets the swelled volume
deposited sediment of 14416 [ma/m]; this value is very close to 14396 [ma/m] calcul
before. In Fig. Ex.6.C.6, the extent of the delta is highlighted by enclosing a portioe
the column ZF-ZFI in a rectangle. The bed-level modifications near the upstream end
in fact very small (see Fig. Ex.6.C.7).

PROGRAM FOR THE BED-LOAD TRANSPORT CALCULATION
BV TAKING INTO ACCOUNT THE BED-LEVEL MODIFICATION.

- UNIT SYSTEM - SI

- NUM. METHOD FOR WATER- SURFACE PROFILE CALCULATION * 4th ORDER RUNGE-KUTTA

- THE FLOW IS SUBCRITICAL (Fr THE WATER-SURPACE PROFILE CALCULATION
STARTS AT THE DOWNSTREAM END AND PRARESSES TOWARDS THE UPSTREAM END

- SEDIMENT TRANSPORT CALEULATIONS ARE CARRIED OUT FROM UPSTREAM TO CANSTREAM

- CALCULATIONS ARE MADE FOR A UNIT *

PHYSICAL CHARACTERISTICS DATA : CHOICE OF BED-LOAD FORMULA:

Initial bad slope, SF G Bed-load trajiiiporc formula by Meyer~Pet et al. (1934) is U9«
Average 1 of sediments, ) ' .00 Roughness coefficient, FCOR (NSO CN)*(3/2) . (2
Manning coeff. for sed. grain . CNSO (s/m*1/ 0202

Manning-strickler coefficient. CN (s/ml/3 .0320

Density of *edimenta, ROS /<3 '2'650.00

Densi of water, ROE ( /3 H "

Unit discharge, (m2/B)

INFORMATION RELATED TO WATER-SURFACE CALCULATIONS INFORMATION RELATED TO CALCULATION OF DEPOSITION VOLUME :

Max. tolerated var. of dyn. head, DHDYNM (m Max. rel. bed-level variation, VAF.Z2X (5

= .10
Maximum number of subdiv. In powers of 2, Coefficient of swellinc};_l, CFOl -1.4286
Ratio of upst./dwnat. heights, HAVMHAV - 7 5 0 .

INFOPMATION ON CALCULATION DOMAIN BOUNDARY CONDITIONS :
x-coordinate ot first station, X1 im Bed-load transport at £ downstream end zero.
x-c-ocrdinate of last XF l(ﬁ stafavey depth at downstream end, HI @ 23.800
Total reach length la therefore, TL (m m
iteg Ien%th |nhé<od|rec Ion, Ré (m .0 PARAMETERS RELATED TO TIME

umber of reacl m Time step. DELT (days;
Number of station*, NS m Duration £~ TFIN 50 )

: PRINTING OF RESULTS
Prlntlng 1 every NPP *tep
Niff. of file (max. char.

Fig. EX.6.C.6 Output file of the program DELTA, resulting from a simulation using
method of Meyer-Peter et al. (1948) (continued): file header.
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Fig. EX.6.C.6 Output file of the program DELTA, resulting from a simulation using the
method of Meyer-Peter et al. (1948) (continued) : T =0 [years].
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At time T = 100 [years], the downstream end of the delta has reaehed the statioi
(33.3 = [km]) (see column ZF-ZFl). The maximum height of the delta is 2.91
(station 58, x = 34.2 [km]). The total volume of deposited sediments is 71887 [m3]
unit width.

On Figs. Ex.6.c.7 and 8, it is interesting to note that the influence of the delta can be
up to a quite Jong distance upstream.

The table below summarizes the most important characteristics of the deltas, calcul
using the two methods.

Results of the calculations, using the bed-load formula of Meyer-Peter et al. (1948

Nose of delta Maximum height of delta Vol.
time [yearsl  station no 11 ym( station no *[m] delta [m3
20 62 36600 1.23 64 37800 14396
40 60 35400 1.78 62 36600 28789
60 59 34800 2.17 61 36000 43173
80 57 33600 2.56 59 34800 57539
56 33000 2.91 58 34200 71887

Results of the calculations, using the bed-load formula of Schoklitsch (1950)

Nose of delta Maximum height of delta Vol. 0

time [years] station no X [mj hd (m) station no *Im] delta [m3
? 63 37200 0.91 65 38400 7395

40 36600 131 64 37800 14790

60 61 36000 1.62 63 37200 22185

80 60 35400 1.90 62 36600 29580

100 59 34800 2.14 61 36000 36973

The above table shows that the bed-load formula of Meyer-Peter et al. (1948) predi

delta which is larger than the one predicted by the bed-load formula of Schoklii
(1950). After a period of 100 [years], although their height is almost the same, the d
obtained by using the method of Meyer-Peter et al. (1948) has a volume 1.94 times
volume of the delta obtained by using the method of Schoklitsch (1950). A graph
comparison of the results obtained using these two methods is presented
Fig. ex.6.c.9. The difference between the two methods comes from the differe
between the predicted bed-load transport rates. For the same hydraulic conditions,
formula of Meyer-Peter et al. predicts a solid discharge which is larger than the
predicted by the formula of Schoklitsch (the same observation is also valid for Ex.6
In Fig. Ex.6.€.6., the bed-load formula of Meyer-Peter et al. predicts a solid disch
of g =0.16- 0 [m3s/m] at time T = 0 for the initial river cross-section. The ou
file for the simulation using the method of Schoklitsch is not given here; the

can easily run the program himself and will obtain a solid discharge
qsb = 0.82¢ 0~ [m3s/m]. The ratio between the two solid discharges is 1.95; this is

close to the ratio between the different values for the volume of the deltas.
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Differences of this order of magnitude between the results obtained using different
load formulae are not rare. In a real study of the sediment transport in a river or in a
reservoir system, it is necessary to do the calculations using different methods ai
compare the results against in-situ measurements, in order to determine the formula

is best suited to the particular case. Sometimes it may even be necessary to calibrat
sediment-transport formula and/or the simulation program to adapt it to the parti
problem in hand.

It is left to the user to run the program using the method of Einstein (1942) (see
6.3.3, 4°) and to compare the results with those presented above. It is also imports
recall that the option number 4 in choosing the bed-load formula is provided
programmed by the reader. The user should select a bed-load formula of his choic
program it into this subroutine.

g) Remarks:

Before finishing this exercise, it is in place to call attention of the reader to a few cr
points :

- A computer cannot represent a number internally with an absolute precision. 1
computers on the market use a set of 32 bits (= 4 bytes), called word, for storing
floating-point number of single precision (R*4). In such a computer a real numt
stored according to a standard format as a combination of an integer number (23
called mantissa, and an exponent of 2 (8 bits). The last remaining bit is reserve
the sign. The relative precision that can be obtained with such a storage metfo
approximately 3-1 “* In many cases this precision may appear to be suffic
However, the arithmetic operations with real floating-point numbers reserve a
surprises. When a very small number is added on a very large number or whei
difference between two numbers being nearly equal is calculated, the round-off e
may become very important. In the present program, very often the difference bet\
two nearly equal numbers are calculated (for example for the calculation of DEL
We also add very small values contained in the variable DELZ on the variabl
containing much larger values. To avoid the errors caused by a round off, some O
variables of the program are declared as "DOUBLE ?RECISION"
Fig. Ex.6.€.11). The computer uses then two words (= 8 octets = 64 bits'
representing real floating-point number (R*8). In this way a relative precision 1
order of 10~15is obtained.

- Since the program uses a decoupled algorithm, one cannot talk about a stab
condition of the Courant type, for example (see sect. 5.2.3). The choice of the st
and time-step lengths remains nevertheless important from the point of view of a
mentioned round-off errors. The step length in the longitudinal direction must be s
enough to allow a correct representation of the form of the delta. A too short space
and/or a too small time step may lead to deposition volumes and/or bed-1
modification values close to the precision ofthe internal representation ofthe floai
point numbers in the computer. The reader is advised to try the program with diff<
space and time step combinations.
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- One of the most important variables controlling the delta formation is the HAMHAV-
variable, which defines the way the deposited sediments will be distributed over a
reach. It is recalled that a o "HAMHAYV = , which means a uniform distribution
of the sediments depositing in the reach, generates instabilities at the upstream and
brings the program to a hail either because of an impossibility to calculate the water-
surface profile or because mthe detection of a deposition height being larger than the
one specified by the user as 'he maximum allowable value. The reader is encouraged to
try the program with different values of HAMHAV < 1

- A sufficiently long river I' :ach, where the flow remains uniform during the whole
simulation period, must be provided at the upstream end of the river-reservoir system
to insure a correct functioning of the program DELTA. The upstream limit of the delta
should not, therefore, touch the upstream end of the computational reach. To illustrate
the influence of the computational domain on the results of the delta format!on and
progression, simulations were done by modeling three different lengths of the river-
reservoir system, namely : TL = 60 [km], 80 [km] and 160 [km]. ~ ~ form of the data
for these three simulations ue presented in Fig. Ex.6.€.10 (to be also compared with
Fig. Ex.6.c.9). The results are summarized in the table below.

Delta after 100 [years]
Simulations using the bed-load formula of Meyer-Peter et al. (1948)
with different computational domain lengths, TL.

Modeled  Space Nose 0 Maximum height Apparent volume of delta after 100 [years]

length step delta 0 'delta from the downstream end (dam)
DX hi up to a distance of ......
[] Iml [ [ml 60 fkml 80 [kml 120 [km] 160 Ikml
60 400 32800 1 3.30 33600 69617 - - -
80 400 33600 2.85 34400 47576 57524 - -
120 600 33000 291 34200 49205 63830 71887 -
160 400 34000 2.87 34400 49131 63789 71307. 71977

The solution with TL = 60 [km] predicts a longer and higher delta (see also
Fig. Ex.e6.€.10). The other three simulations yield similar values. The difference
between the simulation with TL=120 [km] and the simulations with TL = 80 and 160
[km] is probably due to the difference in the space-step length.

Each simulation is done with a different computational domain length. In the first three
simulations, the delta touches the most upstream station; it is therefore not simulated in
its total length. Thus it is necessary to calculate the volume of the delta at intermediate
intervals, as shown in the table above, for a comparison of deposition volumes
obtained from different runs. The simulation with TL = 60 [km] overestimates
considerably the volume of the delta up to that distance. It is also interesting to note
that the last two simulations predict almost identical delta formations, despite the fact
that only the solution with TL = 160 [km] has still a river reach with a uniform flow
after years of simulation. The solution with TL = 80 [km] gives a good prediction
of the maximum height of the delta; the volume of deposition is, however, smaller.
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Fig.Ex.6.C. 10 Comparison of deltas, simulated with differents lengths of the river
reservoir system by using the bed-load transport formula of Meyer-Peter et al.
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4 NPP * PRINTING FREQUENCY
4 NPT * PRINTING TIME COUNTER
4 Ns NUMBER OF PRINCIPAL STATIONS
4 NSMAX NUMBER OF MAXIMUM STATIONS ALLOWED BY THE PROGRAM
4 NSUBD * NUMBER OF SUBDIVISIONS AT A GIVEN REACH
R 4 PI Pl "MBER
R a ARIT CRITICAL DISCHARGE IN FORMULA OF SCHOKLITSCH
R 8 Qsu (NSMAX) SEDIMENTS TRANSPORTED THROUGH A NATION
R 4 UNIT DISCHARGE (WATER)
c 1 QuUIT READ FOR TERMINATING THE PROGRAM
R 4 ROE DENSITY OF WATER
R ROS DENSITY OF SEDIMENTS
R 4 SEFF SLOPE OF ENERGY GRADE LINE AT A STATION
4 SF - TNTTTAL BED SLOPE
R 4 SFTR = LOCAL BED SLOPE AT A GIVEN REACH
R sS SPECIFIC D”SITY OF THE SEDIMENTS
R8 T = TIME
R 8 TFIN - FINAL TIME
R4 TJ - TIME (NUMBER OF DAYS)
R4 TL TOTAL LENGTH OF RIVER REACH STUDIED
R 4 VARZMX MAXIMUM RELATIVE BED-LEVEL CHANGE ALLOWED BY
THE PROGRAM IN A SINGLE TIME STEP
X (NSMAX) - X .; ORDINATES OF PRINCIPAL STATIONS
R 4 X1 =< COORDINATE OF MOST DOWNSTREAM STATION
R 4 XF X COORDINATE OF MOST UPSTREAM STATION
. 4 XSUB (2<<MCMAX — X-COORDINATES OF INTERPOLATED STATIONS
R ZF (NSMAX) - BED-LEVEL ELEVATIONS AT ANY TIME
R ZFI (NSMAX) - INITIAL BED-LEVEL ELEVATIONS
' PARAMETERS
PARAMETER NSMAX = 1C00

LABELLED COMMON BLOCKS {SHARED VARIABLES)
COMMON /DONNE1/ SFTR ,QU.CN

THE MAIN PROGRAM "DELTA" SENDS THE NAME OF THE SUBROUTINE SUBPR"RAM
*DERIVE* TO THE SUBROUTINE SUBPROGRAM 4 * IN THE LIST OF ARGUMENTS.
' ACCORDING TO THE FORTRAN PROGRAMMING RULES, THE SUBROUTINE SUBPROGRAM
*DERIVE* SHOULD BE DECLARED AS 'EXTERNALe.
EXTERNAL DERI®

DECLARATION OF VARIABLES
CKARACTER*1 QUIT
CHARACTER*4Q  FICHS
DOUBLE PRECISION ZF (NSMAX) ZF1  (NSMAX)
DOUBLE PRECISION  QSU(NSMAX) DEI.Z (NSMAX) DELQS NSMAX- 1
DOUBLE PRECISION DQSDET , DQSERT DELZMX DELZRM
DOUBLE PRECISION DELT , TFIN , T

DIMENSION X(NSMAX) ,  H(NSMAX)
DIMENSION XSUB(2»*MCMAX- 1) HSUB
OPE* ( UNIT = *GRAPH.DAT’

mREAD THE PROBLEM DATA
CALL DREAD( NO”™ , NSMAX MOVAX
m, CN . DSO ,

DHDYNM
THAN

Fig.Ex.6.C.II

Program DELTA (continued).

5 NFTS , CFOlI , FCOR , HAVHAV , CRAM . CRAV ,
FICHS,NPP)
¢ @]
¢ INITIALISATIONS
Pl . 2?
G *9.81
T « -DELT =
CPTT -0-0
NPT 1- q
~ SDCT .
(9]
DQSERT 0.0 m
c g
CALCULATION OF X C*RDINATES AND INITIAL BED LEVELS OF COMPUTATIONAL <
SECTIONS m
X(I> 0.0 Z'
ZFUJ 0.0 7]
DO 10 I =2 . NS
X (l) - X (1-1) DX
ZF(1) ZF(1-1)  SF DX
ZFI(l) = ZF(l)
1 CONTINUE
= riTE THE TITLF.S ON OUTPUT Fn<
CALL TITLES NuUT sf CN . 0.cu S , 0. . ROE , Qv
1 DHDYNM . NMC , VARZMX , CFOI . HAMHAV . FCOR
NFTS . XI , XF , TL , DX , ND . N 2:, HQ(
DELT , TFiN . NPP . FICHS)
C CALCULATION
ICO T = DELT
CPTT CPTT {
NPT NPT 1
TJ 06400
WRITE(*,110) CPTT . T
FORMAT(/ TIME STEP 110
TIME (days -« 1
GINNING OF LIQUID PHASE CALCULATIONS
BACKWATER CALCULATION
DO 300 I -1 NS-
NSUBD
DXSUB
HSUB 1(
XSUBFI( |)
DO 250 NSUBD 1
XSUB1J+1( X (I( DXSUB * NSUBD
CALL RK4( G , HSUB(J) . DXSUB . HSUB(J*1(  DERIVE
HDYNI **G*HSUB(I*2( / 2(+*2(
HDYN2 **2 | (2 G*HSUB j 1(' 2
IF(ABS )» ™A -HDYNI).G T. DHDYNM) THEN
C INTERMEDIATE SECTIONS MUST BE GENERATED BY INTERPOLATION
WRITE(*,223) 2**MC , | , 1«1
FORMAT 223 /X 12," suljdiviaions b«tween sections ', IS
IF(MC.GT.NMC)THEN
PRNAM / SH(I(  SQRT(G H(im
»
w
©
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Ex. 6.D

An “stificial channel has been constructed to divert a certain discharge from a river. Thi
c™an”el has an approximately rectguiar ross™ection with a width ofB = 46.5 an
a bed slope of Sf=6.5 > [-]. The uniform flow is established when the flow dept
is 5.6 = [m]. The velocity-profile measurements carried out in this channel allowe
to obtain the average velocity of u = 18 [m/s] for a friction coefficient c
n'=0.0212 [m~*"s]. The granulometry of the bed material has not been analyzed.

Estimate the bed-load transport in this channel. Subsequently, express the solid discharg
as a concentration. Is suspended-load transport to be expected ?

SOLUTION:

0 First, preliminary calculations concerning the hydraulics of the channel and th
sedimentology of the bed material should be carried out.

Unit discharge = Uh = 18 (5.6) = 10.08 [m3sm]
Discharge : Q =gB = 10.08 (46.5) = 468.72 [m3s]
Hydraulic radius : R,, = =4~ fp 25(B)6) = 4.51[m]

Hydraulic radius of the channel bed (the channel banks are assumed to be smooth)

Rhb = K = 5-6 [m]

The granulometry can be estimated using the calculated friction coeffieient, n
which, being obtained from a measured velocity profile, corresponds to the frictio
coefficient due to grain roughness. By using the Strickler formula :

= ks = (L0272 and Ks = 18

one obtains :

d0 = 0.0280 [m]  ; d5 = 0.0080 [m]

By assuming a granulometric distribution to be logarithmic, one finds :
0.0055 = [m] ; d40=0.0062 [m] ; =0.0117 [m]
The total friction coefficient, n , which is due to the combined effect of grai:

roughness and bed forms, can now be obtained using the Manning-Strickle
formnla o
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K s = )5.6( )0.0006 2241 ]

whereas :

= =002 ImYVs[ 4717 = 2

The roughness parameter is therefore :

-)YE (" = .<
The settling velocity for d50 is (see Fig. 6.10): 04=  [mls]

Tree difrerem bed-load equations will be *
namely the bed-load equation of Schoklitsch, eqg. 6.31, of Meyer-Peter et al.,
eqg. 6.32, and of Einstein, eq. 6.42.

a)  The bed-load equation of Schoklitsch is given by :
gsb = f s e32(gq-qQ) (6.31)
The critical liquid discharge is calculated using :

gcr = 0.26 (Ss- 1)93 Se-7/6 (6.31a)

where d = d40 = 0.0062 [m] for a non-uniform granulometry and assuming
that the specific density of the bed material is ss = 2.65 [] :

gor = 0.26 (1.65)1.53 = 76'(0.00065) 320.0062) / [m2s]

The volumic solid discharge for a unit width is then :

g = 1.33 = (153 - 10.08) 3%0.00065) -ICr4 [m2s],

b)  The bed-load equation of Meyer-Peter et al. is given by :

Y.Rhb5m se _ 0047 6.32) < )
(Ys~Y)d (Ys~Y)d

where d = d0.008 = () [m] for a non-uniform granulometry .
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The solid discharge by submerged weight a unit width can then
calculated as :

2s 9.81 )1650()0.008(, 5.6 )0.327()0.00065(
gsh 0.25 ) 1000( )UU4  0.008 )1.0 - 2.65/(

g'sb = )5 .9 .9 - .47 =)2.23(/ = JN/ms[ 3.35

The volumic solid discharge for a unit width is :
= = 1650(3/9.8( = 2@710"
The bed-load equation of Einstein is given by :

=/)" *( )6.42

Considering the non-uniform granulometry with d =d” =0.0055 [m], O
shall take:

o =/(¥) or , otv., = ) )
V(Ss-1)gd 35

First the shear-stress intensity parameter should be calculated :
) = (S1) 6.3) -

The friction velocity due to the grain roughness will be calculated using
logarithmic velocity distribution :

575 ) (+ 625 = 21.66 )3.131

with ks=d&b=0.0117 [m] and h = 5.6 [m]. It is found that

2U =2L66 =6 0083 .

The value of  “can then be calculated as follows :

g(Ps-P)d3s  9.81)2.65- 1(0.0055 .
pu;2 )0.083(2 [ ]
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The hydraulic radius due to grain groughness is :

rhp = 108 = [m]

whereas the hydraulic radius due to the bed forms is :

Rhb" = Rhb-R hb' = 56-1.08 = 4.52 [m]

This shows the importance of bed forms in this cross section of the channel.

(If these values, 12.92 =

and u/u*" = 10.60, are compared with the

relationship of Einstein-Barbarossa, represented in Fig. 3.6, a slight

difference will be observed).

One can now either evaluate the function given by eq. 6.42, or read it directly

on Fig. 6.8, to find :

for  0.033 —12. 2

=< 0

The volumic solid discharge per unit width can then be calculated as :

qsb = <>V(ss-1)gd I8

6.28)

.33 ) 65() 81L) .05 (")

5.4110~5 [m25s]

The transport of sediments as bed load, obtained using these three bed-load
equations, is presented in the table below, both by volume and by mass.

The difference between the values obtained using the different formulae is
considerable but this is not surprising; one should in fact never expect to find
exactly the same values using different formulae.

Formula
q%rm
Sgg?kg_'éi"h 1.33-10'4
Meyer-Peter et al.
eq. 6.32 2. 1-
Einstein 0.54e 104

eq. 6.42

Solid discharge as bed load

gsb [kg/ms] Qsb [mVs] G [kag/s]
0.35 .- 16.39
0.55 9.62-[ ~ 25.50
0.14 2.51-10-3 6.65
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v)  The liquid discharge of
Q = 468.72 [m~s] or G = 468.7210+ [ka/s]

is responsible for the solid discharge — taking the average of the values listed
above table — o f:

Qs = 6.110~3 [m3s] or Gsbh= 16.2 [ka/s]

The average sediment concentration, € , can be expressed in different manr
Here are the possible definitions :

. - volume of sediments [m /s[
concentration by volume N fotafsvolume

concentration by mass mass of sediments [kg/s[
Y " Jtotal mass [ka/s

mass of sediments [kg/s[

concentration by unit mass "
[nr/s

: These definitions are related to one another in the following way

Ps CS p
P+ (P -P(£

Cs" = psCs c; =

: where pmis the average density of the water-sediment mixture, defined by
Pm = CsPs + (I-Cs)p = p + (ps-p) CS
With above definitions, the concentrations can be obtained

The density of the solid particles is:p =kg/m3] or 2.65 [g/cmJ3 2650].

The concentrations can now be calculated :

10"
CS = 46872 0.000013 [1
cs = 16.2 = 0.000035 }
468.7210
’ |
cC" = = 0.0345 9 or or

468.72 m 1000
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The average density of the mixture is :

pm  1000.00 + 0.02 = 1000.02 [kg/m ]

It is already shown that there 1s a strong bed-load transport in this channel. One can
now ask, if there will be also suspended-load transport.

According to an indicative criteria, given in sect. 6.1.3, the suspended-load
transport starts when :

> 0.40

Vss

?0r the present problem one obtains :

V,

SS

Therefore, a weak transport of sediments as suspended load is to be expected.

This expectation can still be controlled by determining the Rouse exponent,
eg. 6.50a :

0.4

* 0.4 (0.083) 1205

On Fig. 6.11, it can be seen that, for this £-value, the relative concentration
distribution, consequently the suspended-load transport, will be indeed weak.
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Ex. 6.E

A mountain river with a bottom slope of Sf = 0.0062 [-] has an approximately rectangula
cross section, being B = 23.5 [m] wide. Analysis of the sediment samples taken fron
well below the armour layer show that 60 =  [mm] and =200 [mm] and the densit}
of sediments is ss = 2.65 [].

Determine the diameter, ), of the maximum possible armouring. At which flow deptf
does the armour layer become unstable ?

SOLUTION:
®  The grain diameter of the armour layer is calculated (see point 6.3.4.5°) using the
relationship :
0o — - 90

d® = 0.6 (200) = 120 [mm]
ii)  The stability of the armour layer (see point 6.3.4.5°) can be estimated using the
express’n :
.2 7

a.cr —_
*a,Cr (SS d50,~ - )(*CI’ 0 4) ( 2 + 0 >

T*acr * Ter 0.4) 120( 2+ 0. = 0.05[0.88] =0.04[-]
from which one obtains :
u*acr = m"0.04[(ss-1)g d50a = V0.04 [1.94]= 0.28 [m/s].

According to the definition of the friction velocity :

u*= Vg Rh Sf = Rh = u*2gSf

Rh = 9.81 (0.0062) = Z3M(m|

Now the limiting depth for the stability of the armourlayer can be calculated as :

Rh = 2h+B 2 =5 h + 23)5 h= L4°

If the flow depth becomes larger than h = 1.40 [m], the armour layer is no longer
stable and an important erosion of the bed material may be expected.
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Ex. 6.F

The river Happy — whose stage—water-discharge curve was established Ex. 3.B —
has a variable discharge in the range 10 - < Q [mVsj < 000 . The width of the river bed
isb=90[ ]an non-erodible banks have a slope of 1:1. The topographical survey of
the river showed that the bed slope is S| = 0.0005 [-]. The sediment forming the bed has
a specific density of ss = 2.652 [-] and the grain-size analysis yielded : d0.32 =0 [mm],
dss=0.29 [mm] and djo=0.48 [mm]. The water temperature in the river is T= 14 [°C].

Determine the stage—sediment-discharge curve, Qs=/(h), for this river.

SOLUTION:

First the hydraulic calculations should be done to determine the stage—water-discharge
curve, Q =/(h), for the river. Once this is done, one can carry out the sediment-transport
calculations to determine the stage—solid-discharge curve, Qs=/(h).

)] Hydraulic calculations:
The hydraulic calculations were presented and commented in Ex. 3.B. The
table, where each line represents the calculation of a discharge, Q , and
other useful hydraulic parameters, R," , Rh", Rh, etc., is partially reprinted in
Table Ex.s.F. 1, together with the explanations for the columns. On every line, the
calculations start by assuming a hydraulic radius due to grain roughness, Rh'. The
corresponding discharge is obtained by following the procedure described in
Ex. 3.B. The values for Rh' are selected such that the calculations cover the entire
range ofthe desired water discharges in the river, 10 < Q [ma/s] < 1000.

R,.Rh. R
4 3 2 [ N o .1 0 0 0 00

Fig. Ex. 6.F. 1 Stage—Iliquide-discharge curve.

The stage—water-discharge curve, Q =/(h), and the variation of other parameters,
U, A, Rh, Rh"et R as a function of the flow depth, h, are presented in

Fig.Ex.6.F.l
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Table Ex.6.F. 1
Computation sheet  determining the water-discharge curve,
using the method (Einstein-Barbarossa (1952)
b =90 [m] r=14[°ClI ps= 2650 [kg/ms[
p=999.1[kg/m3] = . ]Im
s f=0.0005 [] V=1.186x10"6[m2/s] ks = =m][ 0.00032[
1 2 3 4 5 7 10
' u ’ U/u*" e Rh Rh uU* h (
[1 [mws] [ms] N ] ms] (1 (1 [msl [ [m
0.02 0.01 0.16 47.92 4.5 0.04 0.26 0.28 0.04 0.29
0.05 0.02 0.29 19.17 6.6 0.04 0.39 0.44 0.05 0.44
. 0.02 0.45 9.58 8.7 0.05 0.55 0.65 0.06 0.65 2(
0.15 0.03 0.58 6.39 0.4 0.06 0.63 0.78 0.06 0.79 4.
0.2 0.03 69 4.79 11.9 0.06 0.68 0.88 0.07 0.89 51
0.40 0.04 1.05 2.40 18.3 0.06 0.67 1.07 0.07 y- 10:
0.60 0.05 1.33 1.60 23. 0.06 0.66 1.26 0.08 1.29 15:
0.80 0.06 1.58 1.20 32.4 0.0 0.49 1.29 0.08 1.32 19,
.00 0.0? 1.81 0.96 42.6 0.04 0.37 1.37 0.08 1.41 23:
1.25 0.08 2.06 0.77 56.2 0.04 0.27 1.52 0.09 1.57 29;
1.50 0.09 2.30 0.64 73.1 0.03 0.20 1.70 1.76 37
2.00 OtO 2.22 0.48 107.2 0.03 0.13 2.13 b. 2.23 55
2.50 . 3.11 0.38 163.0 0.02 0.07 2.57 0.11 2.71 78L
3.00 0.12 3.46 0.32 6844.0 0.00 0.00 3.00 0.12 3.19
col, symbol explanations expression
hydraulic radius due to grain roughness (assumed value)
friction velocity due to grain roughness, eq. 3.24, Vg RN
u average velocity in the cross section u*'Vv el
with (see eg. 3.13b) : $/f* =56 log (Rh'/ ks) + (
parameter of Einstein-Barbarossa, eq. 3.3 N RR™S
U/u*" ratio of velocities corresponding to ' (see eq. 3.31 and Fig. 3.6)
friction velocity due to bed forms u/ (Ulu
Rh" hydraulic radius due to bed forms (" /(g
total hydraulic radius, eq. 3.24, Rh +
total friction velocity, eq. 3.7, Vg rh
h flow depth (see Tableau 1.1)
Q water discharge, eq. 3.2a, Uh(b +n
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Sediment-transport calculations :

The sediment-transport calculations will be made for the representative grain
diameter, using three different total-load relations, namely : (1) Einstein, (2) Graf
and Acaroglu and also (3) Ackers et White.

1

The formula  Einstein (5 O @). which allows the calculation of the total load
transported by the now. given by :

gs=qdb+qgs=qsb [ + 2.303 10g(30.2 h/ A);/,+ 6.60) [)

Since the grain-size distribution is quasi uniform, the calculations can be done
using an equivalent grain diameter (see Table 6.3) of :

d = d3%=0.00029 [m]
The intensity of transport is :
= (6.28)
V(ssl)gd4

where qsb = gao'ys is the volumic solid discharge for a unit width and gsb the
solid discharge by weight; both transported as bed load.

The intensity of shear is :

S o )6.34(

where Rhb' = Rh' is the hydraulic radius of the bed due to the granulats.

With the functional relationship of:
$ =/0F%*) (6.42a)

given by eq. 6.42 and presented in Fig. 6.8, one can obtain the solid
discharge, qsb, transported as bed load.

Next, the integrals, and 2 , which appear in the suspended-load formula,
eq. 6.56 (see also eq. 6.60). should be determined to calculate the solid
discharge, gss, transported as suspended load.

The total load, gs=qs+gss . transported by the river can then be calculated
using eq. 6.60.

The calculations can be programmed on a microcomputer using a spreadsheet
program. The table ©'calculations prepared in this way is presented in Table
Ex. 6.F.2. Each line of this table gives the calculations of the solid discharge
(by volume, mass and weight), as well as other useful parameters calculated
for each flow depth, h. The detailed explanations on the contents of the
columns are given below the table of calculations.


http://code-industry.net/

458

o ~N o o DM W N R

10

12

FLUVIAL HYDRA

Table Ex.6.F.2

Computation sheet . determining the stage—solid-discharge curve,

using the method of Einstein (1950)

b =90[m] p=999.1[
Sf=10.0005 (- v=1.186x 0 [mZs]

2 4 ( 7 9 10 12
Rpe U¥ 5 ks/8 4 A ‘ sb Qst
m [ms] [ ! N [ L - y o [mIsim] [
0.02 0.0) 139E-03 (2% . 3.92E-04 1001 4792 0.00 O0.00E+00 . -
0.05 0.02 881E-04 0405 125 2.86E-04 1076 19.17 0.00 7.96E-08 7.16E-
0.10 0.02 6.23E-04 0573 148 2.42E-04 1132 958 0.10 2.00E-06 1.80E-
. 5 0.03 5.09E-04 0702 .-6 2.29E-04 1156 6.39 0.35 6.91E-06 6.22E-
020 0.03 441E-04 0811 . 0 224E-04 1171 479 071 141E-05 1.27E-
0.40 0.04 3.12E-04 1147 160 2.23E-04 1191 240 ?51 5.00E-05 4.50E-
0.60 0.05 2.54E-04 1404 15 228E-04 1206 160 4.32 8.59E-05 7.73E-
0.80 0.06 2.20E-04 1621 149 240E-04 1203 120 6.06 121E-04 1.08E-

0.0?7 197E-04 . 12 251E-04 1205 096 7.77 154E-04 1.39E-
125 0.08 1.76E-04 2027 ..7 261E-04 1212 77 986 96E-04 176E-
150 0.09 161E-04 2.220 131 272E-04 1219 064 1194 237E-04 2.14E-
2.00 0.10 1.39E-04 2.564 124 2.87E-04 1237 048 1606 3.19E-04 2.87E-
250 011 1.25E-04 2.s66 11 2.99E-04 1253 0.38 20.18 4.0lE-04 3.61E-
3.00 7 1.14E-04 3140 116 3.07E-04 12.66 0.32 2428 483E-04 4.34E-
symbol explanations expression
h flow depth (see Table Ex.6.F. 1)
Rh’ hydraulic radius due to grain roughness (see Table EX.6.F.1)
u*' friction velocity due to grain roughness (see Table Ex.6.F. )

thickness of viscous sublayer 5=11.5 viv

k 5/ relative roughness (see Fig. 6.7a) ks/ 5= d6b/
X correction term for logarithmic velocity distribution (see Fig. 6.7a)
A apparent roughness diameter (see Fig. 6.7a) A= d&/

Pe transport parameter (see eg. 6.58) Pe = 2.303 log(30.2h / /

' intensity of shear, eq. 6.34, =(ss- 1) =2

0 intensity of transport, eq. 6.42, )

«

Q% solid lischarge, as bed load, by volume Qsb=
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Computation sheet '© determining the stage—solid-discharge curve,

using the method

d%= 0.00029 [m[
d65 = 0.00036 [m]

3 14

S
m

I
ERERREERRERRRRER

RO~
i

1

OONOON
MM

ENONWWRA RO NORN

D
i

oQ
N

col. svmbol
13 Ae

14

L
16
7

18 QSS
19 Qs
20 Gs

21 Gs

5

62E-02
4.46E-02
6.90E-02
9.11E-02
113601
2.02E-01
3.10E-01
4.43E-01
6.10E-01
8.74E-01
1.21E+00
2.14E+00
347E+00
5.25E+H00

—150EA
-2.87E-01
-4.63E-01
-6.19E-01
-7.67E-01
-1.34E+00
-1.96E+00

62E+00
-3.37E+00
-4 47E+00
-5.73E+00
-8.90E+00
-1.29E+01
-1.77E+01

explanations

dimensionless height, eq. 6.52a,

., )H.,) =0.0365 [m/s

Einstein ) 1950(

ps= 2650 [kg/m3

17
$

[mas/]

0.00E+00

Rouse exponent, eq. 6.50a,
vss : settling velocity (see Fig. 6.10)

18

Qss
[m?7s]

0.00E+00
1.38E-06
5.73E-05
2.70E-04
6.99E-04
4.81E-03
1.37E-02
2.94E-02
5.52E-02
1.08E-01
192E-01
5.05E-01

. 0E+00
2.12E+00

Einstein's first integral (see Fig. 6.12)
Einstein's second integral (see Fig. 6.12)

solid discharge, as suspended load, by volume
and by unit width, eq. 6.58,

solid discharge, as suspended load, by volume Qss” s
solid discharge, as total load, by volume

solid discharge, as total load, by mass

solid discharge, as total load, by weight

K=0
19 2
Qs Gs °
[m3sl Ikg/s] |N/sJ
QO 0 0
8..UE-06
2.37E-04 1 6
8.92E-04 2 23
1.97E-03 5 .
9.31E-03 5 242
2.14E-02 57 57
4.03E-02 107 1047
6.91E-02 183 1798
1.26E-01 333 3268

2.13E-01 566 5548
5.34E-01 1416 13888
1.14+00 3019 29619
2.16E+00 5727 56183

expression

K u*

S Py*e 1 2

“ Qb Qss
Gs = Qs Ps
Gs=QsPsg
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The formula of Grafet Acaroglu 968 ), which allows the calculation of
total load transported by the flow, is given by :

» -

with the parameter of transport:

and the parameter O'shear intensity :

where the equivalent diameter is taken as (see Table 6.3):

dsd 5 = 0.00032 [m].

It is to be noted, that 7, is the total hydraulic radius and ¢ =q9q is t
average concentration by volume. The functional relationship is evaluat
according to eq. 6.63.

As in the previous case, the calculations are programmed on a microcompu
using a spreadsheet program. The computation sheet prepared in this way
presented in Table Ex. 6.F.3.

The formula ' Ackers et White (1973), which allows the caleulation
average concentration, Cs, by volume is given by :

- ) (

where the equivalent diameter is taken as (seeTable 6.3):

d 0.00029 = [m]

The sediment-transport parameter is calculated as :

with the mobility parameter defined as :

* u (!'

ar LV3210g(10hmd3J

(6.

The dimensionless diameter for d = d3 is determined using
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0.29
0.44
0.65
0.79
0.89
1.09
1.29
1.32
1.41
1.57
1.76
2.23
2.71
3.19

col,

g AW N e

Table EX.6.F.3

461

Computation sheet for determining the sta”solid-discharge curve,
using the method of Gra/et Acaroglu (1968)

- byconeentration ~
A s~6.62,eq.section,thein

Qs solid discharge, as total load, by volume
Gs solid discharge, as total load, by mass
Gs solid discharge, as total load, by weight

Sf=0.0005 [-1 dso=0.00032 [m]
p =999.1 [kg/m3] ps= 2650 [kg/m3]
2 3 4 5 6 7 ) 9 10
Rh u CS Qs Gs Gs
[m]  [m/s] [m3s] [ [] [] [m3s] [kass]  [N/s]
0.28 0.16 4.2 3.718 0.380 1.91E-04 7.95E-04 2 ?
0.44 0.29 11.7 2.401 1.143 2.06E-04 2.41E-03 6 63
0.65 0.45 26.5 1.639 2.990 2.39E-04 6.33E-03 ]7 165
0.78 0.58 41.4 1.356 4.821 2.48E-04 1.03E-02 27 266
0.88 0.69 55.8 1.203 6.522 2.49E-04 1.39E-02 37 362
1.07 1.05 103.7 0.992 10.615 2.20E-04 2.28E-02 60 592
1.26 1.33 157.4 0.839 16.163 2.22E-04 3.49E-02 92 907
1.29 S . 0.821 17.091 1.93E-04 3.69E-02 98 960
1.37 1.81 232.4 0.77.3 19.864 1.85E-04 4.30E-02 114 *
1.52 2.06 297.3 0.694 26.121 1.91E-04 5.69E-02 1478
1.70 2.30 371.6 0.622 34.445 2.03E-04 7.54E-02 200 1960
2.13 2.72 559.3 0.496 60.791 2.41E-04 1.35E-01 358 3507
2.57 3.11 780.9 0.4 11 97.757 82 E-04 2.20E-01 83 521
3.00 3.46 1026.7 0353 143.802 3.20E-04 3.28E-01 870 8531
symbol explanations expression
h flow depth (see Table Ex.6.F. 1)
Rh total hydraulic radius (see Table Ex.6.F. 1)
u average veloeity (see Table Ex.6.F. )
Q liquid (Charge (voir *bleau Ex.6.F.I)
shear-stress intensity parameter, eq. 6.61, 5£
transport parameter, eq. 6.63, 22 10.39 =

V(ss~")g”"5Q3

Qs=CsQ
Gs=Qs Ps
Gs=Qsg Ps
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Table ex.6.F.4

FLUVIAL HYDRAUU

LComputation sheet for determining the stage—solid-discharge curve
using the method of Ackers et White ) 1973(

Jp =999.1 [kg/m3]

ps= 2650 [kg/m3]
n~*= 1-0.56 logd, =0.5434
Aw= 0.23/ Vd7+ 0.14 = 0.2300

h
[m]

0.29
0.44
0.65
0.79
0.89
1.09
1.29
1.32
1.41
1.57
1.76
2.23
2.71
3.19

col,

A W N

10

2

[mi/s]

0.04
0.05
0.06
0.06
0.07
0.07
0.08
0.08
0.08
0.09
0.09
0.0
011
0.12

symbol

c

ar

a

CS

Gs
Gc

3

u

[m/s]

0.16
0.29
0.4
0.58
0.69
1.05
1.33
1.58
81
2.06
2.30
2.72
3.11
3.46

V=1.186x10~6 [m2s

d, =m[0.00029] =

4

Q
[m'/s]

4.2
11.7
26.5
41.4
55.8

7
157.4
191.3
232.4
297.3
371.6
559.3
780.9

1026.7

explanations

flow depth (see Table Ex.6.F. 1)

)_

0.256
0.369
0.490
0.573
0.638
0.808
0.939
1.020
1.099

<7
1.289
1.467
1.626

m

d*=(g(ss-1)/v 2'/3dH=6.536

=9.66/d*+1.34=2.8180

cw= o IQ8&2de~ (002~ 53 = 0.0137

6
Go
[-]

2.979E-05
3.316E-03

1.937E-02
4.242E-02
6.923E-02

1.845E-01
3.268E-01
4.446E-01
5.808E-01
7.845E-01

1.014E+00
1.570E+00
2.210E+00
2.906E+00

7

Cs

6.69E-08
5.85E-06
2.65E-05
5.22E-05
8.03E-05
2.10E-04
3.41E-04
4.95E-04
6.44E-04
8.11 E-04
9.64E-04
1.22E-03
1.44E-03
1.63E-03

total shear velocity (see Table £x.6.F.1)
average velocity (see Table £x.6.F. 1)
liquid discharge (see Table £x.6.F.l)

parameter of

mobility, eq. 6.64,

transport parameter, eq. 6.65,

u_kl"IW

concentration by volume, eg. 6.66,

solid discharge, as total load, by volume
solid discharge, as total load, by mass
solid discharge, as total load, by weight

8

Qs
[mVs]

2.79E-07
6.83E-05
7.04E-04
2.16E-03
4.48E-03
2.17E-02
5.37E-02
9.48E-02
1.50E-01
2.41E-01
3.58E-01
6.81E-01
1.12E+00
1.68E+00

u
Fsr*V (ss:i)gd,.'LV3210 )I0Oh/dM(

Ggr

c =

9 1©
Gs Gs
[ka/s]  [N/s]

0

0 2

2 18

6 56

12 117

58 565

142 1397

251 2463

397 3891

639 6269

949 9314

1805  )7707

2970 29133

4440 43559
expression

h=hm=S/B

G
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which allows calculation of the coefficients, nw, mw>- Aw and Cw (see
point 6.5.2.4°).

Again, the calculations are programmed on a microcomputer using a
spreadsheet program. The computation sheet is presented in Table Ex. 6.F.4.

The Fig. Ex. 6.F.2 gives the —so d-discharge curves — supplemented by
the —Iliquid-discharge curve — for the total load calculated using the total-
load relations of(J) Einstein, (2) Graftt Acaroglu et 3) Ackers et White as well as
for the bed load calculated using the bed-load relation of (1) Einstein. (Einstein's
method, 1950, is an indirect method, thus it allows the evaluation of the bed load
transport automatically.).

The Fig. Ex. 6.F.2 shows that the three methods used for the calculations do not
give the same values for the solid discharge, Qs. It is important however to remind
that the formulae for the sediment transport can only give the engineer an idea about
the order of magnitude of the solid discharge that one should reasonably expect in a
particular flow situation. It should also be clear that the sediment-transport capacity
(voir sect. 6.1.4) has been calculated.

] Q1)) 10 0 )L Q0L 10
Q [mv] , [rtYs]

Fig. EX.6.F.2 Stage—Iliquid-d'ischarge and stage—solid-discharge curves.
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6.6.2 Problems, unsolved

Ex. 6.1

A long channel of rectangular cross section has a bed slope of Sf = 0.0004 [-]. T
channel bed is composed of a near-uniform granulate of d3=0.5 [mm] with a poros
of p=0.3 [-]. The normal flow depth was measured ash = hn= 2.10 [m]. This chanr
enters a lake ; at the *ncture the water levels O' the channel and of the lake are the sam

The water level in the lake is now lowered by Ah = 0.10 [m]. Determine, at what time t
channel bed will be lowered by 90 % and by 50 % of Ah and this at two stations, situat
at 5. [km] and at 20.0 [km] upstream of the juncture.

FX 6.2

In the channel, described in Ex. 6.1. the fixed point at the juncture will be raised I
Ah = 0.20 [m]. Determine the temporal variation of the channel bed at a station, beii
situated 20.0 [km] upstream of the juncture.

Ex 6.3

The unit discharge in a river is q =5 [m2s]. The bed has a slope of Sf=0.0005 [-] at
the porosity is p = 0 [-] ; its granulate is given as d 0.4 =0 [mm],
Well downstream, this river enters reservoir, where the water depth is kept constant at

height of H = 5 [m]. Determine the aggradation one may expect in the reservoir after 2
[h]and 500 [h],

Ex. 6.4

The irrigation channel "Sivan™ must be controlled for 81 days per year to deliver
constant discharge of 10 [m /s] (during the remaining days of the year the discharge w
be less). This rectangular channel, having a width ofB =5.0 [m], has a mobile bed with
uniform granulate of d « 5 =0 [mm] ; the bed slope is Sf=0.0003 [].

i) Calculate the solid discharge, which is annually transported.

i)  Study a proposal, which envisions that a spillway— blocking the flow at a wat
depth being three times the normal flow depth — is installed at the downstream '
thle ch%nnel. What will the sediment deposition amount to and where will it tal
place *

Ex. 6.5

A reach of ariver of length 38= [km] — being indicative of the Bas-RI*ne — conve;
a constant discharge of Q=4000[m'/s]. In this reach the cross sections may 1
approximated by rectangular ones having a width ofB =250 [m] and having a consta
bed slope of Sf=0.0007 [- . The roughness coefficient was estimated as being Ks =
[m*~/s]; the diameter of the rather uniform granulate is d30=27.4 [mm].
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It is envisioned to build a system of weirs, which would raise the water level by  [m],
thus to H = 10 [m] + hn. Study the evolution of bed level for a period of two years.
Investigate the sediment-transport problem in the reach behind the weirs.

Ex. 6.6

The discharge in a channel, having a bed slope of S(=0.00027 [-] isQ= 100 [ [ the
width at the channel bed is b = 46 [m and the side slopes are 2/ 1. Flow in this channel
is uniform and the temperature of the water is T= 15 [C°]. Samples of the bed material
have been evaluated ; the granulomeiry is given in the following table and its density is
S$=2.65 [-].

median diameter granulometric fraction
|mm| %]
0.088 5
0.177 22
34 37
0.707 3
1.414

Calculate the total-load transport, Q*, by making use of different available formulae. This
is to be done :

h) for each individual granulometrie fraction,
i)for all fractions together, taking an equivalent diameter.

Ex. 6.7

For the channel studied  Ex. 6.6, verify if the transport of sediments is influenced by
the water temperature ; the lowest and highest temperatures expected are respectively,
T= 10 [C°] and 20 = [C°]. Make the calculations using an equivalent diameter.

Ex. 6.8

For the channel studied in Ex. 6.6, determine the diameter of the armouring and the flow
depth for which the armour layer turns unstable.
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1. INTRODUCTION

In this book on fluvial hydraulics — here taken to be synonymous to open-channel
hydraulics — we shall treat the flow and flow-related phenomena in artificial and natural

channels with a free surface subjected to the atmospheric pressure.

This chapter of introduction begins with a presentation of the different types of channels
as well as with the corresponding flow regimes. Subsequently, the notions of the
distribution of velocity and of pressure are exposed.

A list of references as well as a list of symbols shall be presented in the final pages of this

volume.

1.1

1.2

1.3

1.4

TABLE OF CONTENTS

CHANNELS
I.1.1  Kinds of Channels
1.1.2  Geometry of Channels

FLOW IN CHANNELS
1.2.1  Types of Flow
1.2.2  Flow Regimes

DISTRIBUTION OF VELOCITY

DISTRIBUTION OF PRESSURE
1.4.1 Uniform Current
1.4.2  Curvilinear Current
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1.1.

10

20

CHANNELS

A channel is a transport system where water flows and where the free surface is
subject to atmospheric pressure.

The hydraulic study of a channel often confronts the engineer with a question of the
form :
for a given longitudinal bed slope, a certain discharge must be conveyed;
the form and the dimensions of the channel are to be determined.

1.1.1 Kinds of Channels (see Fig. 1.1)

10

20

30

Two categories of channels are to be distinguished :

i) natural channels,
if)  artificial channels.

Natural channels are watercourses, which exist naturally on (or under) the earth,
such as gullies, brooks, torrents, rivers, streams and estuaries.

The geometric and hydraulic properties of such channels are generally rather
irregular. The application of the hydraulic theory gives only approximate results,
since numerous assumptions have to be made.

Artificial channels are watercourses developed by men on (or under) the earth, such
as open channels (navigation channels, power canals, irrigation and drainage
channels) or closed channels where flow does not fill the entire section (hydraulic
tunnels, aqueducts, drains, sewage canals).

The geometric and hydraulic properties of such channels are generally rather
regular. The application of the hydraulic theory gives reasonably realistic results.

N Lvd &
= SN hvd £

open covered

natural artificial

Fig. 1.1 Kinds of channels.


http://code-industry.net/

1.1.2 Geometry of Channels (see Fig. 1.2)

10

20

30

The (transversal) section of a channel is a section in the cross-sectional plane being
normal to the direction of flow.

The section, or better the wetted surface, A, is the portion of the cross section
occupied by the liquid.

S¢ ‘%‘TW
o (weak)

Fig. 1.2 Geometric elements of a channel section.

A channel, whose section does not vary and whose longitudinal slope and
roughness remains constant — however the flow depth may vary — is called a
prismatic channel; otherwise the channel is a non-prismatic one.

The geometric elements of a section or wetted surface, A, are the following :

i)  The wetted perimeter, P, of the channel, being formed by the length of the
line of contact between the wetted surface and the bed and the side walls, but
does not include the free-water surface. -

ity  The hydraulic radius, R, , being the ratio of wetted surface, A, to its wetted
perimeter, P, or : «

A
Ry =5 (1.1)

being often used as a length of reference.
iii)y  The (top) width, B, of the channel being the width at the free surface.
iv) The hydraulic depth, D,, , of the channel being defined by :

A
Dy =g (1.2)

v)  The flow depth, h, or the water height — if not defined otherwise — is
considered to be the maximum depth.
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Table 1.1 Geometric elements for different sections of channels.

'f“—_B_—"f‘ 1 B 1 t B + f‘L‘P f_“"B—“’l'
— | 7| X7 1@ | S
- ! h NG/
b N RS DT g
f‘—‘b————f‘ f"Tf
Rectangle Trapezoid Triangle Circle Parabola
Section
A bh (b +mh)h mh % (6-sin 8) D* % Bh
Wetted -
i 1
pereter b+ 2h baatViem® | 20V 1em? 2 8D B+ % h
Hydraulic b h (b + mh) h mh 1 [1 sin 9] 2B°h
radius b + 2h 2 41 o
Ry, b+2nV1em® | 2V1em b 3B° + 8h
Width (sin 6/2) D
B b b + 2mh 2mh or 3 A
2Vh (D-h) 2h
Hydraulic
depth h (b +mh) h -l-h [94sin 871D gh
Dy, b+2mh 2 sin6/2 ] 8 3

* Valid for 0 <€ <1, with& = 4/B. IfE> 1: P = (B/2) Vi + B4 1E 1n(§ Vs &2) ]

4°

50

60

Formulas for the geometric elements for five different types of channel sections
(see Chow, 1959, p. 21) are given in Table 1.1. A natural watercourse might have
a rather irregular geometric form, but often it can be rather well approximated by a
trapezoidal or parabolic section.

Besides the geometric elements, the longitudinal slopes are also to be considered,
namely the :

i)  slope of the bed (bottom or floor), S¢,

i)  slope of the water surface (piezometric), S,, .

The value of the bottom slope depends essentially on the topography of the terrain;
it is generally weak, thus may be expressed by : S¢ = tg o0 = sin a.

The wetted perimeter, P, can be composed of a fixed or immobile bed (concrete,
rock) or of a mobile bed (granulates of sediments).
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1.2

10

20

FLOW IN CHANNELS

Flow in natural or artificial channels is flow with a free surface, being the surface
of separation between air and water; the pressure is there equal to the atmospheric
pressure.

Flow in open channels is essentially due to the inclination (slope) of the bed, while
flow in closed conduits (see Graf & Altinakar, 1991, chap. PP.1), is due to a
difference in the charge between the sections.

1.2.1 Types of Flow

10

20

A classification of open-channel flow may be done according to the change of the
flow depth, h or Dy, , with respect to time and space :

Dh = f(t’ x)
Time variation (see Fig. 1.3)

Flow is steady (stationary or permanent) if the average velocity of flow, U , and
point velocity, u, but also the flow depth, h or Dy, , remain invariable with time, in
magnitude and in direction. Consequently the discharge remains constant :

Us=Q (1.3)

between the different sections of the channel (see sect. 2.1 and eq. 2.6), supposing
there is not lateral inflow or outflow.

Fig. 1.3 Scheme of steady and unsteady flows.

Flow is unsteady if the flow depth, Dy (t), as well as the other parameters vary with |
time. Consequently, the discharge is no more constant (see sect. 2.1 and eq. 2.1).

Strictly speaking, open-channel flow is rarely steady. However, the temporal
variations are often sufficiently slow and the flow may be assumed to be steady and
this at least for relatively short time intervals.
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Space variation (see Fig. 1.4)

Flow is uniform if the flow depth, Dy, , as well as the other parameters, remain
unchanged at every section of the channel. The line of the bottom slope is thus
parallel to the one of the free-water surface, or S;=S,,.

Flow is non-uniform or varied if the depth, D,(x) , as well as the other parameters,
vary along the length of the channel. The bottom slope is thus different from the
slope of the water surface, or S;#S,, .

Non-uniform flow can be steady or unsteady.

Varied flow can be accelerated, dU/dx > 0, or decelerated, dU/dx < 0, depending
on the variation of velocity in the direction of flow.

If flow is a gradually varied one, the depth, Dy (x) = Dy, , as well as the other
parameters, vary slowly from one section to another. Over a small length of the
channel, one may assume that the flow is quasi-uniform and the velocity, U,
remains essentially constant.

uniform non-uniform uniform non-uniform uniform
grad. var. rap. var , grad. var jrap rap. var.
decel. decel. dec accel,
Z
Wm R -
=
weir = N S,
jump S
drop

Fig. 1.4 Scheme of steady, uniform and non-uniform flows.

If flow is a rapidly varied one, the depth, Dy(x) , as well as the other parameters,
change abruptly over a comparatively short distance, sometimes with a
discontinuity. This happens generally in the neighbourhood of a singularity, such
as at a weir or at a change of channel width, but also at an hydraulic jump or an
hydraulic drop.
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The kinds of flow one encounters in fluvial hydraulics (see Fig. 1.3 and Fig. 1.4)
can be summarised as follows :

uniform

l) Steady ﬂow gradua“y

non-uniform {rapidly

uniform (rare)

i) Unsteady flow gradually

non-uniform {rapidly

1.2.2 Flow Regimes

10

20

The physics of open-channel flow is governed basically by the interplay of the :

- inertia forces,
- gravity forces,
- friction (viscosity and roughness) forces.

The (reduced) equations of motion (see Graf & Altinakar, 1991, sect. FR.7.2)
involve the following dimensionless numbers :

i)  the Froude number, being the ratio of gravity to inertia forces, or :

L -
g _ g gy and  Fr = ¢ (1.4)
pU /L. c i
iiy  the Reynolds number, being the ratio of friction to inertia forces, or :
U, /L’ v
L@c/Le) Re'  and  Re = Jeke (1.5)

ou /L,  Ule ™
Added to these two numbers is still :

iiiy the relative roughness, being the ratio of the roughness height, k, , to a
characteristic length, or :

(1.6)

ey

o
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U, and L are characteristic velocity and length; one takes often U. = U and
chRhor LC =Dh .

In the hydraulics of open-channel flow, one generally defines these dimensionless
numbers as :

4 k
Fr = y : Re = ARyU or Re = RyU : 55— (1.7)
\ngh \Y% \Y h

The Reynolds number is used to classify the flow (see Graf & Altinakar, 1991,
chap. FR.3) as follows :

- laminar flow Re' < 500
- turbulent flow Re' > 2000
- transition flow 500 < Re' < 2000

From numerous experiments with different artificial channels (see Chow, 1959,
p. 10) it results that flow is turbulent if the Reynolds number, Re’, reaches a value
of 2000.

In general, flow in open channels is a turbulent and often rough flow.

The Froude number is used to classify the flow (see sect. 2.3.3) as follows :

- subcritical (fluvial) flow Fr<i
- supercritical (torrential) flow Fr>1
- critical flow Fr=Fr. =1

In general, flow in open channels can be of the three types.

Consequently, the combined effect of the Reynolds number, Re’, and the Froude
number, Fr, gives the following four regimes of flow :

- subcritical-laminar Fr <1 , Re' < 500
- subcritical-turbulent Fr < 1 , Re' > 2000
- supercritical-laminar Fr > 1 , Re' < 500
- supercritical-turbulent Fr > 1 . Re’ > 2000

A relationship depth/velocity, taken from the experiments by Robertson et Rouse,
is given in Fig. 1.5; it is valid for very wide rectangular channels.
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Fig. 1.5 The four regimes of open-channel flow.

1.3  DISTRIBUTION OF VELOCITY

1° In flow along a wall (the bottom of a channel), a distribution of velocity (see Graf
& Altinakar, 1991, chap. FR. 6) is encountered. Being zero at the wall, the point
velocity, u, increases rapidly towards the free surface; its maximum value is often
found slightly below this free surface. The velocity profile is approximately
logarithmic.

2° Steady flow depends in general on the three variables, x, y and z ; this is called
three-dimensional flow. For a rectangular channel with a bed and vertical side
walls, a schematic distribution of the point velocity, u(x, y, 2), is given in Fig. 1.6.

If such a channel has a large width, B — large in comparison with the depth,
B > 5 h — flow is considered two-dimensional, with the exception of a small
distance close to the vertical side walls.
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Hydraulic calculations are considerably simplified, if one assumes the flow to be
one-dimensional. The average velocity, U(x), in a vertical or in a section, is
expressed by :

{n | B
U = h u(z) dz or U = A [ | u(z) dzdy (1.8)
[¢] g 0

In open channels of simple geometry, one encounters generally turbulent flow
where the point velocity, u(x, z), differs little from the average velocity, U(x). In
the steady state, such an hypothesis allows to consider the flow as one-
dimensional.

~N

3D-flow
if B<3h

872}
2D-flow
T ) if B>5h
o) 1D-flow
U U udz

Fig. 1.6 Distribution of velocity.

it
|
O\.—.B_
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For a determination of the average velocity, U, in a given section, the following
approximate relations can be used (see Fig. 1.7) :

U = (0.820.9)y (formula of Prony)
U = 0.5 (uy, +uyg) (formula of USGS) (1.9
U = ugy

where U, ,, Uy, Uy 4 and ug are the point velocities at given positions .

s
o

Ugg

U=05(ug,+u,y |

U=u,,

08h

Uog

04h

Fig. 1.7 Average velocity.

DISTRIBUTION OF PRESSURE

The equation of steady motion for an incompressible fluid (see Graf & Altinakar,
1991, p. 132), written for the normal component, n(= z), is :

U 1 0 :
Tz—;é_;(p+YZ) (110)

where (UZ/r) is the centrifugal acceleration of a mass-fluid, which displaces itself
on a curved line, r (see Fig. 1.8).

Assuming that U and r remain reasonably constant and after integration of eq. 1.10,
one obtains :

, ZUZ U’
p+y7d)=-p —r-dn +Cte = —-p Tz + Cte (1.10a)
[¢]
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Fig. 1.8 Flow over a concave bottom.

Taking a point on the bottom of the channel and another one on the free surface,
one respectively writes :
for z=0(z'=0) : p=ps where:  ps=Cte
2
for z=h(E' =h) :p=p, where : pa+yh'=—p%—h+Cte

An expression for the relative (with respect to the atmospheric pressure) pressure
on the bottom of the channel, is given by :

2

=0
pf=Yh'+p"Ii—h+}>/ (1.11)

‘having an hydrostatic and an accelerating contribution.

1.4.1 Uniform Current

10

For uniform flow, when the average velocity, U, remains constant and the
streamlines are reasonable rectilinear (with r — o0), the distribution of pressure is
hydrostatic in a section, normal to the bottom (see Fig. 1.9). Thus one may write,
taking z =n (eq. 1.10), the following :

0=2 ¥z +p) (1.12)
0z
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An expression for the pressure, relative to the bottom, can now be given as :

pr = +Yh (1.13)
which gives :

(E) = hcosa (1.14)
Y/t

Fig. 1.9 Flow with a uniform current.

For the usually encountered open channels, the inclination, o , is rather weak,
namely o < 6° or J; < 0.1, implying that cos o ~ 1. Consequently eq. 1.14
reduces to :

(9_) =h (1.15)
Y/f

where h is the flow depth in the channel.

1.4.2 Curvilinear Current

10

For flow, being (slightly) non-uniform, thus having a curvilinear current of
converging or diverging type, there exists an acceleration component caused by the
inertia forces. As done above, one writes :

U2

p+v7) (1.10)

e
I p on
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Fig. 1.10 Flow over a concave and a convex bottom.

and the expression for the pressure relative to the bottom is given by :
U’ |
pr=+yh X p-——h (1.11)

being (+) for a concave and (-) for a convex bottom.

Subsequently one obtains :

2
Pl —heosat 1Y p (1.16)
Y/t g T

The distribution of pressure is no more hydrostatic (see Fig. 1.10). For an external
concave current, the centrifugal force increases the pressure; while for a convex
current, this force decreases the pressure. In the latter case, the pressure could get
below the atmospheric pressure, thus causing separation of flow on the channel

bed.
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2. HYDRODYNAMIC
CONSIDERATIONS

Some fundamental notions of hydrodynamics, being the basis of open-channel
hydraulics, will be exposed in this chapter.

The equations of continuity and of energy will be developed for the general case.
Subsequently, the specific energy, a concept useful for the understanding of different

problems, will be introduced. Elementary knowledge of gravity waves is presented.

Finally the hydrodynamic equations are developed, as well as their applications to
uniform and non-uniform flow. Experimental results, being a support to the theory, are
presented, such as the distribution of velocity, the characteristics of turbulence and also

the friction coefficients.

2.1
2.2

23
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2.1 EQUATION OF CONTINUITY

1° The equation of continuity, one of the basic equations of fluid mechanics, is an
expression of the conservation of mass.

The variation of a mass fluid, contained in a given volume during a certain time,
must equal the sum of the mass fluid which enters, diminished by the one which
leaves.

2°  Studied will be a flow of an incompressible fluid, being steady, uniform and almost
rectilinear, in an open channel with a free surface and having a weak bed slope (see
Fig. 2.1). Considered will be two channel sections; Q will be the entering
discharge.

Sw(t+dt)~\2

=

S, O~ 1 e~ N\ _r
poITT TT &
o (weak)
dx

® ©)

Fig. 2.1 Scheme for the equation of continuity.

The volume, entering by the first section is Qdt; the volume leaving by the second
section, being at a distance, dx, from the first one, is [Q + (8Q/8x)dx]dt. The
variation of the volume between these two sections during the time, dt, is
consequently :

_ (99) dx dt
ox

This variation of the volume is the result of a modification of the free surface,
oh/at, between the two sections during the time, dt; it is expressed by :

(Bdx) QE dt
at

where B(h) is the width of the channel at the free surface and h(x,t) is the flow
depth.
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Assuming the fluid incompressible, the above two expressions are made equal (see
Chow, 1959, p. 525) and one obtains:

QA _, @.1)
dx ot
where dA = Bdh.

For a given section, the following relation can be given :

Q = UA (2.2)

where U is the average velocity in the section, A. Thus eq. 2.1 can be expressed
as:

AUA) g _ LU AL gd 23)

ox ot ox ox ot

Using the definition of the hydraulic depth, D, = A/B, one can also write :

Dh—a—q+ Dy h_ (2.4)
ox ox ot

The above equations represent different forms of the equation of continuity, valid
for prismatic channels (see sect. 5.1.1).

For a rectangular channel, eq. 2.3 is given by :

o  oh _,oU o oh 2.5)
Jx ot ox dx ot :

where q = Q/B is the unit discharge.

For steady flow, dA/dt = 0, the equation of continuity, eq. 2.1, reduces to :

@Q _
=0 (2.6)

If a supplementary discharge leaves (or enters) the channel between the two
sections, eq. 2.1 can be adapted, such as :

3A
%+gg%=o @7

where q; 1s the supplementary discharge per unit length.
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EQUATION OF ENERGY

The equation of energy is an expression of the first principle of thermodynamics.

The energy for an element of incompressible fluid, written in homogeneous
quantities of length (see Fig. 2.2) — here as the height of a liquid with specific
weight vy = pg — in almost rectilinear flow, taken with respect to the plane of
reference (PdR), is given by :

2
LU A < gy (2.8)
28y Y

The different terms represent :

u .
28 the velocity head
P the pressure head
Y
Zp the elevation (position) of a point, P
L, the (mechanical) energy head or the total head
b
Py p= P the piezometric head
Y Y
S
W TEe=le
Sw 2g DY T
T
U — p /)/ =
s Y .
f N o 7’
ARNy L
xl
\ 0. (weak)
Zp z .
PdR l f .

Fig. 2.2 Scheme for the equation of energy in a cross section.
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The following assumptions shall be applied:

i)  The piezometric head, p*/y, is supposed to be constant over a normal to the
bed, implying that the distribution of pressure is hydrostatic.

ify By considering that z gives the elevation of the bed, the slope (weak) of the
channel, S¢, is given by :

Se=tga = —% = sina

i) If h is the flow depth, the pressure head at the bed of the channel (see

eq. 1.14) is:
(B) = hcosa
Y/t

For weak slopes, o < 6°, where S;< 0.1, one may take cos o = 1.
The system of the coordinates, xz, is thus almost identical with the one of the
coordinates, x 'z ', (see Fig. 2.2).

iv) In a perfect fluid, each fluid element moves with the same velocity, which is
the average velocity in the section, U.

Making use of these reasonable assumptions, the total head in a section is now
given by :

U?

75t h+z=H (2.9)
The flow is here considered to be one-dimensional and rectilinear.

The equation of energy, eq. 2.9, is a manifestation of the principle of energy if the
liquid is perfect. From one to another section, each of the three terms in eq. 2.9 can
take a different value, but the sum, H, remains constant.

For flow of a real fluid with a free surface, being unsteady and non-uniform
(gradually varied), the difference of the total head between two sections, separated
by a distance, dx, (see Fig. 2.3) is given as :

2 2

2

1 dU 1 1,dP

- —dx + — 2—dx 2.10
Tea T TE,dA 0
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)

7))

iir)

PdR

Fig. 2.3 Scheme of the equation of energy, between two sections.

U
é %T dx is the term of energy due to acceleration in the flow
x-direction (see Graf & Altinakar, 1991, p. 137).
1 T,dP . _ . -
e 0 de =h, is the term of energy or head loss due to friction (see

Graf & Altinakar, 1991, p. 138);

The friction forces provoke a dissipation of mechanical (into thermal) energy.
dP is the perimeter of an elementary surface, dA, and T, is the shear stress
due to the frictional forces acting on the surface, dPdx. This term,
representing the effect of friction, is usually written as h,.

The kinetic energy correction coefficient, o, , results from the distribution of
the velocity in the section (see Fig. 1.6). Its numerical values (see Chow,
1959, p. 28) notably for turbulent flow are very close to unity. In most
common cases, the velocity head can thus be taken as :

v v
“2g 7 2

where TT 1c the averaoe velarcityv in the cartinn
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The equation of energy, eq. 2.10, can thus be given as :

U’ 1 9U
d(zg—+h+z)-———hr—g~a—t—dx 2.11)

Dividing by the distance, dx, and using partial differentials, one gets :

oU U JU oh
-+ —_— —

1
1 2Y - S = =85 2.12
g g ax T ax f e (2.12)

| steady, uniform

steady, non-uniform

unsteady, non-uniform

where h. =S, dx and S;=-(dz/dx); S, is the energy slope.
Eq. 2.12 is the dynamic equation for unsteady and non-uniform flow.

The head loss, h,, must be evaluated with a formula such as the one of Weisbach-
Darcy, eq. 3.10, of Chézy, eq. 3.11, or of other experimenters. Such relations are
only valid for steady, uniform flow; however — for lack of better information —
they are also used (see Chow, 1959, p. 217) for unsteady and non-uniform flow.

The equation of continuity, eq. 2.5, and the dynamic equation of motion, eq. 2.12,
form together the equations of Barré de Saint-Venant (see Chow 1959, p. 528).
Despite the various simplifications made to obtain the equations of Saint-Venant,
their solutions are often rather complicated. In some physical cases, which are
simple but still realistic, explicit solutions are possible.

For flow, which is steady but non-uniform, eq. 2.12 reduces to :

U oU oh
— —— + ——

- S =-~8 2.13
& ox dx f © ( )

For flow, which is steady and uniform, eq. 2.12 reduces to :
St = S, (2.13a)
The bed slope, S¢, the energy slope, S, , and the piezometric slope of the water

surface, S, , are identical. The average velocity, U , and the flow depth, h , are
constant; the equatior of continuity is given with eq. 2.6.
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The dynamic equation of motion, eq. 2.12, can also be obtained by applying the
momentum equation. The resulting equation is almost the same (see Chow, 1959,
p. 51 and Henderson, 1966, p. 9), i.e. : eq. 2.12.

SPECIFIC ENERGY

Up till now, the total head, H , in a given cross section was defined with respect to
an arbitrary horizontal plane (see Fig. 2.2); for a weak bed slope one writes :

U2

% +h+z =H (2.9)

If the plane of reference is now placed into the bed slope, S¢, a fraction of the total
head, called the specific energy, H; , is defined (see Bakmeteff, 1932, chap. 4);
one writes now (see Fig. 2.4) :

2
2% +h=H, (2.14)
Using the equation of continuity, Q = UA, one obtains :

2,02
92% +h=H, (2.14a)

The notion of the specific energy is often very useful; it helps to understand and to
solve different problems of free-surface flow.

Se ~~~~~~ !
o
2g
Sw ;;—L
H h Hs "6’
Sf
Ae SN v ey L PaR' = s,
Z
|
PdR ‘

Fig. 2.4 Definition of the total head, H, and the specific energy, H; .
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For a given section in the channel, the area of flow, A, is a function of the flow
depth, h, and eq. 2.14a gives a relation of the following form :

H; = f(Q h)

which allows a study of the variation of :

) h with Hy , for Q = Cte
i) h with - Q , for Hg= Cte.

2.3.1 Specific-energy Curve

10

20

30

Eq. 2.14a gives the evolution of the specific energy, H, as a function of the flow
depth, h, for a given discharge, Q = UA.

This curve (see Fig. 2.5) has two asymptotes :

iy for h =0 , ahorizontal asymptote ,
ii) for h = oo | the line h = H; is the other asymptote.

In addition, the curve has a minimum, HSC , for:

dH 2 dA
S A -
&= Qg a 1=0 (2.15)

Since dA/dh is equal to the width of the channel, B, at the free surface and by using
the definition of the hydraulic depth, D, = A/B, one obtains :

2 2
@B _U
g A’ " gby 2152

For a channel with a rectangular cross section, one has Dy, = h. The flow depth, h,
which corresponds to the minimal specific energy, HSc , 1s called critical depth, h. .

Following the curve, given with Fig. 2.5, one notices that for a given discharge
Q =Cte, and for an arbitrary value of specific energy, Hy, — for the case when
flow can take place — there are always two solutions for the flow depth, h, and
h,. They are called the corresponding (alternate) depths; one of which, h,, is
smaller and the other one, h,, is larger than the critical depth, h.. Both of these
depths are indications of different regimes of flow, thus :

h < h, supercritical (torrential) regime
h > h, subcritical (fluvial) regime

h = h, critical regime

st b < e s wea < er .

..
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Flg 2.5 Specific-energy curve, Hg = f(h), for Q = Cte.

Each curve (see Fig. 2.5) has thus two branches. Consequently, a steady flow in a
channel can exist in two different ways, both having the same specific energy, H; :

i)  in supercritical regime, where the flow depth is small and the velocity large,
if)  in subcritical regime, where the flow depth is large and the velocity small.

For a variation of the discharge, Q, the corresponding curves have the same form ;
they follow each other for an increase in the discharge, starting at the origin, (see
Fig. 2.5).

2.3.2 Discharge Curve

10

20

Eq. 2.14a gives also the evolution of the discharge, Q, as a function of the flow
depth, h, for a given specific energy, H; , such as :

Q= A V2g (Hy-h) (2.16)

From this curve (see Fig. 2.6), one obtains :
iy for h=0 , Q=0
iy for h=H, , Q=0.

In addition, the curve has a maximum value, Q,,,, , for:

dQ _ 2g (H,-h) @AW - Ag _
dh T g H -] T
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Taking dA/dh = B and D, = A/B, one may write :

dQ _ gB [2 (Hy - h) -mDh] _ (2.17)
dh [2g (H - h)]

This derivative is zero, if :

2H;-h)y-D, =0 (2.18)

The values, h and Dy, which correspond to the maximum discharge, Qu.y -
represent the critical depth, h, et D, . For flows smaller than Qp,,, one finds again
the two different flow regimes (see Fig. 2.6 and also Fig. 2.5).

[P Hs..
h>h, Fr<l  Subcritical regime

__Ez_ h, b h=h, — Fr=1 —Critical regime —
2

Q ¢ h<h,  Fr>1 Supercritical regime
h

0 = Q=AJ2g(H,-h
Quax

Fig. 2.6 Discharge curve, Q = f(h), for H, = Cte.

3°  For achannel with a rectangular cross section, D, =h , eq. 2.18 becomes :
2(H;-h)-h=0

from where one obtains the critical depth (h=h, and H, = H,):

h.= 2 H, (2.19)

h. = f5‘- H and h. = 3— H (2.19a, b)
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The critical depth, h, , in a channel is the flow depth at which :

i)  the specific energy is minimal, HSC , for a given discharge (see Fig. 2.5),
i) the discharge is maximal, Q,,, , for a given specific energy (see Fig. 2.6).

It follows, that eq. 2.18 can be written as :
2(H, -h) = Dhc

and that, using eq. 2.16, the maximum discharge, Q,,, , is given by :

Qmax = A /2D, (2.20)

C

The average velocity, which corresponds to the critical hydraulic depth, DhC , 18 ¢

Ul _ Dr

U, = /gDy or 2 =2 (2.21)

In critical regime, the velocity head is thus equal to half of the hydraulic depth.
Eq. 2.21 or eq. 2.15a could also be expressed as :
et S (2.22)

which is precisely the definition of the Froude number (see eq. 1.4) in critical
regime ; here the Froude number, Fr, is equal to unity :

Fr, = 1 (2.22a)

Note that the Froude number, Fr = U/y/gD,, is the ratio of inertia to gravity forces
per unit volume (see Graf & Altinakar, 1991, sect. FR. 7.3). Consequently, the
Froude number classifies also the different flow regimes, such as :

Fr > 1 supercritical regime U > U,

Fr < 1 subcritical regime U < U,

U

i

Fr = 1 critical regime U c
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The critical velocity, U,_, is given by :

U = gDy, = ¢ (2.21a)

This is equal to the celerity, c, of the propagation of (superficial) infinitesimal
gravity waves in a channel of hydraulic depth, Dh (see eq. 2.27 for the general
definition).

The critical depth for a rectangular channel, D, = h , has been given by :

- 2
h. = £H, (2.19)

C
or equally by :

h U’
H, -h) = 5 = 72—

Using the definition of the unit discharge, g = Uh, one obtains :

_(12_2 »\3 / Eﬁ
h., = 2.23
2gh, or ¢ g ( )

The maximum unit discharge, q, which may exist in a channel of rectangular
section is equal to :

g (§ HSC)3 (2.24)

Experience shows that flow at critical depth, h, , is often unstable, presenting itself
by a fluctuating water surface. This is rather evident when observing Fig. 2.5 :
even small variations of energy close to the critical value, Hs , cause large
variations in the flow depth, h.

Nin

According to eq. 2.20 and eq. 2.24, the critical hydraulic depth Dh , or the critical
flow depth, h., depend only on the discharge. Thus it is 1nv1tmg to use this
information for metering flow in open channels :

Here, two examples are given :

i) Free Overfall :  Flow in an horizontal channel (or a broad-crested weir)
discharges freely into the atmosphere; the critical section
is found rather close to the brink (see sect. 4.4.2).
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ity  Venturi Canal : An adequate reduction in the cross section of the channel
is provided, where the critical regime (see sect. 4.4.2)
takes place.

Flow goes through the critical depth, if the fluvial regime passes to the torrential
one. Critical depth is also observed, if the fluvial regime is terminated by a free
overfall.

GRAVITY WAVES

Flow in open channels, which is variable in time, is accompanied by gravity waves at the
water surface.

2.4.1 Wave Celerity

10

20

30

Considered will be a periodic, simple wave, representing the propagation of an
irrotational motion as satisfied by the equation of Laplace; the pressure at the free
surface is constant and the wave amplitudes are small. A channel of rectangular
cross section with uniform flow depth is filled with stagnant water; there is thus no
flow.

The two-dimensional and progressive wave in the —x* direction, will be given (see
Fig. 2.7) by a periodic displacement of the free surface as a function of time, t ,
(see Kinsman, 1965, p. 117), such as:

N, t) = Acos 2rx/L -2r t/T) (2.25)

where A is the amplitude, being half of the wave height, H = 2A; L is the wave
length and T is the wave period. The wave celerity is defined by :

L
C=7 (2.25a)

The hydrodynamic theory for waves of small amplitude (see Lamb, 1945, pp. 254
and 366, or Kinsman, 1965, p. 125), i.e. : H/L << 1 and H/h << 1, gives for
the apparent velocity of propagation, also called the celerity of a perturbation :

¢t = % tanh (z%h) (2.26)

where h is the water depth. Note that the celerity does not depend on the wave
height, H.
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4°  This expression, eq. 2.26, reduces :

i)  for short waves or waves of large depth, if L/h< 1,to:

& - &L (2.26a)
2n

ify  for long waves or waves of small depth, if L/h>>1,t0:

¢ = gh (2.27)

crest
/

—r— U €q. 2.26

*L__WWTTTWW L/ (2rh)

Fig. 2.7 Scheme of a surface wave.

5° If the long wave, where L/h >> 1, is not of small amplitude, thus H/h = 1, the
wave celerity (see eq. 2.27) is given (see Lamb, 1945, p. 262) by :

¢ = gh (1 + %Aﬁ) (2.28)

or also (see Lamb, 1945, p. 424) by :
¢ = g(h+A) (2.28a)

This last relation was experimentally obtained for a solitary wave.

6° The two signs, which are possible for the celerity, eq. 2.27 or eq. 2.28, show well
that the wave can propagate in the direction of x* or x~ (see Fig. 2.7).

7°  The relation, eq. 2.27, for the celerity, c , of long waves can also be obtained by
application of the equation of continuity and of energy.
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Consider the unsteady flow (see Fig. 2.8a) of a simple wave having an
amplitude, A =1 . U is the liquid velocity in the section of the crest. By
following the wave — one thus imagines the wave stays immobile — the
flow becomes a steady flow (see Fig. 2.8b).

C C-!! h
B
i
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Fig. 2.8 Propagation of a wave.

The equation of continuity reads now :
ch=(-Uth+n)
If n << h, the wave is thus infinitesimal and one may write:

U=cm/h) (2.29)
The equation of energy reads :

2 2
h+ 35 = h+m) +(—C21§U—)— (2.30)

or written otherwise :

(%) U
n =5 (1 - 2c) (2.302)
Neglecting the term (U / 2c) when compared to unity, one may write:
n = % (2.30b)

Through substitution, the eqs. 2.29 and 2.30b give :
¢ = gh (2.27)

This is the celerity of wave having a small amplitude, 1y .
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2.4.2 Wave Equation
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In order to derive the wave equation, the equation of continuity and of motion will
be applied to a situation of a wave of small amplitude, which propagates (see
Fig. 2.7) in a stagnant liquid.

The equation of continuity, eq. 2.5, is expressed as :

(h+m) ou R Ga(h+n) N d(th+n) _
ox ox ot

where U is the velocity produced by the wave and averaged over the depth.
By assuming that depth variation, dh/dx = 0 and dh/dt = 0 , are negligible,
one may write :

gon , o
(h+ + = 0.
") Y T a
If the wave is of small amplitude, 1} /h << 1, and assuming that dn/dx << 1,
one obtains :

RU LM (2.31)
ox ot

The dynamic equation, eq. 2.12, is expressed as :

100 U 90  d(hin)
- 4 = — 4= —(§:-8) =

g Teax T ax (O

While the last term shall be omitted, the secdﬁd term is considered to be small
compared to the first one. Since the depth variation is negligible, the above equation
simplifies to :

ou + il =0 (2.32)

1
g ot ox

One sees immediately that these equations, eq. 2.32 and eq. 2.31, give the
following relationship :

00U 0’0 o'n o'

5 = or — = gh— (2.33)
e - P o - P
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This is the classic equation for a progressive wave (see Lamb, 1945, p. 255),
where ¢’ = gh is the celerity of a long wave, previously presented with eq. 2.27.
A general solution to it was given with eq. 2.25.

2.4.3 Flow with a Wave

10

h>hc

It was shown that the celerity, ¢ , with which a gravity wave, being a long one and
of small amplitude, propagates in a channel of rectangular section, is given with the
relation of eq. 2.27. For a channel of an arbitrary section, one writes :

c=x+ghy, (2.27a)

where Dy, is the hydraulic depth.

20

13
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1 U>c
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Fig. 2.9 Flow with a wave.

This relation, eq. 2.27a, was established for a channel where the liquid was
stagnant. However the relation stays valid for the case where the liquid is in
motion ; the wave superposes itself upon the flow in the channel. Consequently, the
absolute celerity, c,, , of the wave for a channel having an average velocity, U, can
be expressed as:

¢, = UxvgDhy (2.34a)
and for a channel of rectangular section :

¢, = Utygh=Uzc (2.34)
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The absolute celerity, c,,, being the velocity with respect to the bed, has evidently
two values :

¢, = U+c , ¢, = U-c (2.34b)

Thus one may distinguish two plus one cases (see Fig. 2.9) :

)  U<c, where the wave with celerity, c,', propagates downstream and where
the wave with celerity, ¢, ", propagates upstream; the flow regime is fluvial.

if)  U>c, where the wave with celerity, c,', propagates downstream and where
the wave with celerity, c,", propagates downstream as well; the flow regime
is torrential.

iii) At a flow depth, at which the current velocity, U, and the wave celerity, c,
are the same, thus :

U = c = vgh,

the flow is in critical regime (see sect. 2.3.3); h, being the critical depth.

Flow with a gravity wave, which is long but not of small amplitude, will be treated
later (see sect. 5.6).

HYDRODYNAMIC EQUATIONS

2.5.1 Equations of Motion

10

For flow (see Fig. 2.10), which is two-dimensional, plane, V( u, 0, w), and
turbulent, the equations of motion and of continuity (see Graf & Altinakar, 1991,
p- 275 or Rotta, 1972, p. 129) can be written as :

d _w  _ou 1 9pF
— + U= + W= = —-=—= 3
ot ox 0z p Ox
u 0 3 0 —0
+V(a_x’§+é‘_2‘) [g(u2)+gz'(uwil
(2.35)
oW  _ ow _ oW 1 op*
— + U 4+ W— = — = =
ot ox 0z p 0z
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Ju ow

— + — =0 (2353)
ox 0dz

- U and w are the average point velocities in the x and z -direction ;

- u'and w' are the velocities due to fluctuations ;

2 ST
- pu', pu'w’, etc. are the supplementary (or Reynolds) stresses due to the
turbulence:

- p* is the average (point) driving pressure.

These equations, eqs. 2.35, are known as the Reynolds equations. In the absence
of turbulence they reduce to the Navier-Stokes equations, valid notably for laminar
flow.

Fig. 2.10 Scheme for the equations of motion.

For free-surface flow on weak slopes, S; << 1, the terms of the driving pressure,
p* (x,2) = p(x,2) + gpz, are expressed as :

B b
i S S S
dx  Ox PE St

(2.36)
Jop* _ dp
B _%, .
0z oz
where the bed slope is defined as : S; = — %Z—b :

x

The bed of the channel is defined by z,,, bl(.ljt in the following it will be used without
. . 2 Z
an index, thus written as Sy = — —= - 7= -
f ox dx
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Steady free-surface flow may be considered as being flow at high Reynolds
numbers. It is thus possible to use the approximations which are developed for
boundary-layer flow (see Graf & Altinakar, 1991, sect. CL.1).

By considering the order of magnitude of each term in egs. 2.35 and 2.35a, and by
keeping only the terms of the highest order (see Graf & Altinakar, 1991, p. 351, or
Rotta, 1972, p. 130), one has :

_du  _ou 1 dp* " 9 3 0 ——s
U™ + W— = -—7— 4+ VvV~ - — @) - — (u'w)
ox 0z p dx 0z dx 0z
(2.37)
0 = _ L9 _ 9w
p 0z 0z
au + W = 0 (2.35a)
ox 9z

In egs. 2.37, the second one can be integrated and written as :

0=-1 pF(x,7) + f)_?f(x,z'=0)—-w'2(2') + wi(z'=0)

p* being the driving pressure at the bed, z' = 0 ; due to the no-slip condition one

12 .
‘takes w "¢ = 0. Thus one may write :

PP(x, 2) = p7(x,0) —pw'(z) (2.38)
or also :

— , — 2

p + pgz’ = pr + pgl — pw

With ps = pgh, an expression for the pressure is obtained :

p=pgth-z) - pw"’ (2.38a)

The driving pressure is consequently not constant over the flow depth, but will be -
slightly modified by the Reynolds stress.

The derivation of eq. 2.38 with respect to x, gives :

N ¥ a -
B _ By, 9 (2.39)

ox ox ox
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where the last term is often neglected; using eq. 2.36, it can be written as :

ap* _ 9p% _ 9B o 9dzy
bt SPUR Rt < S o S o P — 2 2.40
x C ox ax B ee (ST (249

Upon substitution of eq. 2.39 and eq. 2.40 into the first of eqs. 2.37 one gets :

_odu _ du oh 9z, d Jdu ——
U_—+wW-— =-g(— + —2)+ —(v——-u'w') +
dx dz dx ox Jdz 0z

. 2 w? - u?d (2.41)
dx

The last term, which is due to the normal Reynolds stress, is also often neglected
(see Rorta, 1972, p. 130). If one defines the total tangential stress by :

1 —p(vQE—u_""') (2.42)

ﬁa_ﬁ_,,wa_ﬁ:_g(_ab,_,.%).,.la—rﬂ (2.41a)
X 2 ox ox p dz

This equation is also valid for laminar flow, where :

-
T, = ui (2.42a)

Free-surface flow, being unsteady, can thus be represented (see Grishanin, 1969,
p. 59) by a system of equations such as :

BoaBg® o (B, 1% (2.41b)
ox 0z dx ox p dz
P = pgh-2) - pw" (2.382)
ST (2.35a)
dx 09z

Note, that the pressure is not quite hydrostatic.
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2.5.2 Uniform Flow

10

20

It will be assumed that flow is steady, unidirectional, i’/( u, 0,0), and uniform on
the average.

The equations of motion, eq. 2.41a and eq. 2.38a, and of continuity, eq. 2.35a,
reduce to :

0 = +gS + é %EZ& (2.43)
P = pgh-z)-pw" (2.38a)
—g—z =0 (2.44)

where the total tangential stress is expressed by :

T, = 0 gf ~ pu'w' (2.42)

After integration over the flow depth, h, one obtains :

i)  the equation of motion, eq. 2.43, as being :

h h
1 0
S dz + — - T _ dz
ng pjazu

=+ gS¢ (-0 + é— ©0-1,)

o
Il

(=)
|

and consequently one has :
T, = pg S¢h (2.45)

with T, as the stress due to friction, called the wall or bed-shear stress; the
ratio, T,/pgh, gives the energy slope, being now expressed by :

Sf = Se (245&)
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In eq. 2.43 one notes that the longitudinal pressure gradient, namely the
longitudinal component of the gravity (see eq. 2.36), provides the driving
force of a uniform flow; the tangential stress (see eq. 2.42) is the dissipating
force.

ify  the equation of continuity, eq. 2.44, as being :
h h
Jdu d _ oh
—dz = — | udz - uyu— =0
,( ox ox f " ax
84

o

9

ox
where Uh = q is the unit discharge and U the average velocity; u,, is the
velocity at the water surface.

(Uh) = 0 (2.46)

For steady flow, one writes :

% _ b, U
ox ox ox

= 0 (2.46a)

The equation of motion, eq. 2.45a (see eq. 2.13a), and of continuity, eq. 2.46a
(see eq. 2.6), in their integral form, form together the simplified equations of Saint-
Venant for a steady and uniform flow (see sect. 2.2).

To obtain the distribution (see Fig. 2.11) of the total shear stress, 1,, (z), the
following equation must be integrated over the flow depth :

ot op*
—af - 5I?x_ = - pgS; (2.43a)

As boundary conditions serve :
z' = 0 (z'/h =0.05) = T, =T,
2 =h = T, =0
thus the following is obtained :

Tx(z') = pgSe(h-2) (2.47)

or written in dimensionless form :

T (2) (hl-]-z’) (2.472)
TO
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This gives (see Monin et Yaglom, 1971, p.268) a linear (triangular) distribution,
being valid for turbulent flow with eq. 2.42, and for laminar flow with eq. 2.42a.

Nevertheless, for very small distances from the bed, z'/h < 0.05, the shear-stress
distribution may be considered to be constant (see Graf & Altinakar, 1991,
sect. 6.1) :

The zone very close to the bed, z'/h < 0.20 , where the shear stress is constant, is

called the inner region (see Hinze, 1975, p.503 and Monin et Yaglom, 1971,
p.311) where the total shear-stress variation becomes negligible.

z'/h
% —L— L0 [——L—g— U./u
. U, -u 2
outer region —L— = fliT
u h
m bz
o h
~0.2
inner region L L —
- TU 4 v x Inz'+C a
77 - > 77 p
1.0 To

Fig. 2.11 Scheme of the distribution of shear stress, T,, (z) , and
of velocity, u(z); for uniform flow.

The system of equations, eq. 2.43, eq. 2.38a and eq. 2.44, cannot be used to
obtain the distribution of the velocity, u(z), (see Fig. 2.11) since the Reynolds

i)

stresses are not known. Semi-empirical methods have to be exploited.

In the inner region, the pressure gradient, (dp* /dx), — being very weak in

uniform flow — in eq. 2.43a may be neglected (see Monin et Yaglom, 1971,
p.268); one may write :

M _ (2.43b)
0z
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T, = U %;—l - pu'w' = Cte (2.42)

To find an expression for this equation, eq. 2.42, one may use the semi-
empirical method of the mixing length, |1 = x 7', proposed by Prandt! (see
Graf & Altinakar, 1991, p. 280), such as :

g5
ru=uazl+p1< ( ) (2.48)

where k 1s Karman's universal constant.

Outside a very thin region — the viscous region — situated very close to the
bed, the shear stress due to viscosity can be neglected, thus one has :

T, = (dZ ) (2.49)

X

Since the shear stress, T,, , remains constant in the vertical — more or less
correct in the inner region — and equal to the wall-shear stress, T,, one may
write :

du 2
o (dZ)

Q
i
<}

|

After separation of variables, the following differential equation is obtained :

N 1/p dz

X Z

du =

which, upon integration, renders :

Inz + C (2.50)

Fl=i

L
K

where u, = \/ T,/p is the friction velocity. The value of the integration
constant, C, must be determined experimentally; in this way the type of the
surface (bed), being smooth or rough, will enter.
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This logarithmic law (of the wall), eq. 2.50, is only vahd in the inner region,
Z'/h € 0.2, where the shear stress remains constant and the influence of a
possible pressure gradient can be neglected (see Rotta, 1972, p.153). The
logarithmic law is universal (see Monin et Yaglom, 1971, p.311), being the
same for boundary-layer flow, as well as for flow in pipes and in open
channels.

In the inner region, z'/h < 0.2 , the velocity, u(z), whose variation is
considerable, depends also on the wall-shear stress, on the fluid properties,
on the type of the wall (bed) and on the distance from the wall; thus :

U=f(Te,p,0,k¢,2).

In the outer region, 0.2 < z'/h < 1.0, the velocity, u(z), whose variation is
weak, depends also on the maximum velocity, on the flow depth and the
driving pressure (see eq. 2.40), but does not depend on the viscosity or on
the type of the wall (bed); thus :

p*

a =f(Uc7h’ L 5 TO’p’z')'
Jx

In the outer region, a good agreement with experimental data is not possible,
since T,, # T,. The logarithmic law, eq. 2.50, must be modified with a
function which depends on the flow depth, h, and notably on an
dimensionless pressure gradient, (h / t,) (dp* /dx). The velocity distribution
is given here by the law of velocity defect (see White, 1974, p. 477), such
as :

U -G _ 2 h o
Uy _f(h"coax

)

Amongst the different relations available (see Hinze, 1975, p. 630 et p. 697),
the one of Coles shall here be used :

U, -u

u,

where the function, known as wake function, is defined by :

= o (K2
W = 2sin (26)

—?——:lln(i)+g(z-6) (2.51)
K 4 K

A O AN 1
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i)

The wake parameter of Coles, Il, depends notably on the gradient of the
longitudinal pressure :

I =f)

where

p = b (2.52)
T, Ox

Since this parameter, IT, must remain constant for flow in equilibrium, the
B-value is an equilibrium parameter (see White, 1974, p. 477). The value of
(2I1/x) represents the deviation from the logarithmic part of eq. 2.51 for
(2'/0) =1 (see Graf & Altinakar, 1991, p. 288).

The height, z' = & (< h) , is the position in the flow section (see Fig. 2.13)
where the maximum velocity, U, , is measured; if U, is on the water surface,
the flow depth, 8 = h, is to be taken.

This empirical relation, eq. 2.51, whose validity is made evident by
experiments, is valid in the outer region as well as in the inner one, but not in
the viscous region. However this relation is valid for both smooth and rough
surfaces.

Nevertheless, as a first (and often good) approximation, the logarithmic law
can often be applied over the entire flow depth, h (see Monin et Yaglom,
1971, p. 298); this is especially so if the flow is uniform having a weak
pressure gradient.

The distribution of velocity — called universal since it is independent of the
Reynolds number — as given with eq. 2.50 and eq. 2.51, is complete but
also complex. For practical purpose, one may also use a simple empirical
relation (see Graf & Altinakar, 1991, p. 289) of the type :

o _ 2y
GR N (ZR
where ug(zz) is a reference velocity, which was for example previously

measured. The variation of 1/10 < q < 1/6 depends on the Reynolds number;
often q = 1/7 is taken.


http://code-industry.net/

46

FLUVIAL HYDRAULICS

2.5.3 Non-uniform Flow

10

20

It will be assumed that flow is steady, two-dimensional, i.’( u, 0, w), and gradually
varied (non-uniform).

The equations of motion, eq. 2.41a and eq. 2.38a, and of continuity, eq. 2.35a,

reduce to :
ﬁéJ*+W§E=—g(ﬂ1-—Sf)+l—a—3‘<E (2.53)
9z ox p 0z
p = pgth-z)-pw" (2.38a)
o + w =0 (2.35a)
dx 0z

Flow, which is (gradually) non-uniform, may be considered unidirectional if the
variation of flow depth, oh/dx , is weak (see Grishanin, 1969, p. 59 - 62).

After integration over the flow depth, h , (see Grishanin, 1969) one obtains :

)

the equation of motion, eq. 2.53, as being :
h h
_ou _.ou oh at
f “azd“J W& = 'g,f azd“gsfj dz + 3| P

dU h a_BQ_

oh 1
BuUhé-x—+U =—gh5; +gth+g(—1,‘o)

X

h
where B, = (1/U%h) j u’dz is the correction coefficient (of Boussinesq) of
0

the velocity distribution, which is usually taken as B,=Cte=1 for turbulent

flow. Assuming that the energy slope is given by S, = 1,/pgh, one may now

write :

AN Y (2.54)
dx dx

(-


http://code-industry.net/

HYDRODYNAMIC CONSIDERATIONS 47

30

if)  the equation of continuity, eq. 2.35a, as being :

h h

Mool o= 2 gaz-a )+ 52 -0
ox 0z ox |, x ox

4] ]

Uh) = 2.46
ax( ) (2.46)

For steady, non-uniform ( but also uniform) flow, one writes :

dg _ o, U

=0 2.46
dx ax ax ( 2

Note, that the term, U}, (dh/dx) = Wy, gives the equation of the streamline at
the water surface.

The equation of motion, eq. 2.54 (see eq. 2.13) and of continuity, eq. 2.46a
(see eq. 2.6), form together the simplified equations of Saint-Venant for a steady
and non-uniform flow (see sect. 2.2).

Furthermore, one may postulate :

P
p Mg o0h 0 10T (2.40)

ox dx ox pgodx

ii)  using the equation of continuity, eq. 2.46a :

iif)  using the definition of head loss (see point 2.2, 4°) :

TO
pgh

Se =

In this way, the equation of motion, eq. 2.54, can be expressed as:

pUza—h = 10(1+£a£) (2.542)
dx T, 0x

This equation may be compared with the Karman equation (see Graf & Altinakar,
1991, sect. CL.4 : eq. CL.25a) for boundary-layer flow.
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The dimensionless longitudinal gradient of the driving pressure :

ap*
B = Tg a_ljc__ (2.52)

which stands for the ratio of the forces due to the driving pressure and due
to friction, defines the equilibrium parameter. This parameter can be used to
classify non-uniform flow, being flow with a pressure gradient. Note, however,
that also uniform flow (see eq. 2.43a) is flow with a (weak) pressure gradient,
where § = 1.

To obtain the distribution (see Fig. 2.12) of velocity, u(z’) , one should distinguish
two regions, as was also done with uniform flow.

i)  Inthe inner region, one finds that the logarithmic law of the wall :

Y-l nmy +C (2.50)
u,
remains valid (see White, 1974, p. 473), and this as long as the driving-
pressure gradient is weak (see eq. 2.40), being either positive or negative,
* (9p*/0dx). One can explain (see Tennekes et Lumley, 1972, p. 185) this,
by assuming the inertia term in eq. 2.53 is negligible and that the term of the
driving pressure is weak compared to the term of the Reynolds stress; a zone
of quasi-constant stress is thus delimited.

Nevertheless the integration constant, C, may depend upon the pressure
gradient (see Tennekes et Lumley, 1972, p. 186). The thickness of the inner
region, z'/h < 0.2, will now depend on the pressure gradient (see White,
1974, p. 473). The inner region can disappear in decelerating flow with
strong positive pressure gradients, when flow separation occurs.

ity  Inthe outer region, one finds (experimentally) that the law of velocity defect,
the one of Coles :
U. -1 ~
——G——E=lln(-8—.)+g(2—m) (2.51)
u, F4 X

remains valid. Depending on the gradient of the driving pressure (see
eq. 2.40), one has to make the following distinction (see Fig. 2.12) :

- a positive (unfavourable) pressure gradient, dp*/dx > 0, being always
accompanied by a decrease of the average velocity in the direction of the
flow (deceleration); the velocity profiles get less uniformly distributed;
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- a negative (favourable) pressure gradient, dp*/dx < 0, being usually
accompanied by an increase of the average velocity in the direction of flow
(acceleration); the velocity profiles get more uniformly distributed.

50

z'/h
v _Z 410
N = =
AN
NN ,
SN outer region
k N\
N
\
>
. N\ o
aTU 0\' \\ aZ >0 /\~0'2
inner region
7J i L
1.0 To

uniform flow
accelerating

non uniform flow .
decelerating — — —

Fig. 2.12 Scheme of the distribution of the shear stress, T,.(z’),
and of the velocity, u(z’), in non-uniform flow.

To obtain the distribution (see Fig. 2.12) of the total shear stress, T,(2), the
equation of motion, eq. 2.53, must be integrated (see Rotta, 1972, p. 240). The
boundary conditions are the following :

' =0 = T

Z’ =nh = T, =0

Consequently, one obtains :

i)  Close to the wall, ' << h, where the non-slip conditions, u = 0 and w = 0,
are valid, eq. 2.53 is written as :

Mar _ o (M, %% _ O (2.53a)
0z ox  Ox dx

which subsequently gives (see White, 1974, p. 474) :


http://code-industry.net/

50

2.6
1°

20

30

FLUVIAL HYDRAULICS

p*
Ty = T, + ()2
dx

Depending on the pressure gradient, one has :

- for a positive pressure gradient, 0p*/dx > 0, where the flow is
decelerating :

0T

— 5 0 and 1
0z

the total stress has its maximum value, 1,, = 7,,,, , at a certain distance
from the wall;

- for a negative pressure gradient, dp* /0x < 0, where the flow is generally
accelerating :

> 1,

étt*’~l<0 and T,
0z

the total stress has its maximum value, T,, = T,,, , at the wall.

i)  Far from the wall, beyond the point where T,, = 1,,,, , the distribution of
total shear stress is monotone (see Rotta, 1972, p.240) and this up to the
water surface, where 1,, = 0.

DISTRIBUTION OF VELOCITY

The experimental results, to support the theory developed in chap. 2.5, will now be
presented.

It is taken that the flow of a real and incompressible fluid is completely developed
along (the bed of) the channel. Assumed will be that the flow is two-dimensional,
but unidirectional in the x-direction, being steady and uniform or non-uniform.

A direct consequence of a real-fluid flow is the manifestation of the (point) velocity -
profile, u(z') , where the 7' is the distance measured from the bed of the channel.

By integration of the velocity profile the average velocity, U, across the flow
section is obtained.

Between the dimensionless average velocity, U/u,, and friction coefficient, f there
exists (see Graf & Altinakar, 1991, p.433) the following relationship
(see eq. 3.8) :
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U 8
= = l (2.55)

S5

where u, = Y 1./p is the friction velocity.

A summary of the velocity distribution, u(z'), of the average velocity, U, and of
the friction coefficient, f, for uniform flow, both laminar and turbulent, is given in
Table 2.1.

2.6.1 Laminar Flow
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20
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Uniform, steady and laminar flow in a channe! of a large width, Ry, = h , has been
studied in great detail (see Graf & Altinakar, 1991, p. 257); it is a special case of
the Couette flow.

The distribution of the velocity, u(z') , for two-dimensional flow (see Fig. 1.6) is
given by a parabolic relation :

uz) _ 1
u, 2 u,

(- y% ) (2hz' -z (2.56)

where h = h + z,, and (dh/dx) is the slope of the water surface, given herewith as
Sw = S; = — (dzp/dx). Using the friction velocity, given as u*2 = gh S¢ (see
eq. 3.7), this equation eq. 2.56, becomes :

L] u*
uz) _ <) a- 0y (2.562)

u,

The average velocity, U, in the flow section, A, is given (see Graf & Altinakar,
1991, p. 257) by :

y—-——l—‘g—sfh2=

u, u, 3v

uh

v

( ) (2.5

W] e

a relationship which expresses a proportionality between the average velocity, U,
and the bed slope, S; .

Flow is considered to be laminar, if the Reynolds number is :

Re':LJESSOO or Re:—ﬂj—ll < 2000

v AY

As long as flow stays laminar, the roughness of the bed of the channel is of no
consequence.
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5° The friction coefficient, f , 1s obtained by combining eq. 2.55 and eq. 2.57; that

is :

8 1 whouo oo ﬁ
’V}(*u,‘s(v)U‘3Re 3
or written also as :
24 6
= Re' or = Re (2.58)

The coefficient, B; = 24, is valid notably in two-dimensional flow, when the width
of the channel is large and having an aspect ratio of B/h > 5. For channels which
are less large, B/h < 5, or for channels being not rectangular, this coefficient may
be smaller, 14 < B; <24 (see Chow, 1959, p. 11).

2.6.2 Turbulent, smooth Flow

10

20

30

4°

The universal velocity distribution for turbulent, smooth flow was developed using
the concept of the mixing length (see point 2.5.2, 4°, or Graf & Altinakar, 1991,
pp. 280 - 289).

The distribution of the velocity, u(z') , — one shall take now u = u for the point-
average velocity, or the bar will no more be used — is logarithmic (see eq. 2.50);
it is given by :

' Z'u*
u1(1Z) _ 1 In (
* K A%

) + By (2.59)
The numerical constants, obtained from numerous experiments with uniform flow
(see Reynolds, 1974, p. 187) are :

K = 04 ; B, = 5(+25%)

For non-uniform flows, the numerical constants are only slightly different (see
Reynolds, 1974, p. 187 and Cardoso et al., 1989).

This relation, eq. 2.59, is only valid close to the surface (bed), delimited by :

Zu*

35 < < 200 or % <02

v
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but experiments have shown good agreement over the entire flow depth, h. The
region delimited by (z'/h) £ 0.2, is the inner region (see Fig. 2.11) where the shear
stress remains essentially constant.

Upon integration of eq. 2.59, one obtains an expression for the average velocity :

Rh u,

£l

In ( ) + B, (2.60)

1
K
The constant of integration obtained from numerous experiments (see Keulegan,
1938) is given as :

B, = 3.5

but it depends slightly on the geometry of the cross section and on the Froude

number (see Chow, 1959, p. 205).

The friction coefficient, f , can be now obtained in combining eq. 2.55 with
eq. 2.60; this gives :

Ry u,

U —
= o In ( ) + B,

1
K

o

and for B = 3.5, one has :

= 2.03 log (Re' \/?) + 032 (2.61)

=

or putting Re'=Re/4 :

= 20310g (Re \ f) - 088 = 210g (3¢ Vf) (2.61a)

The above relations, eq. 2.61, are valid for turbulent flow, Re’ > 500, in a channel
having smooth walls, (u/k/v) <S.

=3

2.6.3 Turbulent, rough Flow

10

The universal velocity distribution for turbulent, rough flow was developed, using
the concept of the mixing length (see point 2.5.2, 4 °, or Graf & Altinakar, 1991,
pp- 280-289).
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[cm] u [cmis] logz' [cm]
20 40 60 u [cm/s]
u,——
rough wall
law ofwall
Data:
Kironoto et Graf (1993)
h=0.115 [mj; B/h =5.22;
=0.0048 [ 1;
Re=2.25x105;Fr=0.46
0.2 k
£
u [cm/s]
law ofthe wall
ofvelocity

Br =8.75
u*=3.38[cm/s]

Fig. 2.13 Velocity profile, u(z'y, uniform, rough flow.
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"feml T _QD f-3(= e ‘IE9|—u fcms] " [cm]T 20 6

0 * s rough wall, ks= 4 ™ [
o0 DPBI Dala: AGBI O
DPB2 Kironoto et Graf(1994) ; 2
DPB3 g/h 2 AGB3
10
u,
- 0.6 0.6
0.2 02 +
0 0.1 z'/h .
20 ?n
u law of wall
2\ 10
B=8.1
|
2 > inner region
8 --
4
fWof velocity
001
Decelerated flow : p=3. Accelerated flow :

O [cm/s]

z'/s =02

z'/h

10 z/k 10

> region

ri=-0.i5

Fig. 2.14 ¥eloc ty profile, u/z'j; non-uniform, rough flow.
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As an example, the distribution of the velocity — measured in a laboratory flume
by Kironoto et Graf (1993 et 1994) — is given with Fig. 2.13 for uniform and
with Fig. 2.14 for non-uniform flow. Different coordinates are here used :

- u vs 7' : is the original (measured) profile;
- u vs log 2z :  shows the logarithmic form
of the original profile;
u z' T
i S :  shows the auto-similarity,

necessary for non-uniform flow in equilibrium;

- u vs In( l%) : used to determine the values of u, and B,,
S

if x = 0.4 is imposed;

u Z . . . :
S O . gives a dimensionless representation
* S
of the law of wall;
U,-u z' . . . .
- a vs g gives the dimensionless representation
*

of the law of velocity deficit.

The distribution of the velocity, u(z') (see Fig. 2.13), is logarithmic (see eq. 2.50);
it is given by :

u(z) _ 1. &
n, T, In (ks) + B, (2.62)
k¢ being the equivalent or standard uniform roughness (see Graf & Altinakar,
1991, p. 287 et sect. 3.2.1). The numerical constants, which are obtained from

numerous experiments (see Reynolds, 1974, p. 187 and Kironoto et Graf, 1993)
for uniform flow, are given as :

k = 04 ; B, = 85(%15%)

The vertical distance, z', is measured from a level which passes slightly below the
peaks of the roughness (see Fig. 2.13); in general one takes z, = - 0.2 k, (see
Graf, 1991 or Hinze, 1975, p. 637). The relation of eq. 2.62, just as the one of
eq. 2.59, is actually only valid within the inner region, z'/h < 0.2 (see Fig. 2.11
and Fig. 2.13), but an extension into the outer region is often possible.
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For non-uniform flow, the constant, B, , is slightly different (see Kironoto et Graf,
1994): it is larger in decelerating flow and smaller in accelerating flow (see
Fig.2.14). The same tendency is observed for unsteady flow (see Tu et Graf,
1992).

After integration of eq. 2.62, one obtains the following expression for the average
velocity :

U
o In (2)+ B, (2.63)

1
K
The constant of integration, obtained from different experiments (see Keulegan,
1938, p. 722) is :

B, = 6.25

being almost independent of the geometrical form of the channel. For flow with

large Froude numbers, Fr > 1, the value of B, diminishes (see Chow, 1959,
p. 205).

The friction coefficient, f , obtained by combining eq. 2.55 with eq. 2.63, is
written as :

8 _
— = — In(2) + B,
K

>

u 1 R
u, kg

substitution of B, = 6.25, gives :

/V 1}: = 2.03 log(%h) + 2.2 (2.64)
Ks

This relation is valid for turbulent flow, Re' > 2-10*, in channels with completely
rough surfaces, (kgu,/v) > 70.

Between smooth surface flow, delimited by (k,u,/v) < 5, and rough surface flow,
delimited by (ku,/v) > 70, there exists the transition region, where the experiments
of Nikuradse (see Graf & Altinakar, 1991, p. 427) are used to make the
connection.

The friction coefficient, f, for flow over smooth, transition and rough surfaces, is
given by the relation of Colebrook et White (see Graf & Altinakar, 1991, p. 436)
which was adapted for channels by Silberman et al. (1963, p. 104), such as :
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1/l = -20 1og(ksa/§“ , 2 ) (2.65)
f Ref

where 12 < a;< 15 and 0 < bs < 6, being established for sections of different
geometrical shapes and Re = 4 R U/v. For very wide channels it is recommended
to take : a; = 12 and by = 3.4. If k{ = O, the relation reduces to eq. 2.61a, valid
for smooth surfaces; if Re — oo, it reduces to eq. 2.64, valid for completely rough
surfaces.

Outside the inner region (see Fig. 2.11) and up to the entire flow depth, h, is the
outer region, delimited by 0.2 < (z/h) < 1.0. In this region, the flow is conditioned
by the maximum velocity, u = U, , as well as by a possibly existing longitudinal
pressure gradient. The distribution of the velocity deviates slightly from the
logarithmic law. It is approximately given (see Graf, 1991 et Hinze, 1975) by a law
of velocity deficit :

-1 2

u,

(2.66)

- z
= 96(1 -1 )

being valid for turbulent flow, both for smooth and rough surfaces.

Nevertheless, the logarithmic law given by eq. 2.59 and eq. 2.62 can be used over
the entire flow depth, if one does not desire a too high precision.

The distribution of the velocity over the entire flow depth — with exception of the
viscous region — , thus in the zone of 0.01 < (z/h) < 1.00 (see Fig. 2.11 and
Fig. 2.13), is given by the following law of velocity deficit (see point 2.5.2, 4 °) :

U,-u 1

—— = —]n(~8—,)+g(2——c~o) (2.51)
* K 4 K

where I1 is the wake parameter of Coles, which depends notably on the
longitudinal pressure gradient, B, (see eq. 2.52). For uniform flow over smooth
and rough surfaces (see Kironoto et Graf, 1993) in a channel having a weak
pressure gradient, namely the bottom slope, one takes :

IT = 0.2
having a variation of - 0.1 < IT < 0.3.

For flow (boundary-layer) without pressuie gradient, (dp* / dx) = 0 , one takes
IT=0.55 (see Hinze, 1975, p. 697).
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Table 2.1

Summary of velocity profile, u, of average velocity, U, and of friction coefficient, f ,
for steady, uniform flow in channels.

u | 2
— = — (YSp) 2hz' -7
Us  2uu, (S )
U 1 huy
a:—g( v )
f=24Re’
T AR Flow Re’=@z— 500
L TURBULENT v
u 1 '*
a—*‘:; In(—) +5.5
smooth
u.k Rpu,
*ics U Ly 3y iss
\Y u,
1
—\7—_=2log(Re"\/f)+O.32
_U_Q__:ll_=lln (_._)+_r_1(2__g))
smooth u, K 4
transition
rough 1 kg/Ry, bs
— =-2log (=—+ )
af
\/f 4Re'\/f
w 1.2
E:—Kln (&) + 85
rough
uk R
5 570 —g‘=£1n(k—h)+625
\Y U ¢ s
R
J—:Zlog(R—h) + 2.2
."f S
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For non-uniform flow (see Fig. 2.12 and Fig. 2.14), eq. 2.51 remains still valid,
but the wake parameter, I, has no more a constant value. Such flows must remain
in equilibrium, namely the velocity profile must stay auto-similar. An empirical
relationship of the type :

= f(B)

is proposed, where 3 is the equilibrium parameter :

h op*

2.52
T, Ox ( )

B:

which characterizes the longitudinal pressure gradient. Depending on this
parameter, f3 , one finds (see Kironoto et Graf, 1994) that :

B<-1 : flow is accelerating, and the wake parameteris —1.0<I1<0.2;
B>-1 : flow is decelerating, and the wake parameteris I1>0.2;
=-1 : flow is uniform having a weak pressure gradient, and the wake

parameter is I1=0.2.

The same tendency was observed (see Tu et Graf, 1992) for unsteady flow.

For two-dimensional flow, the maximum velocity, U . occurs at the water surface,
8 = h. For three-dimensional flow, the maximum velocity, U, , may occur below
the water surface, 8 < h (see Fig. 2.15); secondary flow is evident. To parametrise
this, one may use a ratio of (h — 8)/h (see Fig. 2.15). The aspect ratio of B/h = 5 is
the limiting value.

0.6~ data : Kironoto et Graf (1993)

047
h-38

h

027

0 2 4 6 8 B/h 10
3D- flow 2D-flow

Fig. 2.15 The position of the maximum velocity, U, ;
in two- and three- dimensional flow.
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2.6.4 Turbulence Characteristics

10
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30

Flow at large Reynolds numbers ceases to be laminar; it becomes turbulent. In each
point of the flow, the instantaneous velocity, u; and w;, is subject to variation in
direction and in intensity. The velocity varies around a mean value defined by :

u=u + u , W= W o+ W

The fluctuation components, u' and w', are by definition weak as compared to the
respective mean values, u and w.

The equations of motion for laminar flow — the Navier-Stokes equation (see Graf
& Altinakar, 1991, sect. FR.1) — are modified by the supplementary stresses due
to the turbulence; these are the Reynolds equations, eq. 2.35, (see Graf &
Altinakar, 1991, sect. FR.5). The supplementary stresses have the form of :

Semi-empirical methods are used to express these stresses.

The characterization of the structure of turbulence is based here on experiments
done in channels; some of these will be presented.

Intensity of turbulence

The temporal mean value of the velocity fluctuations are by definition zero :

?:0, ‘\;/‘;=0

.. . 2
This is however not the case for the mean quadratic values, u'". The RMS-value

12 2.
(Root-Mean-Square), u'" and w ', 1s commonly used.
q y

The ratio of the RMS-value and the friction velocity (see Graf & Altinakar, 1992,
p. 267) is used to define the intensity of turbulence :

L L = f(2) (2.67)

T = f(Z) s .

which varies in space.
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=~ = smooth surface : data : Cardoso et al. (1989)

S2R-n rough surface : data : Kironoto et Graf (1993)

1.0

08

0.6

0.4

0.2

0.0

Fig. 2.16 Distribution of the normal and tangential stress of Reynolds;

for uniform flow.

The vertical distribution of the normal stress, expressed as turbulence intensity, is
given in Fig. 2.16 for uniform flow; the measurements were performed in the
center of the channel having an aspect ratio of 2.1 < B/h < 6.9. One notices that :

)

i)

iit)

for channels with smooth (see Cardoso et al., 1989) and rough surface (see
Kironoto et Graf, 1993), the distribution are reasonably the same;

close to the bed (surface), in the inner region, one has :
u’? = 1.8 u, ; \/ w? = 1.0 u,

up to the flow depth, the distribution stays monotone; at the surface one has :

VPEVFEO.GU*

and the turbulence becomes isotropic.


http://code-industry.net/

HYDRODYNAMIC CONSIDERATIONS 63

7\ accelerated flow (f =-2.36)
O decelareted flow (B =+3.58) data: Kironoto et Graf (1994)
uniform flow (§=-1)

1.0 yay 1.0
A
RIAN
08 T A 0.8
14
06 + 0.6
1 z
S
04 + 0.4
0.2 P 0.2
1y w2
00 +—11 0.0

Fig. 2.17 Distribution of the normal and tangential stress of Reynolds;
for non-uniform fiow.

For non-uniform flow in equilibrium, the distribution of the normal stress is given
in Fig. 2.17; the measurements (see Kironoto et Graf, 1994) are performed in the
center of the channel having an aspect ratio of B/h = 2. One notices that :

i)  for accelerating flow, B < - 1, the turbulence intensity is smailer than for
uniform flow, B = — 1. The maximum value is at the bed and diminishes
towards the water surface. Consequently, in accelerating flow the turbulence
is suppressed (see Hinze, 1959, p. 66);

i)  for decelerating flow, B > — 1, the turbulence intensity is larger than for
uniform flow, 3 =~ 1. The maximum value is above the bed and diminishes
towards the water surface. Consequently, in decelerating flow the turbulence
is enhanced.

Similar experimental observations have also been communicated (see Bradshaw,
1978, p. 68) for boundary-layer flow with pressure gradients.
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Reynolds stress

The total tangential stress, eq. 2.42, are well represented by the supplementary
stress, notably for flow at large Reynolds numbers; one writes :

to=—puwW (2.42b)

The vertical distribution of the supplementary stress, in short the Reynolds stress,
is given in Fig. 2.16 for experiments with uniform flow. One finds — as one has
already seen in point 2.5.2, 3° — that :

i) the distribution is linear, or :
T (5—324) (2.47b)
o

if)  with the boundary conditions being :

it

T, =1,

0
o T, =0

z!
z .

i

For non-uniform flow in equilibrium, the distribution of the Reynolds stress is
given with Fig. 2.17. One finds — as one has already seen in point 2.5.3, 5° —
that :

i)  in accelerating flow, B < — 1, the Reynolds stress, whose distribution is
concave, diminishes;

if) in decelerating flow, B > - 1, the Reynolds stress, whose distribution is
convex, increases;

iii) consequently, the energy dissipation, namely the head loss, is larger in
decelerating than in accelerating flow;

iv) close to the bed, the gradient to the curve of distribution is given by :

ot op* T . :
TP o B pe 2.53b
0z ox b G ( )

which is in agreement with arguments advanced in point 2.5.3, 5° (see
Fig. 2.12).

Similar observations have also been done for unsteady flow with a free surface
(see Tu et Graf, 1992) as well as for boundary-layer flow having pressure
gradients (see Bradshaw, 1978, p. 68).
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A dependence between the velocity fluctuations, u’ et w', is often given with a
correlation coefficient :

u'w'
NGRS
u w
The distribution of this coefficient for uniform flow — for non-uniform flow it is

similar — is given with Fig. 2.16. One sees that :

i) over a large fraction of the flow depth, 0.1 < z'/d < 0.6, the fluctuation are
reasonably well correlated : R, = - 0.5;

(2.68)

-Ruw =

ii)  this correlation diminishes close to the bed and close to the water surface.

5°  Mixing length
The Reynolds stress, eq. 2.42b, can also be expressed by :

Tazpf(a_ﬁ)z:pvt(-aﬁ) (2.49)
oz 0z

where 1, known as Prandtl's mixing length, is the distance over which the fluid
mass displaces itself. v, is the mixing coefficient of Boussinesq which has
dimensions of the kinematic viscosity, but its value is very large, such as v, >>v.

The vertical distribution of the mixing length, 1, in uniform flow — it is similar in
non-uniform flow — is given with Fig. 2.18; one finds that :

)] close to the surface (bed), in the inner region, z'/8 < 0.2 , it is given as :

] = x7' where x = 04

if)  in alarge part of the outer region, 0.5 <7'/6 < 1.0, it is given as :

1/6 = 0.12
but the data show a large spread.

0.30
0 O A X = Daw: Kironoto et Graf (1993)
- Pipe flow (Nikuradse)
178 ; °
015 O ok AT
X L_‘?(AD
e | x
1
)
i 1
O " IH i A i n A A
0 0.5 215 1.0

Fig. 2.18 Distribution of the mixing length.
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Energy spectrum

The spectrum of kinetic energy (see Graf & Altinakar, 1991, p. 273) provides
important information about the turbulence of the flow, namely about the energy
distribution of the eddies having different sizes and frequencies.

. . . 2 02
The spectral function, E(n), gives the turbulent kinetic energy, u'(n) or w '(n), for
a range of frequencies, dn ; or:

o0

u?= [E(n) dn (2.69)

or written in normalized form, F(n) = E(n)/u i ,as:

o0

JF(n)dn = 1 (2.70)

F(n) has units of time, [t], and n has units of frequency, [t'l].

The function, F(n) , — known as the turbulence spectrum — is a representation
of the way the energy is distributed with the frequency, n. By a transformation
— use is made of Taylor's hypothesis of frozen turbulence — of the frequency, n
, into a wave number, (27t/u) n = k, the wave-number spectrum is obtained :

(=<

[Fk)dk = 1 (2.70a)

F(k) has units of length, [m], and k has units of length, [m"].

With Fig. 2.19 is shown a one-dimensional frequency spectrum for longitudinal,
u', and vertical, w', velocity fluctuations for uniform flow in an open channel with
a free surface, at different levels, z'. These spectra are rather tzplcal for uniform
flow over smooth and rough surfaces, having 10* < Re < 10° (see Kironoto et
Graf, 1993) and also for non-uniform flow (see Kironoto et Graf, 1994).

The energy spectrum is in general rather wide and is usually delimited in three
zones (see Fig. 2.19b):

i)  The turbulence structure of the largest eddies has no universality; it is
anisotropic and depends largely on the flow conditions, thus on the flow
Reynolds number The macro scale (see Reynolds, 1974, p. 79) of the
turbulence, k, = A, is the upper limit.
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Fig. 2.19 Turbulence spectrum for different levels, z'/S;
in uniform flow.

The turbulence structure of the very $mallest eddies, where viscous
dissipation dominates, has universality; the lower limit (see Reynolds, 1974,
p. 99) is given by the Kolmogoroff scale, k3=rf 1= (v3e)V4 where is the
kinematic viscosity and £ is the dissipated turbulent energy, expressed by :

e = 15 @'2x2).

In the inertial zone, if the flow Reynolds number is high, the large eddies
disintegrate into smaller eddies and so on (in cascades), and all this by action
of the inertia forces. The resulting energy spectrum has universality, thus
being independent of the Reynolds number. This part of the spectrum is
described by Kolmogoroffs hypothesis, which shows by way of a
dimensional analysis, that the spectral function, F(k), can be given by a law
of the type (see Reynolds, 1974, p. 99):

F(k)«e?2/3k"53

In this zone, k! < k « k3, the turbulence is quasi isotropic and the spectrum
is in equilibrium: the micro-scale (see Reynolds, 1974, p. 79) of the
turbulence, k2=, falls into this zone.
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3. UNIFORM FLOW

Flow in a channel is considered as uniform and steady, if the flow depth remains
invariable in the flow direction as well as in time. In fluvial hydraulics, uniform flow is
taken as the base (reference) for all other considerations, and this despite the fact that

truly uniform flow is rarely encountered in reality.

In this chapter, the equations of continuity and of motion will be developed.
Subsequently are presented the different relationships for the determination of the
coefficients of friction for fixed and mobile channel beds. Knowledge about this
coefficient is paramount in all kinds of problems of fluvial hydraulics. The calculation of
the discharge for flow over a fixed as well as a mobile bed is elaborated. Elementary
knowledge about flow in curves as well as instabilities at the free-water surface will be

exposed.
33  DISCHARGE CALCULATION,
FIXED BED
3.3.1 Conveyance
3.3.2  Normal Depth
3.3.3 Composite Section
TABLE OF CONTENTS 3.3.4  Section of maximum Discharge
34 DISCHARGE CALCULATION,
MOBILE BED
3.4.1 Sedimentation Velocity
3.4.2  Ciritical Velocity
3.4.3  Distribution of Shear Stress
3.4.4  Stable Section
3.1 HYDRODYNAMIC EQUATIONS
3.1.1 Notion of Uniformity 3.5 FLOW IN CURVES
3.1.2  Equation of Continuity 3.5.1  Super-elevation
3.1.3  Equation of Motion 3.5.2  Supercritical Flow
3.5.3 HeadLoss
32 COEFFICIENT OF FRICTION
3.2.1 Coefficient of Weisbach-Darcy 3.6 INSTABILITY AT SURFACE
3.2.2  Coefficient of Chézy 3.6.1 Roll Waves
3.2.3  Coefficient of Manning 3.6.2  Air Entrainment
3.24 Composite Roughness
3.2.5 BedForms 3.7 EXERCISES

3.2.6  Coefficient of Friction,
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3.7.1 Problems, solved
3.7.2  Problems, unsolved
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3.1 HYDRODYNAMIC EQUATIONS

3.1.1 Notion of Uniformity

1°  Flow is considered as uniform and steady (see sect. 1.2.1) if the flow depth, h or
D}, as well as other hydraulic parameters such as the average velocity, the
discharge, the roughness and the channel slope, remain invariable in different cross
sections of the channel along the axis of flow. The streamlines are rectilinear and
parallel and the vertical pressure distribution is hydrostatic. The slope of the bed,
S¢, of the water surface, S, , and of the energy-grade line, S, , are the same.

2°  Truly uniform flow is rather rare in natural, but also in artificial channels. Uniform
flow is only possible in very long prismatic channels and this far from the upstream
and downstream boundary conditions (see Fig. 3.1).

| non-uniform uniform non-uniform

reservoir W T
channel m\mp

Fig. 3.1 Uniform flow between boundary conditions.

3° Despite the fact that uniform flow occurs rarely, this type of flow is usually taken
as the standard (reference) flow for any theoretical and experimental study of other
types of flow, but notably for the understanding of the flow resistance.

3.1.2 Equation of Continuity

1°  As long as flow is uniform and steady, the cross section of the flow, A , remains
the same in direction, x , and in time, t. The equation of continuity (see sect. 2.1)
was given as :

AUA) _ 3A
ox ot

=0 (2.1)

but becomes now :

JUA)
ox

0 (3.1)

where Q = UA is the discharge and U is the average velocity.
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2°  Consequently, the discharge remains constant :
Q = Cte (3.2)
Between two cross sections (see Fig. 3.2), one has :
AU =Q = AU, (3.2a)
and with U, = U, and A, = A, , one writes : Q = UA .

3.1.3 Equation of Motion

1° Consider a prismatic channel (see Fig. 3.2). The liquid in motion provokes a
friction force at the wetted perimeter :

Fp=1,Pdx

by an action of the longitudinal component of the gravity force :

F; = YAdx sina = Wsina

In uniform flow, there exists an equilibrium between these forces :

T, Pdx = YAdx sino (3.3)

Consequently, one obtains an expression for :

T, = ygsina (3.4)

o (weak)

Fig. 3.2 Scheme of uniform flow.
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The quotient of the wetted cross section , A , and its wetted perimeter, P, defines
the hydraulic radius, R;,. The angle, o, is usually very small; thus one may write
sin a=tg o = Sy . Above relation, eq. 3.4, now reads :

T, =Y Ry S¢ (3.5)

where T, is the tension due to the friction forces, called the shear stress, which acts
on the wetted surface (wall and bed). Note that eq. 3.5 can be obtained directly
from eq. 2.10 or eq. 2.12, by considering the uniformity of the flow.

In hydrodynamics, one defines :
To/p = U*z (3.6)

where u. is the friction velocity. Thus one can also write :

us = Vg R, S¢ 3.7)

Instead of the shear stress, T, =p u.?, one may also use the definition of the
friction coefficient (see Graf & Altinakar, 1991, p. 433) which is given by :

T a2
= —2— = 83y (3.8)
f pU%/8 (U)
Upon substitution of eq. 3.8 into eq. 3.5, one obtains:

(f/8)pU* = 1, = pgR,S;

or, written otherwise :
1 U
S; = fm 3 (3.9)

This relation is known as the equation of Weisbach-Darcy (see Graf & Altinakar,
1991, sect. FR. 2.1 and sect. PP. 2); it reveals itself as very useful for flow in
pipes. The coefficient, f , of friction (head loss) depends on the Reynolds number
and the relative roughness, but also on the form of the cross section.

The equation of Weisbach-Darcy can also be written as :

U = \/8g/f vV R, S; (3.10)

an expression which is frequently given in the form of :
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This is called the relationship of Chézy, where C is the resistance coefficient
of Chézy.

In uniform regime (see eq. 3.10 and eq. 3.11), the flow depth, h, which
corresponds to the hydraulic radius, R, , is defined as being the normal flow
depth, h=h,.

Different formulae have been elaborated over the years to render expressions for the
friction (resistance) coefficients. Herewith some more common formulae will be
presented, namely :

1)) coefficient of Weisbach-Darcy (see sect. 3.2.1),

if) coefficient of Chézy (see sect. 3.2.2),

iif)  coefficient of Manning-Strickler (see sect. 3.2.3),

iv)  coefficient of friction for mobile bed (see sect. 3.2.6).

COEFFICIENT OF FRICTION

It will certainly be useful, to express the friction coefficient, f, for laminar and
turbulent flow with the equation of Weisbach-Darcy, eq. 3.10. However, the
channel data presently available contain major limitations since channels should be
of circular cross section and the roughness should be the standard one.

The relation of Chézy, eq. 3.11, is also rather useful as long as the flow in the
channel is truly turbulent; this is often the case.

These two approaches, eq. 3.10 and eq. 3.11, give satisfactory results, notably for
practical problems, if applied correctly and respecting their possible limitations. The
ASCE (see Silberman et al., 1963) recommended however the use of the equation
of Weisbach-Darcy.

The precision which is obtained with these formulae, eq. 3.10 or eq. 3.11, is
nevertheless strongly dependent upon the choice of the friction coefficient, f orC.

Artificial and particularly natural channels have all types of form of the cross
section. No parameter exists which would well take care of the variability in form;
the use of the hydraulic radius is often not sufficient.

An estimation of the friction coefficient for a fixed or immobile bed is already
difficult; but still more difficult will be an estimation for a mobile bed.
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3.2.1 Coefficient of Weisbach-Darcy
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In above equations, eqs. 3.9 and 3.10, the definition of friction coefficient, f , 18
analogous to the one given for circular pipes. For pipes having an industrial
roughness, a universal formulation is given (see Graf & Altinakar, 1991,
sect. PP. 2) by :

i)  the diagram of Moody-Stanton or
if)  the relation of Colebrook-White, for turbulent flow.

For cross sections, which are geometrically close to circular sections, one may
readily use the experiments performed on pipes. However, some modifications are
necessary; the hydraulic radius (see Graf & Altinakar, 1991, p. 439) should be
written as follows :

A
4R, = 4 b (3.12)
Thus 4R, becomes the characteristic length, which is to be used in the definition of
the Reynolds number, the relative roughness and the equation of Weisbach-Darcy,
respectively :

_ARU K U’

. _ g1 U
Re = — > @R, Sf‘f4Rh 2%

For the roughness, k, , in artificial channels, the equivalent roughness, established
for industrial pipes, may be taken.

The use of the diagram of Moody-Stanton (see Graf & Altinakar, 1991,
Fig. PP.9) with Re = 4R, U/v and k/4R,, gives values for f for laminar and
turbulent flow. Subsequently, one obtains the average velocity, U, using eq. 3.10,
or the bed slope, S¢ =S, , of the channel, using eq. 3.9.

Instead of using the diagram of Moody-Stanton, one may also take the semi-
empirical relation of Colebrook-White (see Graf & Altinakar, 1991, p. 436), valid
only for turbulent flow, which is written for channels as follows (see eq. 2.65 ) :

1 ki/Ry, bg
= = —2log | =0 4 — AL (3.13)
A

with 12 <a;< 15 and 0 < b < 6, established for different kinds of cross sections,
as well as for different types of roughnesses (see Silberman et al., 1963, p. 104).

The equivalent roughnesses, k, established for industrial pipes, but considered
valid also for artificial channels, are given in Table 3.1. A more complete tabulation
is given by Wallisch (1990, pp. 235-250).
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For channels or watercourses whose bed is made up of a granulate, one generally

takes k, = ds;; ds, being the diameter equal to 50% of grains in the granulometric
curve.

The importance of the form of the cross section can be somehow taken care of by a

factor, which multiplies the hydraulic radius Ry, ; thus (¢R;) and (¢pRe) replace R;,
and Re in eq. 3.13. One takes (see Ghetti , 1981) :

- for a rectangular (B = 2 h) section ¢ =0.95
- for a large trapezoidal section ¢ =0.80
- for a triangular (equilateral) section ¢=1.25

However, it must be pointed out that the results obtained with the diagram of
Moody-Stanton or the relation of Colebrook-White will only be good
approximations.

For channels, being very large and rectangular or very different from circular
sections, above methods are less applicable.

Table 3.1 Equivalent roughness for industrial pipes.

Uniform
equivalent
Types of wall roughness
k, {[mm]
glass, copper, brass < 0.001
lead 0.025
pipes, steel new 0.0320.1
old 0.4
new 0.25
wrought iron old 1.0als
coated 0.1
concrete smooth 032038
rough < 3.0
wood 1.0a25
riveted steel 09a9
stone, worked rough 8als
rock 90 a 600
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Natural or artificial channels are usually of large dimensions. Consequently, the
Reynolds number, Re = 4R, U/v, and the roughness, k, , have also large values.
This implies that the turbulent flow is often also a rough one; the value of the
friction coefficient, f , remains constant and is no more dependent on the Reynolds
number.

This is a justification for using the relation of Chézy, eq. 3.10 or eq. 3.11, where

the coefficient of Chézy depends only on the relative roughness, C = fik/R;), (see
eq. 3.13); thus one may write :

C=+8g (-1——} = V3g [2-log (Es‘)ifk“h” (3.13a)

Vf,

Subsequently, taking a; = 12.7, one obtains (see also eq. 2.63) :

A / 5-( = 5.6 log G}ﬂ) +6.25 (3.13b)
s

For a roughness due to large grains, R;/ds, < 10, one should take (see
Grafetal., 1987) :

A /§ = 5.75 log (dR—“)+ 3.25 (3.13c)
f 50

where kg = dy, , with dg; as the median grain diameter.

In rough channels of large width, Ry = h , the friction coefficient , f , can be
obtained making in-situ measurements of point velocities (see Graf, 1966) and
assuming a logarithmic distribution (see sect. 2.63) :

30z
kS

u
u, = 5.75 log

The point velocities, u,, and u, 4 , at two elevations, z' = 0.2h and z' = 0.8 h,
situated on the same vertical (see Fig. 1.7), are given by :

Ugg = 5.75u, log (24h/k,) Uy, = 5.75 u, log (6h/k,)
By elimination of u, in these two relations and putting (u, g/u,,) = {, one gets :

h _ 0.78(-1.38
- 3.19
£k, ¢ (3.19)
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The average velocity, U , for a turbulent rough flow (see eq. 2.63) was given by :

U
u

*

= 5.75 log ]—(h— + 6.25
s

A substitution of eq. 3.19 into this equation — making use of the definition of
eq. 3.8 — renders :

U - 1.78 (£ + 0.95) (3.20)

4. C-b

Subsequently one obtains for the coefficient of friction :

1 1.78 (£ + 0.95)
I _ 3.21
\/f V8 (G- D G20

and also (see eq. 3.13a) :

C = V8g ~ / 1.78 V2 (C(g 019)5) (3.21a)

The coefficients of friction, f or C, are thus obtained in an experimental way for

very wide channels, where h = Dy = Ry, , using the hypothesis of a logarithmic
velocity distribution.

3.2.2 Coefficient of Chézy

10

For turbulent, rough flow the formula of Chézy :

U = CVR,S; (3.11)

can be used. However, it cannot be used for laminar or turbulent smooth flow.

The coefficient of Chézy, C [mm/s] , is a dimensional expression; the numerical '
values use as unity the meter [m] and the second [s].

Different formulae, being all of empirical nature, have been advanced for the
determination of the coefficient of Chézy, C ; all of which make use of the
hydraulic radius, Ry, .
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Table 3.2 Coefficients of roughness of Manning, of Strickler and of Kutter.

1 _
= Ks my
[m!3 1] (m™]
L i i El0 0
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et N - e O - E o0 o010
] g —0.15
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= § Ej = —0.20
--18l--15F-ul-T7—-----------"------ E--80 —0.25
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— = -
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R E__60 |
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-8 glg & E--40 —{1.50
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z 2B F- 25 —3.00
8 =
----- =20

2°  The formula of Bazin considers C as being a function of the hydraulic radius,
R}, [m], and of a coefficient, mg [m ] which characterises the roughness of the
walls and the bed. Established with data from small artificial channels, this relation
reads :

C = 87 (3.14)
1+ (mg/yR,

The coefficient of Bazin varies from mg = 0.06, for a smooth bed, to mg = 1.75,

for a bed made up of stones or covered with vegetation.

3°  The (simplified) formula of Kutter, established with data from artificial channels as
well as from larger rivers, has a similar form, being :

C = 100 (3.15)

1+ (mg/VR, )
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1/2

where my [m”°] is the coefficient of Kutter. Some values for my are given

in Table 3.2.

In the practice, one prefers presently the exponential relations and one uses
commonly the formula of Manning-Strickler in the form of :

U = KR, s/” (3.16)
with
C = KR, = LR," 3.17)

Here K| [mms'l] is the coefficient of Strickler and n [m‘msl] is the coefficient of
Manning. Above relation, eq. 3.16, was elaborated using numerous measurements,
performed in both natural and artificial channels. The values of n and K are given
in Table 3.2. More detailed tables are available (see Wallisch 1990, pp. 252-267).

There exist other exponential relations, such as :

i)  formula of Forchheimer : c=1 Rh”S

5 3
=

ity  formula of Pavloski (see Grishanin, 1990, p.45): C =

for Ry<i{m]: q=15+n
Ry>1[{m]: q=13+n

3.2.3 Coefficient of Manning

10

20

The most popular formula is presently the one of Manning-Strickler, often called
shortly the formula of Manning :

R, s, (3.16)

B

U =

This is a rather simple relationship, but it must be used only for turbulent, rough
flow, thus for flow at large Reynolds numbers. In such a case, the coefficient of
Manning, n, stays constant for a given roughness, while the coefficient of Chézy, '

C, depends (see eq. 3.17) on the relative roughness, (Rh”6/n) .

Complete tabulations of the coefficient of Manning, n , have been presented by
Crause (1951, p. 38), Chow (1959, pp. 110-113) and Graf (1984, pp. 306-309).
Furthermore, Chow (1959, pp. 115-123) and Barnes (1967) provide photos of
different natural and artificial channels as a visual support, to facilitate the choice of
the coefficient of Manning in the range «f 0.012 <n < 0.15.
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Indicative values are summarised in Table 3.2.

It must be pointed out that the values of the erefficient of Manning are the same
both in the metric and in the English system. In the latter case, one has to use the
following relation :

¢ = 1— RhiB (3.17a)

For watercourses, where the bed and walls are made up of a non-cohesive
granulate, theformula ofStrickler (see Strickler, 1923, pp. 11-15) may be used :

Ks = Ks = ,2ThH (3.18)
50 90

where d50 or [m] are the diameters, being equal to 50% or 90% of the grains in
the granulometric curve.

The influence of vegetation on the coefficient of friction is extensively treated by
Chow (1959, pp. 179-184) and Wallisch (1990, p. 229).

3.2.4 Composite Roughness

1

20

30

The coefficients of friction, f, n and c , are valid as long as the entire wetted
perimeter has the same roughness; thus the wetted section is homogeneous.

In sections where the wetted perimeter is not homogeneous, the bed and the side
walls have different roughnesses (see Fig. 3.3); thus it becomes necessary to
compute an equivalent coefficient of friction.

nn

Fig. 3.3 Section of composite roughness.

According to Einstein (see Chow, 1959, p. 136), one divides -in a reasonable
way - the wetted surface, A , in N parts, each one having its wetted perimeter, Fj ,
2 ... >N , and its coefficient of friction, n, , n2 ....nN. Furthermore, one
assumes that the average velocity of each particular section, A, , AZ—seAn* is he
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U=1 A

same and thus also the same as the average velocity of the entire section,
Using, for example, the formula of Manning, eq. 3.16, on writes :
1 /A 12
o (p) S

_ 1

Al 2/ 1/2
nl (Pl) Sf T e

FLUVIAL HYDRAULICS

_ 1
1 .
composite roughness can be computed, being :
N

AN 2/3 2
w ()
ny \Py
N
If one assumes that A*” = ZANM, the equivalent coefficient of friction for a
32
3 (Pum™)

1l

0

3.2.5 Bed Forms
10

(3.22)
Natural, but also artificial channels may have a mobile bed, defined as being a
channel bed composed of solid particles (non-cohesive granulate, alluviums),
which displace themselves by the action of the flow. The bed may become covered
granulometric distribution.

with bed forms, commonly called dunes (see Fig. 3.4). These solid particles are
characterised by the density, p, , the median diameter, d = ds,, and their

e = -~
T e e — ——— ——— — et i

A
2 o

B e e i e i o s e

)

ik
|
A mobile bed presents successively various aspects, which correspond to the
by using the Froude number, Fr (see Fig. 3.5) :
Fr<1 :

different types of bed deformations. These are usually classified into three regimes,

Fig. 3.4 Scheme of a channel bed with a series of dunes.

The bed remains rather flat, and this till the velocity becomes
dunes of growing dune length, A .

critical (see sect. 3.4.2) and the sediment (solid) transport begins.

Consequently, mini-dunes or ripples appear, followed by the
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T, =T+1"
Transport of
Regime sediments | Bed form
no flat
Er<1 mini-dune
yes dune
Fr=1 yes flat
Fr>1 yes anti-dune
Fig. 3.5 Regime of flow over a mobile bed.
ify Fr=1 : As the flow velocity increases, these dunes, already rather long,
are washed out and tend to disappear. In this state of transition, the
bed is once more a flat one.
ii) Fr>1 With a further increase of the flow velocity, another kind of dunes

appear, commonly called anti-dunes, which, contrary to the dunes,
travel usually into the upstream direction. The water surface
becomes wavy and the sediment transport is very strong.

The geometry of a dune (idealised, since sometimes they are not well apparent) is
approximated by a triangular form of length, A, and of height, AH (see Fig. 3.4).

Indicatives relations (see Graf, 1984, p. 283), made dimensionless by the flow
depth, are given as :

AH
=< -é : % ~ 5 (3.23)

The presence of bed forms will cause an increase in the flow resistance. For the
calculation of the total shear stress on the bed, T, , one assumes (see Graf, 1984,
p. 303) that the contribution of the roughness due to the particles, T, and the one
due to the bed forms , 1", is additive, namely :

T, =1 + 1" 3.24)

o]

or (see €q. 3.5) :
YR, St = YRy +Ry) S
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where Ry and Ry," are the hydraulic radius due to the particle roughness and to the
bed forms, respectively.

Using the definition of the friction velocity and of the coefficient of friction,
eq. 3.6 and eq. 3.8, one writes :

2 WA 1wy 2
u’ = (') + (u')

(3.25)
feref
but also :
n=n +n" ; C=0C+C" (3.26)

The total shear stress, 1, , (see eq. 3.24) varies as a function of the Froude number,
Fr . This variation is schematically shown in Fig. 3.5.

3.2.6 Coefficient of Friction, mobile Bed
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A quantification of friction coefficient for flow over a mobile bed has, up to now,
not been very successful over a large range of flow parameters.

There exist methods where one determines directly the entire coefficient of friction,
or n.
There exist other methods, where one calculates the coefficient of friction due to the

grain roughness, 7' or n’, using the formulae presented above (see sects. 3.2.1 to
3.2.3). Subsequently one determines the coefficient of friction due to the bed

forms, f " or n", using other types of formulae.
A selection from the different existing formulae for a direct calculation is given in
the following :

i)  The determination of the entire coefficient of friction can be done using an
exponential relation of the Chézy type (seeeq. 3.11) :

U = KT thsf)’ (327)

Sugio (1972) studied extensively watercourses, having 0.1 < dg, [mm]

<130, and artificial channels, having 0.2 <dsy[mm] < 7.0 ; proposed
was :

U = KRS (3.27a)
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iii)

iv)

It should be noted that the exponent of y = 0.27 is very different from the one
used in the relation of Chézy or of Manning, where y = 0.50 for channels
with fixed beds.

The values for K are : K, =54 for mini-dunes
K, =80 for dunes
K; =110 for the upper regime
K, =43 forrivers with meanders.

This relation, eq. 3.27a, is simple to use and compares itself favourably with
other formulae advanced for channels in regime, namely in equilibrium (see
Graf, 1984, chap. 10), which are also presented by Sugio (1972, p. 24).

The following relationship, presented by Grishanin (1990, p. 59), expresses
the coefficient of Chézy, C , used in eq. 3.11, as being :

172 1/6

C = 525 ;‘l& (—%—“) (3.28)
Vv

It was established for Russian rivers, having 0.1 <ds, [mm] < 0.44 and

3x10%<8;<22%x 10",

Yet another relationship, presented by Grishanin (1990, p. 69) and obtained
from different (35) Russian rivers, was given as :

U = ﬁg (g-)mnh (3.29)

where Mg is a local non-dimensional invariant, Mg = 0.91 £0.12 , for
channel beds of sand.

Using a large series of artificial (laboratory) channels as well as natural
watercourses, having grain diameters of 0.11 <ds, [mm] < 1.35 and bed

slopes of 3 x 10%< Sp< 3.7 X 107, the following relation (see eq. 3.24) was
proposed by Brownlie (1983, p. 975) :

*

- WSS o (J?—) (3.30)
d50 (¥s-1) PsP

where q, = al gd;(, ; q is the unit discharge, o the standard deviation of the
grains in the granulometric distribution and y, =p.g is the specific weight of
the granulate. The coefficients were obtained by a statistical analysis, being :
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- for channels with mobile beds, having mini-dunes and dunes :

w=037 , x=065 y=009 | z=0.11

- for channels with mobile beds, being flat (see Fig. 3.5) or having anti-
dunes :
w=028 | x=062 y = 0.09 , z=0.08

4°  Different empirical relationships have been elaborated for the calculation of the
friction velocity and of the coefficient of friction, u," and f ", being due to bed
forms. Here are given two relations :

i)  The relation proposed by Einstein-Barbarossa is given usually in graphical
form (see Fig. 3.6), where a large spread is evident. Used were many
observations from American rivers, having 0.19 < d;5 [mm] < 4.3 and

1.49 x 10* < S, < 1.72 x 10”. This relationship is expressed (see Graf,
1984, p. 310) by :

U ps-p  dis
o= [ s | =) (3.31)
u* p Rh Sf f
WO RTTTTI T T T TTTTI T T T T
L. —4
. —
50 -
- ——
= -
U
" I~ _1
u,
10: -
5 —
sl bt ] Lol b A D A |
04 05 1.0 5 10 50
P-p by
p Rh‘ Sf

Fig. 3.6 Friction velocity, u.", due to bed forms for mobile bed ;
after Einstein-Barbarossa.
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i)

iit)

The relationship proposed by Alam-Kennedy is given as :

R, U
"= —_ 3.32
fr=f (dso '_—gdso) (3.32)

Also this one is usually (see Yalin, 1972, p. 280) given in a graphical form
(see Fig. 3.7), where a large spread (not shown) is evident. A great many

data from artificial (laboratory) channels, having 0.04 < d;,[mm] < 0.54,
and American rivers, having 0.08<ds,[mm]) < 0.45, have been used.

In this figure, Fig. 3.7, the relation of Einstein-Barbarossa corresponds to the
region where the lines of the values of U/+/g ds, stay reasonably horizontal,
namely for Ry, /ds,>3x 10>,

3 1 [ [ I [ LA 1

1073 | L TN S I N ] ! [ G N | {

102 2 4 6 8yp 2 4 6 8y 2 3
R,/ ds,

Fig. 3.7 Coefficient of friction, f " due to bed forms for mobile bed;
after Alam-Kennedy.

Some more relations have been presented in Graf (1984, pp. 303-320) and

L Yo lald ]
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DISCHARGE CALCULATION, FIXED BED

The study of uniform flow in a watercourse is a common task for the hydraulic
engineer.

Determination of the discharge, Q , in a channel with a fixed bed requires the
knowledge of the channel geometry, of the roughness coefficient and of the bed
slope.

Assumed will be that the walls (bed and side walls) of the channel are fixed or
immobile, thus not subject to erosion.

3.3.1 Conveyance
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The discharge, Q , at uniform flow, given by eq. 3.2a, using the corresponding
velocity, given by eq. 3.16, can be expressed as :

Q=UA = R¥5%A (3.33)

The values of the wetted section, A , and of the hydraulic radius, R, , are
determined and given by the flow depth, h. Furthermore, the nature of the wall
roughness, n, is taken to be known. The following expression can be formed:

KM = = R2A (3.34)

known as the conveyance of the channel (see Bakhmeteff, 1932, p.13), being only

a function of the flow depth, h = h, . This depth is known as the normal depth, h,, ,
for the given discharge, Q . Thus, above expression, eq. 3.33, yields :

Q = Ks; (3.35)
or
QNS = f(h) (3.35a)

For a given form (shape) of the section, this relation can be obtained and plotted>
point by point (see Fig. 3.8). One can readily calculate the conveyance for
geometrically simple sections; for complex ones, a graphical solution is necessary.

The normal depth , h, , increases with the discharge, Q . For identical channels, but
having different slopes, S;, the normal depth increases if the bed slope decreases.

The conveyance, K , characterises the channel; it represents a measure of the
capacity of water transport through the cross section.
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The curve of the normal depths (see Fig. 3.8) will he found to be rather useful in
solving different kinds of problems : if two of the three parameters, h,, , Q and S;,
(see eq. 3.35a) are known, the third one can be found; a priori, the roughness of
the walls is taken to be known.

h
}n S; decreasing
e
$=C
_____ S; increasing

i
¢
: o
Qu Q' Q - K \/—S_f'

Fig. 3.8 Curve of conveyance or of normal depth.

3.3.2 Normal Depth
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The normal depth, h, , (see eq. 3.36) is the flow depth at uniform flow of
discharge, Q , at a given bed slope, S; . (All geometric elements of the cross
section, which correspond to the normal depth, h, , are known as normal elements,
suchas: R, ,A orP,.)

n

The normal depth of a channel of a given geometry is calculated using the relation
for the discharge :

Q= UA = Rh2/3 S A (3.33)

1
n
This relation shows that uniform flow is only possible in a channel whose bed

slope is descending, S;> 0. In a horizontal channel, S; = 0, the normal depth
would be infinite.

For a natural watercourse and for rectangular channels whose width, B, is very
large (see Fig. 3.9), one takes R;, = h as the hydraulic radius. The relation of the
discharge, eq. 3.33, can now be written as :

Q = UA = (Ch'"*S/®) (h B) (3.33a)
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Fig. 3.9 Section of a channel, having a large width.

For the normal or uniform depth, h  hn, one obtains :

hn = (’\-§—7 where = Q/B (3.36)

.3 Composite Section

A cross section of a channel can be composed of different subsections (see
Fig. 3.10), of which each one can have a different roughness and a different bed
slope.

This is frequently the case during floods, when the flow leaves the channel and
enters into the overflow section of the channel.

Such a case can be approximately treated by applying the formula of discharge for
each subsection :

(3.37)

Q = Qc + Qo = AcRh 23 ~

Note that the wetted perimeters, Pc and PO, should be calculated for the lines of
contact between water and bed.

overflow channi

channel

Fig. 3.10 Composite section.
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. . Section of maximum Discharge

The construction of a channel with a given slope, sf, and a given roughness, n,
which should convey a certain discharge, Q, will be less expensive if the cross
section, , is the smallest possible.

2  Take the formula of discharge :
Q = UA = Rh23Sf12A (3.33)

where for (Sf12n) = Cte one writes :
Q = Cte(A5/3P2)

For a wetted cross section, A , being constant, the above expressions show that the
discharge will be maximal, Q = Qmex , if the hydraulic radius is maximal,
Rh=> Rhmex ; thus if the wetted perimeter is minimal, F => Pmin .

3 Amongst all geometrical forms possible, the cross section of a semi-circular form
will give a Pmin for a given constant cross section, A . This is given (see
Fig. 3.11) by:

A= —2~ , P = Ar , Rh=2=2

The semi-circular form can however be only realised (constructed) with artificial
channels, made of metal, concrete or wood.

Fig. 3.11 Sections of maximum discharge.

4 For channels in an alluvium, one should also take into account the angle of repose,
(p, as well as various constraints due to construction. Consequently, a trapezoidal
form (see Crausse, 1951, p. 51) may be the most reasonable one (see Fig. 3.11)
where one defines the wetted section, A, and the perimeter, p, such as (see
Table 1.1):

A = h(b+mh) p = b+2hVI+m?2 where m = ctg .


http://code-industry.net/

92

50

3.4

10

20

FLUVIAL HYDRAULICS

Subsequently, one takes dA as being zero, since the section, A , remains constant :
dA = hdb+{(b+2mh)dh=0

If one puts the wetted perimeter, P, as being minimal, this yields :

dP =db + 2Vl +m?> dh=0

By elimination of db and dh in above equations, one gets :

b=2h(\]1+m2-m)

This value, b, can be put in above relations for A and for P, and one obtains an
expression for the hydraulic radius, or :

R, = h/2
which remains independent from the angle of repose, ¢ .

It should be remarked that for m = O the trapeze becomes a rectangle (see
Fig. 3.11) such as :

b = 2h
R, = h2

I

For a rectangular channel, where b = B, the ratio width/depth must be (B/h) = 2.

DISCHARGE CALCULATION, MOBILE BED

Artificial and natural channels, whose flow moves in an alluvium, composed of a
(non-cohesive) granulate, are channels of mobile bed. The discharge will be
calculated using the coefficient of roughness for a mobile bed (see sect. 3.2.6).

In such channels, the velocity (in the vicinity of the bed) should :

i)  not be superior to a certain critical value, otherwise there is a risk of erosion
of the solid particles on the bed : this is the permissible maximum velocity or
velocity of erosion, usually also called the critical velocity;

if)  not be inferior to a certain critical value, otherwise there is a risk of deposition
or sedimentation of the solid particles which are possibly suspended in the
flow : this is the permissible minimum velocity or velocity of sedimentation.
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The flow velocity, U , to be selected for a 'good functioning' of the channel, must
lie between the velocity of erosion, Ug = U, , and the one of sedimentation, Up, :

Up<U<Ug.

It is evident in Fig. 3.12, that the two velocities, U, and Uy, will have distinctly
different values .

3.4.1 Sedimentation Velocity
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30

The allowable minimum velocity or velocity of sedimentation, Uy, , is the minimum
velocity which is necessary to transport the flow containing solid particles in
suspension.

Recommended (see Chow, 1959, p. 158 and Crausse, 1951, p.16) is to take the
following approximate values :

0.25 <Up [m/s] < 0.9
depending on fine or very coarse material.

The diagram (see Fig. 3.12) which was established by Hjulstrom (see Graf, 1984,
p. 88) delimits the zone of sedimentation as a function of the diameter of the
(monodispersed) granulate.

T
EROSION — ]
3 U_=U — 1
102 A Cr/ s /, / i
3 \b\ /)‘/ / E
i Sy~ ]

) —T"]

B 10 L v
2 3 / E
= - 7 .
X TRANSPORT §
- / SEDIMENTATION 1

10°

F v =
g //jA ]
- U .
10~l i AN RATS 1 1 14 L. 1ddl L L IR . L1l N |
1008 5 o St S o0 5 o0 5oy 3

d {mm]

Fig. 3.12 Velocity of sedimentation and of erosion, Up et Uy, for a uniform granulate,
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In an experimental study with granulates of 0.49 <d;,[mm] <3.02, Graf et
Pazis (1977) expressed the critical values by the shear stress, T, . It was found that

T,. < 7T
The difference was however shown to be negligible for this range of granulates;

one may thus readily take t o = Tog -

3.4.2 Critical Velocity

10

20

There will be erosion of the bed (and the walls) when one exceeds a certain critical
value, expressed with :

1)) the average critical velocity, U, , or the critical velocity, Uy at or close to
the bed,
i)  the critical shear stress, Togr *

From an hydraulic view point, it is more reasonable to use the shear stress, T, , as a
criterion of erosion.

The shear stress was earlier defined as :
To =Y Rh Sf (35)
and the average velocity as :

U = CyR, S; 3.11)

This gives the following ratio, showing the relation between the shear stress, T,
and the velocity, U, or :

u_ _c
Ve Ve

In fluvial hydraulics, one uses rather often (see Graf, 1984, p.91) a dimensionless
form of the shear stress, T_, or:

LA YRy S¢ (3.38)
('Ys"Y)d (Ys"Y)d

where d is the diameter of the granulate (to be specified); ¥, and y are the specific
weight of the granulate and of water respectively. With this relation, one compares
the flow parameters , R, and S;, with the granulometric parameters, d and (s¢-1).
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Amongst the different formulae, which one finds in the literature (see Graf, 1984,
chap. 6), only three will be presented herewith, namely the ones proposed by
Hjulstrom, by Neill and by Shields.

In an analysis of available data from (monodispersed) uniform granulates,
Hjulstrom used the average flow velocity, U , instead of the velocity close to the
bed, vy, , by assuming that u, = 0.4U. On Fig. 3.12, one can see the limiting zone,
where erosion is encountered. This diagram of :

UCI' =ﬁd)

shows that fine sand (d = 0.1 mm) is rather easily eroded; the strong resistance to
erosion for silt (d =0.01 mm) is attributed to the cohesion between the particles.

For erosion of a bed composed of a uniform granulate of large diameter, Neill
proposes the following relation :

2 0.2
PU« _ 55 (_d.) (3.39)
gd (ps - p) Dy

being valid for 0.01<(d/Dy)<1.0.

Relying on some concepts of the hydrodynamics, Shields developed a relation
between the dimensionless shear stress, T, (see €q.3.38), and the friction/particle
Reynolds number, Re, = u_d/v , such as :

T *d
T*E“‘*‘"—o—‘"—— :f
(YS-Y) d (UV

where u, = \/‘co/p . Shields has determined the form of this relation, using
experimental data. An average curve (see Graf, 1984, p. 96), reasonably well
defined (despite an important scattering), characterises the begin of erosion,
expressed by 1, . For the particle diameter, one takes usually d = dy,. It is to be
seen (see Fig. 3.€lr3) that these critical values fall roughly in the range of :

) (3.40)

003< 1, < 006
cr

The determination of Teer 1s done using the above relation, eq. 3.40, by successive

approximations. It must be underlined that the criterion of Shields is of great
importance for the hydraulic engineer.
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Since a direct use of the relation of Shields, eq.3.40, is not a simple one, Yalin
(1972, p.82) has proposed an interesting combination of terms, such as :

2

Re* = d_3_g (ps'p)
T, V2 p

Rather than using the Reynolds number, Re, , it is now proposed to use a
dimensionless diameter of the granulate, given by :
13
d, =d ( PsP 8 )
p Vv
Consequently, above relation, eq. 3.40, can be expressed as :

T, = f(d*) (3.40a)
which is given with Fig. 3.13; one usually takes d = d; .

If the properties of the fluid, p and v , and of the granulate, p; and d , are known,
one can readily determine the corresponding value of Taer and subsequently of Toer

3 T 1 T 11171 1 T 11117 L
101 |- =
< - —
£ - MOTION -
= st —
5 — it*=’t*cr -
I NOMOTIONX ]
© 10-2 L1 Lol Lol
5 5 5
10° 10! 10? 103
173
- 4
d.=dg, Ps-P &
p v 2

Fig. 3.13 Dimensionless shear stress, 7, , as a function of the dimensionless
diameter, d, , after Shields-Yalin.
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8° For cohesive material, the determination of the critical values, U, ort,
represents a difficult task; the specialised literature (see Graf, 1984, chap 12, ahd
Raudkivi, 1976, chap.9) should be consulted.

3.4.3 Distribution of Shear Stress
1°  The shear stress, T, , is given by :
T ='YS%5Sf='YRth (3.5)
For a channel of large width (see Fig. 3.9), when R;, = h, one writes :
o = YhS; (3.5a)

2°  However, it must be remarked that the shear stress, T, , is distributed over the
wetted perimeter, P. A typical distribution for a trapezoidal channel (see Chow,
1959, p.169) is given with Fig. 3.14.

t,= 0.757vh S,
T,= YhS;

Fig. 3.14 Distribution of the shear stress in a trapezoidal channel.

3°  An expression for the shear stress on the channel side walls, (T, ) was proposed
by Forchheimer and subsequently by Lane (see Graf, 1984, p. f16) being of the
following form :

172
(Tocr)w = 1, [cos® (1 -1’0 /tg’¢p) ] (3.41)

o, is the critical shear stress on the bed — given for example with Fig. 3.13 -, 8 is
the inclination of the side wall(s), and @ is the angle of repose. The latter depends
on the granulometry and on the cohesion (see Graf, 1984, p. 115); it varies such
as 20° < ¢ <40°. Evidently : (1:0ch) <Ty, and for stable side walls : 6 < @ .
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3.4.4 Stable Section

1° A stable cross section of a channel with a mobile bed, thus erodible, is a section
where there is no erosion over the entire wetted perimeter, P.

2°  An ideal stable cross section — with a maximal discharge and a minimal wetted
perimeter — can be calculated with a method advanced by Glover et Lane (see Graf,
1984, p. 119). The form of such a section (see Fig. 3.15) can be determined as
follows :

)  Assumed will be that the angle of the side wall at the water surface is identical
to the angle of repose, 8, = ¢ .

— ‘Z:ezo o

Fig. 3.15 Ideal stable section.

if)  The shear stress on an element on the bed situated at the side wall is :
(t,") = yh'S; (dy/Vdy’ + dz°) = yh'S; cos 0

iii) Subsequently, one assumes that this shear stress, (t,") , be critical, ('l:ocr)w,

over the entire wetted perimeter ; using now the expression of eq. 3.41, one
writes :

Yh S;cosd = (1,%) = (1:(,“)W = 7h S; [cosB(1-tg°0 / tg’p) ']
where h is the maximum water depth situated at y = 0.

iv)  After mathematical manipulations and taking (dz/dy) = tg6 , one obtains :

t

2 2
dz h
(a‘);) + (T]—) tgz(p - tgz(p =0.
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v)  The solution of this differential equation is :

h'= h cos (t—ghf y) (3.42)

which gives the geometry of the ideal stable cross section, being sinusoidal.

vi)  The other hydraulic parameters of such a section are deduced as being :

A = 2h'/tge
B = mh/tge (3.42a)
U = %sf"z (h cosp/E)*?

with h = 1,/v S; and E(sin@) being an elliptic integral, approximated by
E = (1/2) (1 - 5 sin’p).

vii) The discharge, Q, , which can be conveyed through this ideal stable section,
is evidently given by Q; = UA.

3° If the discharge, Q , which must be conveyed through such a section is different
from the ideal discharge , Q; , thus Q # Q; , a corrective calculation must be done :

% i

== B o o)

Fig. 3.16 Ideal stable section for different widths.
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)  ForQ<Q, the width, B , must be reduced by B’', to be computed with :

B'= B (1-VQQ)

ity  For Q> Q;, the width, B , must be increased by B", to be computed with :

B"=n(Q-Q)/h”’s{")

- The effect of this change in width on the geometry of the channel section is shown

in Fig. 3.16 (see Chow, 1958, p. 177).

FLOW IN CURVES

A curve or bend, positioned in a rectangular channel, causes a change in the
flow direction.

If the discharge, Q , remains constant along the curve, the flow velocity , U , as
well as the wetted section, A , remain also constant. The sectional distribution of
the flow depth, h(y) , will be responsible for a transversal water slope and a super-
elevation, Az, at the outside of the curve.

The distribution of velocity in the curve can be approximated by the one of a free
vortex (see Graf & Altinakar, 1991, p. 196). The velocity has a maximum at the
inside of the curve (see Fig. 3.17).

3.5.1 Super-elevation
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20

In a curve the streamlines will no longer stay parallel and the flow becomes three-
dimensional. This is a complex physical phenomenon, for which an adequate
analysis seems difficult.

The method proposed by Kozeny (1953, p.223) puts forward the following
arguments and this for turbulent flow (see Fig. 3.17) :

i) Assumed is that the head loss, hrc , — following a streamline, s , — can be
expressed as :

[+

e S 2
Lc—},us

=

Se =
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where A is a factor of proportionality and L_ = ar is the length of the curve;
o being the angle and r the radius of the curve. Thus one may write :

. Jii.\/?_ﬁ
S Ao roNr

Forr=r, , one takes u; = u, = U; this implies that the axial velocity, u,, 1s
identical to the average velocity, U , of the cross section. One obtains now

u, v r, =X and an expression for the distribution of the velocity, such as :

Y _ alle
u, r

If r, and ry are the outside and inside radius, the corresponding velocities are
given by :

u, = u, \ry/n, and u, = u, Vr/r,
The super-elevation (see Fig. 3.17) can now be calculated as ‘being :
2 2
Az = W W _ U o(Te T
T2 287 g (rl Iy )
Since B = (1, - 1) is the width of the curve, one can also write :

Br, U*
0T, 28 ‘ (3.43)

Az =

If the channel width, B , is small compared to the radius of the curve, r, , one
gets the simplified expression of :

B U°
= ;; g (3.43a)

The transversal water profile is convex; one can write :
_u To _ U
e (n)  m s g (0)

The super-elevation, Az = Az, + Az, , given with eq. 3.43 has its maximal
value, Az = Az .. , usually observed for fluvial flow, Fr< 1, at the

entrance of the curve and for supercritical flow, Fr > 1, at the exit of the
curve.
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a .
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Fig. 3.17 Flow in a curve.
One can also define a coefficient of super-elevation by :
K = Az /(U*/2g) (3.44)

which, taking eq. 3.43,is : K°= Br, /(r, 1,) .

Apmann (1973, p.73) proposed the following empirical expression, after analysing
flow in curves in artificial and natural channels, or :

5 r, r
K® = 7 tgh (‘;3 ) In (r—f) (3.44a)

The super-elevation, Az , can readily be used for the determination of the discharge
(see Apmann, 1973, p. 70) :

Q=AV2g Az /K"

This relation is of great use in the determination of flood discharges, which usually
leave traces (marks) at their largest occurring flow depth, thus Az .
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The super-elevation at the outside of the curve (see Fig. 3.17) causes a vertical
downward current, which comes back to the water surface at the inside of the
curve. Such a secondary current will superpose itself on the primary flow and
result in helicoidal flow over the entire reach of the curve.

If the outside side wall is of mobile material, erosion will take place; on the inside
there will be deposition (see Fig. 3.17).

3.5.2 Supercritical Flow
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Gravity waves (see sect. 2.4.3) will establish themselves in a curve (see
Fig. 3.18), notably if the flow is supercritical, Fr > 1 (see Ippen, 1950, p.563).
For a rectangular channel, the celerity of a gravity wave is given by :

¢ = gh (2.27a)
At the entrance of the curve at the points A and A’, one observes under an angle, :
)  positive perturbations (waves) along the line ABD ,

if)  negative perturbations (waves) along the line A'BC,

if)  but no perturbations appear in the zone ABA'.

This angle, B, is approximately defined as being :

goC _Ygh 1
smB-—-U =0 = (3.45)

where Fr is Froude number of the flow upstream of the curve.

Consequently, the flow depth varies :

1) increasingly along the line AC, having a maximum at C,
it)  decreasingly along the line A'D, having a minimum at D .

The maximum (+) or minimum (-) flow depth can be calculated (see Ippen 1950,
pp.551 and 564) as being :

h ™ = h Fr’ sin® (B 0/2) (3.46)

The central angle, 0 , is determined using geometrical considerations, or :
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g6 = B (3.46a)
(r, + B/2) tg B

These maxima/minima are then reflected from one to the other side in the curve,
such as is indicated in Fig. 3.18. The next maxima/minima appear after an interval
of 26. This swinging, referred to as cross waves, can continue well beyond the end
of the curve.

The maximum super-elevation, (Az' + Az), due to the gravity waves, can be twice
the super-elevation, Az , obtained with eq. 3.43. It is calculated by :

, _B U’
Az = T, 2g (3.47)

The water surface and the resulting transversal slopes are shown schematically with
Fig. 3.18.

N[ 20 39 40
~BL = e /
I i i

; A \\Q A o
water surface e negauve wave

——— positive wave

super-elevation

~—b = B——1 < sub-elevation

Fig. 3.18 Supercritical flow in a curve.
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If the super-elevations get very large, methods are available to suppress it (see
Naudascher, 1987, p.206), like the construction of transition curves or the
installation of steps on the channel bed.

3.5.3 Head Loss
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3.6

10

20

In flow over a curve, one encounters not only a head loss due to friction, h,, but
also one due to the curvilinear flow, hrC (see sect. 3.5.1).

This additional head loss is usually expressed by :

2
he = g %— (3.48)

where C_ is a coefficient which depends on :
L. = f(Fr, Re,r,/B,h/B, )

o being the angle of the curve, Fr and Re are the number of Froude and of
Reynolds, respectively. According to numerous experiments, one takes (see Chow,
1958, p. 443) :

0.1 < ¢ < 11

where the larger values of {_ are for curves of r, / B = 0.5.

INSTABILITY AT SURFACE

If the channel slope is very high and/or if the flow is supercritical, the water surface
can become unstable. The normal flow depth, h,, , must now be considered as an
average value.

Such an instability is characterised by :

i)  aseries of gravity waves of small flow depth, eq. 2.27, called roll waves,
progressing downstream, and

i)  abreaking of these waves, causing an air entrainment.
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3.6.1 Roll Waves
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An instability at the water surface is evidenced by the formation of roll waves. The
uniform steady flow becomes locally an unsteady one.

zone of strong turbulence

Fig. 3.19 Roll waves.

The roll waves are superposed on the uniform flow (see Fig. 3.19). They displace
themselves towards the downstream — increasing in height and then collapsing —
with an absolute celerity, cy, , being larger than the flow velocity, U, or :

cw =U+ vgh > U

There is no simple criteria available to determine the geometrical dimensions of this
type of waves. Their height can, however, attain dimensions of the order of
magnitude of the prevailing flow depth (see French, 1986, p. 625).

The crests of the roll waves are zones of strong turbulence, while the rest of the
waves remains remarkably smooth.

Some theoretical considerations for a determination of the (in)stability of uniform
flow are presented in Liggett (1975, chap. 6).

However, there exist useful practical criteria to determine the instability, which is
responsible for the creation of roll waves. The geometry of the channel and the type
of flow are taken in consideration.

i) Taken is the Froude number, Fr = U / v/ gh ; the flow of a large channel is
unstable (see Albertson et al., 1960, p.355), if :
Fr>2 for turbulent, rough flow,
Fr=z1.5 for turbulent, smooth flow,
Fr= 0.5 for laminar flow.
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if)  Taken is the number of Vedernikov (see Chow, 1959, p. 210), defined as :
Ve = x fg Fr (3.49)
where x is an exponent of the hydraulic radius, Ry, , ineq. 3.11 (x =2 for

laminar flow; x = 2/3 or x = 1/2 for turbulent flow, taking the relation of
Manning or of Chézy, respectively). f, is a shape factor given by :

fg=1-Ry as

being f, = 1 for very wide channels and fy = O for very narrow channels. If :
Ve<1

flow can remain stable and any wave at the surface will be depressed. If :

Ve 21

stable flow is impossible; unsteady flow will prevail and existing waves will
amplify and form the roll waves.

Roll waves form themselves not only in uniform flow, but are also encountered in
non-uniform flow.

3.6.2 Air Entrainment
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For large channel slopes, S;, — such as exist also on the downstream face of a
weir — the flow is usually supercritical and gravity waves appear at the water
surface. These waves will break and entrain air into the water. The turbulence will
diffuse (mix) the air bubbles across the entire flow depth; and water droplets will
escape into the air.

In flow of such an air-water mixture, it becomes a bit difficult to define the flow
depth; the water surface is often covered by white water.

The schematic distribution of the concentration of air :

volume (air)
volume (air + water)

Cz) =

is given with Fig. 3.20. Two regions are to be distinguished : bubbles in the water
and droplets in the air.
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'... . ) O; dwater
ropl,
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air
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o (large)
Fig. 3.20 Flow with air entrainment.
The equivalent flow depth of water (without the air) is defined by :
h = J(-C) dz (3.50)

0
and the average velocity of water by :
U = ¢g/h
where q is the unit discharge of the water.

The depth of the mixture, which is the depth where the concentration is equal to
C =90%, is given (see Wood, 1985, p.21) by :

= t-lé) | (3.51)

where C is the average concentration in the cross section, given (see Henderson,
1966, p. 185) by the relation :

C = 0.710og(S/q"”) +0.9 (3.52)

which was obtained from experimental studies performed by Straub et Anderson
for 0.14 < q[mzls] < 0.93. Usually (see Wood, 1985, p.21) one takes :

= 0.14 for slopes of S¢=7.5°
= 0.71 for slopes of S; = 75°

al A

The air entrainment, or the aspiration of air on the downstream face of a weir,
begins at a point where the boundary layer is completely developed, & = h (see
Wood, 1985, p. 18).
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3.7 EXERCISES

3.7.1 Problems, solved

Ex. 3.A

A charmel i1s to be built of medium-quality concrete to convey a discharge of
Q=80[m ¥/s). The channel should have a trapezoidal cross section with a bottom width
of b =5 [m] and side slopes of m = 3. The channel slope will follow the geomorphology
of the terrain which is determined to be S; = 0.1 %. It is admitted that the flow is
uniform and the water has a temperature of 7= 10 [°C].

i) Calculate the flow depth using both the coefficient of Manning and the coefficient
of Weisbach-Darcy.

iiy  Verify whether the flow is laminar or turbulent and subcritical or supercritical.

SOLUTION :

The geometrical characteristics of a trapezoidal cross section are (see Table 1.1) :
wetted surface : A = (b+mh)h = (5+3h)h

hydraulic radius : Ry = G+rmhh _ G+3bh

b+ 2hV1+m® 5+ 2hV1+3°
i) a) Calculation of normal flow depth using the coefficient of Manning:

If one uses the Manning-Strickler formula, eq. 3.16, to express the average flow
velocity, the discharge in the channel is given by :

Q=UA= % Rhm Sfl/2A

The coefficient of Manning is obtained from the Table 3.2 :

For a medium-quality concrete, one can take : n = K—l— = —7—16 = 0.0143 [m¥3s]
s

By introducing the expressions for A and Ry, , as well as the values of n and S; into
the equation for the discharge, Q , one obtains :

Q= 80= 70 (@—i—ﬂ‘é—ﬂ )m VO.00T (5 +3h) h

5+ 2hV' 10
This equation can be solved by trial-and-error : h [m)] Q [m3/s]
2.20
2.50 91
2.36 80

The normal depth is therefore : h=h, =236 [m]
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b)) Calculation of normal flow depth using the coefficient of Weisbach-Darcy :

The average flow velocity in a channel is given by :

U = V8g/f VR,S; (3.10)
The discharge is therefore: Q=U A = A / % VR,S; A

The coefficient of Weisbach-Darcy, f , can be obtained (either by using the
Moody-Stanton diagram or) by using the Colebrook-White formula :

1 kS/Rh bf
- = =2 ]Og Pl e (313)
N f ( Y RV f J

For a trapezoidal channel one generally uses : ag= 12 and b¢ = 2.5. However this
equation can only be solved by trail-and-error.

The uniform equivalent roughness, k,, is obtained from the Table 3.1 :
For a medium-quality concrete, one can take :  k, = 0.001 [m].

It is evident that the velocity, U', calculated with eq. 3.10 for an estimated normal
depth, h, , should also satisfy the relationship U = Q/A, where A is the wetted
surface corresponding to h,,. Using this fact, a trial-and-error type calculation can
be devised for calculating the normal depth. The flowchart of this trial-and-error
calculation is given hereafter. As it can be seen the algorithm is based on two nested
calculation loops. The internal loop calculates the friction coefficient, f , Whereas
the external loop calculates the normal depth, h,, .

This procedure can be programmed on a microcomputer using a spreadsheet
program. The calculation sheet presented below simulates the sequence of
calculations depicted in the flowchart. The order of execution of the nested loops is
shown in the leftmost column. The detailed explanations of the other columns,
numbered from 1 to 10, are given in the table.

The iteration starts with an estimation of h, = 2.20 [m] in the external loop. The
internal loop is here executed three times for this same value of h,. Although the
estimated and the calculated values of the Weisbach-Darcy friction coefficient are
equal: f = f '=0.01419, at the end of the third iteration, the velocities, U and
U, are still different : AU #0. Consequently, the calculations must continue by
next taking h, = 2.50 [m] and then h, = 2.35 [m]. After the first execution of
the internal loop with h, = 2.35 [m] and f: 0.02, one finds already that

f '=0.01402 and AU = 0.00 . The iterations can be stopped here without

waiting for the convergence of the value of f . The following two calculation lines
only help to refine the value of f .

The normal depth is therefore : h=h, =2.35[m]
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ii)

START

1

estimnate the normal
flow depth, h

!

l calculate A Ry . k. /Ry and Re l

calculate the velocity:
U=Q/A

L

i

estimate a friction
coefﬁcient.f

T

r

calculate the friction
coefﬁcien(.f' s

using the formula of
Colebrook-White (eq. 3.13)

calculate the velocity U

using eq. 3.10

For h, =2.36 [m] , Ry = 1.43 [m] and U = 2.81 [m/s] , one has :

Reynolds number : Re

The flow is therefore rurbulent.

Froude number : Fr=

The flow is therefore fluvial.

C_RyU _ (143) 281 _

\Y

U

1.31 x 10°°

2.81

Jeh,  V(O81) (2.36)

= 3.1x10 %> 2000

=0.58 < 1

1M
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Calculation sheet for determining the normal flow depth
by using the coefficient of Weisbach-Darcy,
calculated using the formula of Colebrook-White (eq. 3.13)

Q =80 [m’/s] S¢ = 0.001 [-] ag= 12 []
b =5.0 [m] ks = 0.001 [m] m=3.0[-] b= 2.5 [-]
For T=10[°C] v =1.31x 10° [m¥s] (Graf & Altinakar; 1991, Table 1.3)
iteration 1 2 3 4 5 6 7 8 9 10
number
for h, A Rp U ks / Rp Re f f ' U' | AU
| hy and f | ml | m? | [m] | [ms] [-] (-] [-] (-] [mv/s] | [m/s]
1 1 122025527 1.35 | 3.13 | 7.41x10%} 1.29x107 | 0.02000 | 0.01417
2 0.01417 { 0.01419
3 0.01419]10.01419 | 2.73 | 0.40
2 1 [250]31.25] 1.50 | 2.56 | 6.66x10-*] 1.18x107 | 0.02000 | 0.01388
2 0.01388 1 0.01389
3 0.01389{0.01389] 2.91 | -0.35
3 1 |235]2832] 1.43 | 2.83 | 7.01x104| 1.23x107 { 0.02000 | 0.01402 | 2.82 | 0.00
2 0.01402 10.01403 | 2.82 | 0.00
3 0.01403 1 0.01403 | 2.82 | 0.00
col. symbol explanations expression
1 h, estimated normal depth h
2 A wetted surface (b+mh)h
3 Ry hydraulic radius brmbh
b + 2hV 1+m
4 U average velocity : Q/A
5 ks/Rp  relative roughness ks /Ry
6 Re Reynolds number 4URy/v
7 f estimated friction coefficient
8 f friction coefficient calculated using eq. 3.13 :

=)

9 U’ average velocity obtained using eq. 3.10 : \/ 8g /f' N Ry, S¢
10 AU difference between the velocities u-u
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Ex. 3B

The river Happy has a variable discharge in the range of 10 <Q [m3/s] < 1000. In the city
of Ste-Justice, the width of the bed is b = 90 [m] and the non erodible banks have a
slope of 1:1. A bridge crosses the river (without causing any obstruction to the flow) and
it is planned to install a measuring gauge at the mid-span of the bridge. A grain-size
analysis of the bed material yielded : s, =2.65 [-] and d5, = 0.32 [mm] ,
dys = 0.29 [mm] and dyy = 0.48 [mm]. The water temperature is T = 14 [°C]. A
survey of the river bed showed that the bed slope is S; = 0.0005 [-].

i)  Determine the stage-discharge curve, Q = f(h,), by assuming that the flow is
turbulent rough.

i)) At what depth will erosion and deposition begin to occur ?

SOLUTION :

For water at T = 14 [°C] (interpolating the values in Table 1.3, in Graf & Altinakar,
1991), one has : p=999.1 [kg/m’]  and v =1.186x 10® [m?¥s] .

Using the definition of the specific density (see Graf & Altinakar, 1991, p.9), one writes:
S5=Ps/Peaw = Ps = Pean S = 1000 x 2,65 = 2650 [kg/m’]
where gy, = 1000 [kg/m’] is the density of water at p, = ! [atm] and 7 =3.98[°C].

i)  The bed (and banks) of a river are generally mobile, composed of erodible granular
material. If it is desired to obtain the hydraulic radius, R}, , or the bed shear stress,
T, , it becomes necessary to make a distinction (see eq. 3.24) between the
contribution of the grain roughness, Ry' or 7', and the one of the bed forms,
Ry"ort".

The calculations can readily be programmed on a microcomputer using a
spreadsheet program. The tabular computation sheet prepared in this way is
presented below. Each line of this table represents the computation of the
discharge, Q, and some other useful parameters for a given water depth, h. The
detailed explanations concerning all the columns are given on the bottom of the
table. A brief description of the computation sequence is presented hereafter.

The calculations on a line start by assuming a value for the hydraulic radius due to
the grain roughness, Ry' . The values of R;' should be chosen in a way to cover
the whole range of the possible discharges, 10 < Q [m 3/s] < 1000. The calculations
in the columns 2 and 3 are straightforward. It is interesting to note that, according
to the method of Einstein-Barbarossa, the average velocity, U, is calculated using
only Ry'. The hydraulic radius due to bed forms, R;," , calculated in the columns
4 to 7, influences only the flow depth. It is to be noted that the value of U/u." is
obtained from Fig. 3.6 with the value of .
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Computation sheet for determining the stage-discharge curve . . .

b =90 [m] T=14[°C]
m=1 p=999.1 [kg/ m’] p, = 2650 [kg/m’]
S; = 0.0005 [-] v = 1.186 x 10 [m%s]
1 2 3 4 5 6 7 8 9 10
Rh’ us' U w' _LJ_ " Rh" Rh Ux h
u*u

(m] | [m/s] | [m/s] | [-] (-1 | [m/s]| [m] [ [m] | [m/s] | [m]

0.02 0.01 0.16 41.92 4.5 0.04 0.26 0.28 0.04 0.29
0.05 0.02 0.29 19.17 6.6 0.04 0.39 0.44 0.05 0.44
0.10 0.02 0.45 9.58 8.7 0.05 0.55 0.65 0.06 0.65

0.15 0.03 0.58 6.39 10.4 0.06 0.63 0.78 0.06 0.79
0.20 0.03 0.69 4.79 11.9 0.06 0.68 0.88 0.07 0.89
0.40 0.04 1.05 2.40 18.3 0.06 0.67 1.07 0.07 1.09
0.60 0.05 1.33 1.60 23.4 0.06 0.66 1.26 0.08 1.29
0.80 0.06 1.58 1.20 32.4 0.05 0.49 1.29 0.08 1.32
1.00 0.07 1.81 0.96 42.6 0.04 0.37 1.37 0.08 1.41
1.25 0.08 2.06 0.77 56.2 0.04 0.27 1.52 0.09 1.57
1.50 0.09 2.30 0.64 73.1 0.03 0.20 1.70 0.09 1.76
2.00 0.10 2.72 0.48 107.2 0.03 0.13 2.13 0.10 2.23
2.50 0.11 3.11 0.38 163.0 0.02 0.07 2.57 0.11 2.71
3.00 0.12 3.46 0.32] 68440 0.00 0.00 3.00 0.12 3.19

col. symbol explanations € ssi
1 Ry’ hydraulic radius due to grain roughness (assumed value)
2 u friction velocity due to grain roughness, eq. 3.24, Vg R}’ S¢

3 U average velocity in the cross section u.' \) 8/ f '

with (see eq. 3.13b): '\ 8/ f' =5.61log Ry /k) + 625

- d

4 parameter of Einstein-Barbarossa, eq. 3.31, PP _Sis

p Rn'S¢
5 h—‘%— ratio of velocities corresponding to W' (see eq. 3.31 and Fig. 3.6)
6 us" friction velocity due to bed forms U/ (Ul
7 Ry hydraulic radius due to bed forms (us"y’ / (2 Sp)
8 Ry total hydraulic radius, eq. 3.24, Ry + Ry"
9 u friction velocity , eq. 3.7, Vg Ry, S¢
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U,=02[m/s] & k,=ds=0.00032[m] = d«=721[]

... using the method of Einstein-Barbarossa

dy = 0.00029 [m]

= T"‘cr = 004 [']

(see Fig. 3.12) dgy = 0.00048 [m] (see Fig. 3.13)
11 12 13 14 15 16 17 18 19 20
— PO fs) *
(g h| do (Vg Ry Vg ds
[m2] | [m] } [m¥s]) [-] (-] (-] -1 [INm2p o []
25.83 90.81 42 0.10 889 0.10 2.88 1.39 0.27 ¥
40.20 91.26 11.7 0.14 1377 0.14 5.18 2.16 042)1 ¥
59.25 91.85 26.5 0.18 2016 0.18 7.99 3.16 0611 ¥
71.92 92.24 41.4 0.21 2437 0.21 10.27 3.82 0741 ¥
81.34 92.53 55.8 0.23 2747 0.23 12.25 4.31 08317 ¥
99.28 93.08 103.7 0.32 3333 0.32 18.65 5.23 101} ¥
118.03 93.66 157.4 0.37 3938 0.38 23.80 6.18 1191+ ¥
120.78 93.74 191.3 0.44 4026 0.45 28.26 6.31 1229+ ¥
128.53 93.98 2324 0.49 4274 0.49 32.28 6.70 1291+ ¥
144.00 94.45 297.3 0.53 4765 0.53 36.84 7.47 14411 ¥
161.62 94.98 371.6 0.55 5317 0.56 41.04 8.34 1.61]1 ¥
205.28 96.30 559.3 0.58 6662 0.60 48.63 10.45 2021+ ¥
251.41 97.67 780.9 0.60 8044 0.62 55.44 12.61 2431+ ¥
297.05 99.02] 1026.7 0.62 9375 0.64 61.69 14.70 28411 ¥
col. symbol explanations expression
1 A wetted surface (see Table 1.1) (b+mh)h
12 P wetted perimeter (see Table 1.1) b+2h+v1+ m?
13 Q discharge (see eq. 3.2a) UA
14 U/~gh Froude number using the flow depth Fr
15 Ry /dy  relative depth

16 U/gR,
17 U/gds,
T

18

Q

19 1,
20+
¥

Froude number using the hydraulic radius

parameter proposed by Alam-Kennedy (see eq. 3.32 and Fig. 3.7)

total bed shear stress, eq. 3.6,

dimensionless bed shear stress, eq. 3.38,

p U*z
T

Q

(Ys - Y) dSO

U> U, = erosion according to Hjulstrom's criteria (see Fig. 3.12)
T« > Tsy, = motion according to Shields' criteria (see Fig. 3.13)


http://code-industry.net/

116

FLUVIAL HYDRAULICS

The friction coefficient due to bed forms, f ", can be evaluated using either the
method of Einstein-Barbarossa, or the method of Alam-Kennedy (see sect. 3.2.6).
The second method is more general but, it necessitates an iterative solution; the
calculations are also more elaborate. The method of Einstein-Barbarossa, on the
other hand, relies on a straightforward and simple calculation and it will be used for
solving the present problem. However, as was already mentioned (see sect. 3.2.6),
according to Alam-Kennedy (see Fig. 3.7), the relationship of Einstein-Barbarossa
is valid in the region where the friction coefficient due to the bed forms, f ", does
not depend on the relative depth, Ry, /ds,. At the end of the calculation, a
verification must be made to check that the calculated f"-value lies in that region.

After calculating the total hydraulic radius, R, = R’ + Ry," , the flow depth, h, can
be obtained using the geometrical relationships. For a trapezoidal cross section (see
Table 1.1), the problem is reduced to finding the positive square root of the
following quadratic equation :

mh2+(b-2R,VI+m2)h-bR, =0

The calculations for the remaining columns are explained in the computation sheet.
The Froude numbers in column 14 show that the flow is subcritical for all flow
depths. Using the values in columns 15 to 17 it can now be checked on Fig 3.7 that
all the points fall into the region where the value of f " is independent from Ry/ds, .

The stage-discharge curve, Q = f(h,), as well as the variation of other useful
parameters, U, P, A, R, R,", R, , are plotted on the following figure, On this
figure, it is interesting to observe the evolution of the curves corresponding to
R;"and Ry".

R, . Ry . R, [m] ' Qm3/s)
4 3 2 1 0 0 500 1000

F ;

h [m]
r 30+

12571

T20T Q U

- 1.5 +

U {m/s]
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1)

a) According to the criteria of Hjulstrom, for a given grain size, the critical
velocities for the erosion and the sedimentation can be obtained from Fig. 3.12 :

for ds;, = 0.00032 [m] = Ug=U,=02[m/s] and U,=0.03 [m/s]

As it can be seen in the column 20 of the computation sheet, for the average
velocities calculated in column 3. one has :

always U > U, : sediment transport takes place,
always(except for h =029 m)) U > U; : erosion of the bed should be expected.

It is to be noted that the erosion of the bed does not mean the formation of a scour
hole in the river bed. Since the sediment transported from the upstream
compensates globally the erosion, one should rather talk about a transport of
sediments.

b) According to the criteria of Shields, the initiation of erosion should be verified
using the total bed-shear stress, T« (see eq. 3.40), whose critical value, T« , for a
given dimensionless grain diameter, d_, is obtained from Fig. 3.13; namely:
13
dgo = 0.00032 [m] = du= dy, (15;9— £ J = 721[] = Toy=004[]
p v

As it can be seen in the column 20 of the computation sheet, the calculated
dimensionless total bed-shear stress values (column 19) are :

always T« > T« : erosion of the bed should be expected.

In order to compute the flow conditions corresponding to T+ = T« , one has to
consider the values of Ry, < 0.28 [m]. The flow depth at which the erosion starts
can be calculated as being h,, = 0.05 [m], which is too shallow for a river of this
importance.

Ex. 3.C

A channel excavated in earth should convey a water discharge of Q = 57 [m3/s] at an
average temperature of 7 = 14 [°C]. The bed slope, Sy =0.001 [-], is given; it will be
assumed that the banks will have side slopes of 1.5 horizontal for 1 vertical. A grain-size
analysis yielded : dg, = 37 [mm], ¢ = 37°, s, =2.65 [-] and n = 0.02 [m-'3s]. What
should be the dimensions of this channel, if no erosion is allowed either at the bottom or
on the banks ?

SOLUTION :

For water at T = 14 [°C] (interpolating the values in Table 1.3, in Graf & Altinakar,
1991), one has: p=999.1 [kg/m’]  and  v=1.186x 10° [m®/s] .
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Using the definition of the specific density (see Graf & Altinakar, 1991, p.9), one writes:
Ss=Ps/ Peay = Ps = Peau Ss = 1000 x 2.65 = 2650 [kg/m’]
where Dy, = 1000 [kg/m’] is the density of water at p,= 1 [atm] and T=3.98[°C].

The stability of the banks requires that the side slopes, 8, should be smaller than the
angle of repose, @ = 37° (see sect. 3.4.3) :

tgfd=1/1.5=0.667 = 0=337°<37° = the banks are thus stable.

The critical bed-shear stress on the banks can be calculated using eq. 3.41 :

2g\t/2 2 172
(5 " =1, [cose (1 i t%‘i) J: T, [cos(33.7) (1 - AEE '7)) ] =0.391,

tg°Q tg"(37)
To determine the critical shear stress, the Shields criteria will now be used (see
sect. 3.4.2).

The dimensionless grain diameter corresponding to ds,=0.037 {m] is :

) 113 ) 13
du = dg (_&_p g ) = 0037 ( 2650 - 999.1 9.81 ) =835 []
p

V2 999.1 (1.186 x 10°%)’

According to Shields' criteria, the critical value of the shear stress at the bed, T+, , is
obtained from Fig. 3.13. In the present case, this value falls in the region where
de>2x10° [-], having a constant value of T4, = 0.055 [-] = Cte.

The critical shear stress for the bed is (see eq. 3.38) :

g (ps - p) ds, = 0.055 x 9.81 x (2650 - 999.1) x 0.037 = 33 [N/m?]

T =
O%r *cr

On the banks, however, the critical value is already reached for :
(t,) = 0397, =039x33 = 129 [N/m’]

The flow depth should be chosen not to exceed these critical values. By taking the critical
value of shear stress at the bed as the design criteria and by assuming a wide channel the
flow depth can readily be calculated using eq. 3.5a :

T 33

h= e
og S, - 999.Tx 981 x 0.001

= 3.37 [m]
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According to Fig. 3.14, for a wide channel with a trapezoidal cross section having
side slopes of m = 1.5, the maximum value of the shear stress on the banks is :
1,= 0.75 pg h S; . By taking this value as the critical value, one concludes that the flow
depth should not exceed :

w
(T, ) 12.9

€r

= 075pgs,  075x999.1x 981 x0.001 = 17 ml

One should therefore choose h = 1.75 [m] as the maximum flow depth.

Now the channel width, b , should be determined such that for a discharge of
Q=57[m /s] the uniform ﬂow can be established at a flow depth of h = 1.75 [m}. The
discharge in a channel is calculated using eq. 3.33 :

Q= UA = han Sfl/ZA

= -

where U represents the average flow velocity. Given that both the hydraulic radius, Ry, ,
and the wetted surface, A , depend on the channel width, b, which is what we are trying
to calculate, the above relationship can not be solved directly for b. Therefore, a trial-and-
error calculation should be carried out by varying b until the desired discharge is
obtained. The computation sheet for the trial-and-error calculation is presented below.

Computation sheet for determining the channel width, b, by trial-and-error. -
m=1.5[-] S¢=0.001 h=1.75 [m] n=0.02[m s}

b A=hb+mh) | p_pLonV1 + m2 Ry=A/P U (eq. 3.16) Q=UA
[m] [m?] [m] [m] [m/s] [m3/s]
5.00 13.34 11.31 1.18 1.77 23.56
10.00 22.09 16.31 1.35 1.94 42.77
14.00 29.09 20.31 1.43 2.01 58.46
13.63 28.45 19.94 1.43 2.00 57.00

The channel width should therefore be : b = 13.63 [m]. In calculating the shear stress at
the bed the channel was assumed to be a wide one. Given that b > h, this hypothesis is
now justified.

The uniform flow velocity is U = 2.0 [m/s] (see the above computation sheet). This
velocity can be compared with the critical velocity for the erosion according to Hjulstrom.
As it can be read on Fig. 3.12, the erosion velocity for dy, = 0.037 [m] is U =2 [m/s]
approximately. Given that the uniform flow depth was selected considering the critical
shear stress on the banks, the flow is at the limit of the beginning of erosion in
accordance with the previous calculations. To have a better security against the erosion it
is necessary to choose a flow depth smaller than the one corresponding to (T, )
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Ex. 3.D

An artificial channel is going to be constructed in a mountainous region. The slope of the
channel imposed by the terrain is S; = 0.01 [-]. This channel should convey a discharge
of Q=30 [m3/s] at a temperature of T = 14 [°C], without causing any erosion.
The grain-size analysis has shown that the granular material is non cohesive with
dsy = 50 [mm] and s, = 2.65 [-]. The angle of repose of this material is ¢ = 37°. The
Manning coefficient is estimated to be n = 0.025 [m’ms 1

i)  What should be the dimensions of this channel which should have a rectangular
section with the sides made of wooden boards ? The use of two different
approaches is suggested : the critical velocity, U , and the critical shear
stress, To -

if)  What will be the dimensions of the channel, if it were to be constructed entirely in
its bed material having an ideal stable cross section ?

iif) Compare the dimensions of the channel, obtained using the different methods.

SOLUTION :

For water at T = 14 [°C] (interpolating the values in Table L3, in Graf & Altinakar,
1991), one has: p=999.1 [kg/m’] and v =1.186x 10° [m?¥s] .

Using the definition of the specific density (see Graf & Altinakar, 1991, p.9), one writes:
So=Ps/ Pean = Ps = Peay Ss = 1000 x 2.65 = 2650 [kg/m’]
where p,,, = 1000 [kg/m3] is the density of water at p, = 1 [atm] and T = 3.98[°C].

i)  a) Design of the channel using the critical velocity criteria :
The critical velocity, U, , according to Hjulstrom (see Fig. 3.12) is :
dso=0.05[m] = U, =2.5 [m/s]

The hydraulic radius corresponding to this velocity can be calculated using the
formula of Manning-Strickler :

UsU, = + RZ’S/” (3.16)

With n = 0.025 [m”s'] and S; = 0.01 [-], one finds :

U 2.5x 0.025 \2
Ry = ('5—;17[21')3/2=(—-—6>£am———) = 0.494 [m]
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The wetted surface is (see eq. 1.3) D A=Q/U =30/25=12 [mz]
The wetted perimeter is (seeeq. I.1)  : P=A/R,= 12/0.494 =243 [m]
Given that (see Table 1.1) : A=bh and P=b+2h,

the dimensions of the rectangular channelare: b=23./[m] and h=0.52[m]

b) Design of the channel using the critical shear-stress criteria:

The dimensionless grain diameter corresponding to ds,=0.05[m] is (see
sect. 3.4.2) :

173

173

PP g 2650 - 999.1 9.81

de=dso|—— = | =005 7 | =1129[-]
5"( p Vv ) ( 999.1 (1.186 x 10°°)’ J

Since d« is known, the critical shear stress at the bed, T« , according to the Shields
criteria, can be obtained from Fig. 3.13. In the present case, the calculated value
of d« falls outside of the limits of this figure. Nevertheless, it can be assumed
that for d« > 2 x 10° [-] the critical shear stress has a constant value, being
Taer = 0.055 [-] = Cte.

Given the definition of T« (see eq. 3.40) : Togy = Tuge (s -Md = T, _2(ps-p)ds

The bed-shear stress is given by eq. 3.5 : . = YRS =gp R, S

Ocr
Combining these two expressions, the hydraulic radius can be calculated :

.90 (pg-p) | 0.055x0.05 (2650 -999.1)

Rn=—5; 5 = o0l 999.1

= 0.45 [m]

The velocity corresponding to this hydraulic radius can now be calculated using
the formula of Manning-Strickler, eq.3.16. With n=0.025 (m'’s'] and
S¢=0.01 [-], one has :

1

5035 0.45)"% (0.0 = 2.35 [m/s]

U=U_ = Rh2/3 Sfl/Z -

|
cr n
The reinaining part of the calculations are the same as in the first case (see above) :

A=Q/U =30/235=128[m’] and P=A/R,= 12.8/045 =284 [m]
h

The dimensions of the rectangular channel are : b=27.5[m] and h=0.47[m]
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The critical dimensionless shear stress at the bed, 1, , according to the Shields
criteria has already been obtained above :

dy, = 0.05 [m] = de = 1129 [-] = Taee = 0.055 [-]
By using the definition of t. (see eq. 3.40), one finds :
Toer = Tece 8 (Ps - P) dsg = 0.055 x 9.81 x (2650 - 999.1) x 0.05 = 44.5 [N/m’]

Ocr

The maximum depth in the middle of ideal section will be (see sect. 3.4.4) :

Yoo Yoo 44.5
vS; gpS, OBIx999.1x0.01

h= = 0.45 [m]

The expression for the ideal section is given by eq. 3.42 :

h' = hcos(gq) ): 0.45 cos(to(i;-]) y) =  h' = 0.45 cos (1.675 y)

Other characteristics of the section are calculated using egs. 3.42a :

A = 2h°/tgo 2x(045) /tg(37) = 0.54 [m*]

Il
]
il

B 1.88 [m]

]
i
|

nh/tge 1t x 0.45 / tg(37)

Approximating the elliptic integral by :
. 2
E=(w2)(1-3sin’p) = (w2) (1 LR ) = 1429 []

one obtains :

1 . in (hcospVys 0.45 x cos(37)\¥?
U= - 5" ( )2 0025 (0.01)? ( )) = 1.59 [m/s]

1.429
The discharge, Q, , which can be conveyed through this ideally stable section is :
Q;=UA = 1.59x0.54 = 0.86 [m’/s]
This discharge is considerably less than the required discharge of Q = 30 [m/s] .

Therefore the wetted surface should be increased by adding a rectangular central
part which has a flow depth of h = 0.45 [m] and a width of :
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w_ o (Q-0Qp) (30-0.86)
B"= n W = 0.025 (0.45)3/3 (0.01)”2 = 27.57 [m]

The total width of the channel will thusbe : B + B" = .88 + 27.57 = 29.45 [m]

This section is drawn below :

: B +B"=2945[m}
| o= g=37°

%~—— B/2 = 0.94 [m] «—«I——— B"=27.57 [m] ———=f——— B/2=0.94 [m]
| 5
é |
i H 0ol 02 04 06 08 |10

AN

V4 ’ ral ’
I 1 y [m}
) 017 = 0.45 cos(1.675 y)
2 021
' I 0.3+
| = {
» 0.4

H 0.51~ o

iii)  The figure below shows the superposition of the sections, which were determined
using the three different methods. It is interesting to note the differences in the
dimensions of channels designed according to the erosion criteria and the one
designed according to the criteria of an ideal stable section. Each of the three
methods rely on different assumptions and a perfect agreement of the results should

not be expected.
;— B =29.45 [m] !
| B =27.50 [m]
[ — -l
1 | - B =23.10 [m] -]
= V4 2
1= =
h=0.52 [m) h =0.47 [m] h = 0.45 [m] E
L J J I
\ | S

N
\ \' section determined using Hjulstrom’s criteria 2.00 [m]
section determined using Shields’ criteria
section determined using the criteria of ideal stable section
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Ex. 3.E

In ariveted steel channel, the uniform flow is established at a depth equal to 70% of the
critical depth. This channel has a rectangular cross section with a width of b =9 [m].
An average velocity of U = 12 [m/s] has been assumed for its design.

i)  What bed slope should the channel have for this flow ?

ify  What flow regime should one expect ?

iif)  What is the shear stress at the bottom of the canal ?

iv)  Verify if there is air entrainment into the flow and if so determine its influence on
the flow depth.

v)  After a long straight reach, the channel makes a o = 60° curve with a radius of
curvature of r, = 100 [m] . How much super-elevation should one expect ? Will
cross waves develop in the curved reach ?

SOLUTION :

i)  Assuming a turbulent rough, uniform flow regime the average velocity in the

channel can be calculated using the formula of Manning-Strickler :

U = KRS/ (3.16)
2

from which one can obtain the bed slope : S; = [U / (K Rh2/3 )]

The average velocity, U, of the flow is specified. From Table 3.2 the friction
coefficient is estimated as being K, = 65 [m'”s"] .

bh
For a rectangular channel (see also Table 1.1), one has : Ry = —b—ﬁﬁ—
n

The width of the channel, b, is given, but the normal depth, h = h,, has to be
calculated using the following relationship: h,, = 0.7 h,. . The critical flow depth, h,
for a rectangular channel is given by :

he _ ¢ 13/93
£ - = .23
3 2gh or h, g (2.23)

where the unit discharge, g, for the uniform flow is :
q=Q/b=(UA)/b=(Ubh,)/b=Uh,=U (0.7 h,)

One can therefore write :

3
_Jfo7Un) \/ [(0.7) (12) h ] .
= 931 981 =193

whirh vialde - h e 710 Tn 1N A o oton

o N r o1
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iif)

The discharge for uniform flow, h=h,, is:
Q=hb)U = (5.03x9.0) 12 = 543 [m"/s]

b h
One can now compute : R, = T Sh =3 3(25'(053)03) = 2.38 [m]
a )

u P 2 P
and the bed slope : S;= [K Rhm} =[(65) 5 38)273] =0.0107 [-].
S .

For such a uniform flow, the bed slope should be :  S; = 0.0107 [-].

Given that : h, > h, = the flow is supercritical, namely : Fr > 1.

For a water temperature of 7 = 20 [°C], the viscosity is v = 1.004 x 10° [m2/s] (see
Graf & Altinakar, 1991, Table 1.3). The Reynolds number is then
(seeeq. 1.7) :

_Ry U _ (238) (12)

— 7 .
v =1 004x10° " 28x10">2000 = the flow is turbulent.

Re'

Moreover, on the Moody-Stanton diagram (see Graf & Altinakar, 1991, p.438), it
can be verified that the flow is in the region of turbulent rough flow, where the
friction coefficient is independent of the Reynolds number.

The flow regime in this channel is therefore supercritical and turbulent rough.

The bed-shear stress can be calculated using eq. 3.5. By taking p = 998.2 [kg/ms]
for water at 20 [°C] (see Graf & Altinakar, 1991, Table 1.3) one has :

T,=pu,’=YRy S¢=pg R, Sp=998.2 x 9.81 x 2.38 x 0.0107 = 249.4 [N/m’]

The Froude number for the flow is :

_ U _ 12
Veh, +9.81x5.03

For a turbulent rough flow the surface instabilities are expected only for Fr > 2.
Given that in the present case Fr < 2, there will be no roll-wave forming on the
free-water surface.

Fr = L71 [+

Since the channel slope is weak, it can also be surmised that there will not be any
air entrainment. This can be verified using the following equation to compute the
mean air concentration in the cross section :

C = 0.7 log (sinat/q"°) + 0.9 (3.52)
The unit dischargeis: q=Q/b=Uh,=12x5.03=60.4 [m2/s]

-~ RTAR ~ - PR

o~ ~ s P R
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The calculated value of the mean air concentration is negative, which is an
impossibility. It can therefore be concluded that no air entrainment takes place
across the water surface.

The Froude number, Fr = 1.71, calculated above indicates that the flow is
supercritical. The cross waves will form in the curved reach. The angle formed
between the upstream tangent and the positive and negative waves is given by
eq. 3.45:

. 1 1 o

sinpB = B = 191 = B=358

By using now data for the curve, r, = 100 [m] and B = b = 9 [m], the central angle
between a successive maximum and minimum can be calculated using eq. 3.46a :

B 9

0 = B/ ep  (00+9/0 sy - 019 = 6=68

Knowing these values, 3 and 0, one can then calculate the maximum and minimum
water depths on the concave and convex side walls of the channel, respectively by
using eq. 3.46 :

hpax = hy Fr sin® (B + 6/ 2) =5.03 x (1.71)* x sin*(35.8 + 6.8 / 2) = 5.88 [m]
Bypin = hy Fr® sin® (B- 0 /2) = 5.03 x (1.71)* x sin’(35.8 - 6.8 / 2) = 4.22 [m]
The super-elevation is:  hy,y - hyin = 5.88 -4.22 = 1.66 [m]

It is interesting to compare this value with the one obtained using egs. 3.43a and
3.47 (see Fig. 3.18) :
B U 9 12°

Az + A7 = 2‘12—2?: 2mm= 1.32 [m] < 1.66 [m]

One can see that the first relationship yields a value larger than the second one. For
a better safety a super-elevation of 1.66 [m] can be assumed.

The super-elevation with respect to the normal depth, h, = 5.03 [m] , is :
hpax - by = 5.88-5.03 = 0.85 [m]

This value will be used in dimensioning the channel cross section in the curved
reach.

The formation of cross waves in the curved reach and the downstream straight
reach as well as the channel cross sections at different central angles are represented
in the following figure. It is important to emphasize that this figure represents a
rather simplified image of the reality. A more realistic representation of the water
surface can be calculated using the method of characteristics which will be studied
in sect. 5.2.2.
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sections
2,4,6,8,10

sections
1,3.5,7,9

scale 1:50

K

|~ negative wave

{ — positive wave

] scale

f — b=B=9(m] 1:100
U =12 [m/s]

The situation downstream of the curved reach is difficult to predict by a simple
method. At the end of the curved reach, at the point of passage from a curved
channel to a straight channel, new positive and negative waves are created.
According to the ratio between the total angle of the curve, o, and the central angle
between a successive maxima and minima, 0, these new waves can be in phase or
out of phase with the existing waves in the curved reach. In some cases a cross-
wave pattern of considerable amplitude continues to exist in the downstream
channel fo1 some distance before being gradually attenuated by the friction. In the
present case, given that the water surface is inclined at the end of the curved reach,
it can be expected that the cross waves do continue in the downstream reach.
The distance between two maximum (or two minimum) will be in the order of :
L=2B/tgf =(2x9)/tg(35.8)= 25 [m]. This situation is schematically
represented on the figure.
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3.7.2 Problems, unsolved

Ex. 3.1

The width at the bed of a trapezoidal channel is b = 2.30 [m] and the side slopes are at an
angle of 50° with the horizontal plane. The bed drops by 150 [cm] over a distance of
1.2 [km]. Determine the average velocity and the discharge for a flow depth of

h = 1.60 [m] and a coefficient of friction after Bazin of myz =0.46 [mm]. Calculate also
the shear stress on the bed.

Ex. 3.2

Calculate the discharge for the channel as given below. The bed slope was measured,
being S¢ = 0.09%. Consider the flow as steady and uniform.

hy = 2.4 [m] 1[7‘/

K, =40 [m!3 51

\\]P(]
AN

120 [m}

Ex. 3.3
The circular pipe of a sewage system has a coefficient of Manning of n = 0.015 [m?s}
and is put at an inclination of S; = 0.0002. When the flow depth attains 0.9 of its

diameter, the pipe must still transport a discharge of Q = 2.5 [m’/s]. What should be the
diameter ? Try to make the same calculations using the coefficient of Weisbach-Darcy.

Ex. 3.4
Water at a temperature of 20 [°C] flows in a large rectangular channel, whose coefficient

of Manning was determined previously as being n = 0.011 [m™?s]. The channel slope is
S¢=0.0004 and the flow depth is put at h, = 1.20 [m]. Calculate the value of the
corresponding coefficient of Chezy, C, using the formula of Strickler and the logarithmic

expression of U=2.5u, In(41.2 R;/d) ; compare these two resulting values. The viscous

sublayer is given by 8 = 11.6 v/u,.

Ex. 3.5
A semi-circular canal is made of smooth metal, with n, = 0.012 [m™"s]; the diameter is
D =2 [m] and the bed slope is S; = 0.005. What diameter should the canal have if it will -

be reconstructed of corrugated metal, with n, = 0.022 [m'ms] ?

-1/3
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Ex. 3.6

A trapezoidal channel must convey a discharge of Q = 5.25 [m3/s] at a flow velocity of
U = 1 [m/s]. This channel is made of brickwork (dry, rough stones); the lateral walls are
inclined at 45° and the channel slope is S¢ = 0.0005. Determine the flow depth and the
width of the channel.

Ex. 3.7

A stream should be channelised between the sections 15.2 [km] and 17.5 [km] with a
circular pipe having a diameter of 1.5 [m]; the flow drops 4.6 [m] between these two
sections. This pipe should transport a maximum discharge of Q = 0.8 [m3/s] at a flow
depth of 1/3 of its diameter. What will be the coefficient of Manning, n , for this flow and
what pipe material should be selected ?

Ex. 3.8
A rectangular channel being B = 3.6 [m] wide conveys a discharge of Q = 5.50 [m’/s].
What will be the critical flow depth and the corresponding velocity ? For what slope, S,

will the velocity be critical, if a coefficient of Manning of n=0.02 [m’s] is assumed ?

Ex. 3.9
Find the critical flow depth in a trapezoidal canal, whose width at the bottom
is b=4.0 [m] and whose side slopes are inclined by 1 : 2. The discharge is given as

Q=90 [m’/s].

Ex. 3.10
In a trapezoidal channel the bottom width is b=6.10 [m] and the side slopes are inclined
at m = 2. The elevation of the bed at km 35.0 is 681.30 [m] and the one at km 48.7 is

659.38 [m]. Determine the flow depth for a discharge of Q=11.33 [m*/s). A coefficient

of Manning of n = 0.025 [m""*s] was previously determined. Subsequently determine
the flow regime, using the average depth as the characteristic length.

Ex. 3.11

A trapezoidal canal must convey a discharge of 16.70 [m3/s] at a flow depth of 1.05 [m]
over a distance of 5 [km]. The side slopes are 2 horizontal to 1 vertical; the total drop is
given as 8.5 [m]. What will be the bottom width, b, if the flow velocity is supposed to
be critical (for the characteristic length use the ratio of the transversal section to the
surface width). Give the corresponding coefficient of Manning.

Ex. 3.12
A rectangular channel having a width of B = 6.5 [m] conveys a water discharge

of Q = 18 [m’/s]). Establish the specific-energy curve, Hg = f(h) , in the range of
0 <h [m] < 8. What is the critical depth ? What would be the specific energy, H; , if

the flow depth is h = 2h,,. What will be the flow depth of uniform, supercritical flow
having the same specific energy, H; ?
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Ex. 3.13
A rectangular channel, made of smooth concrete and having a width of B = 20 [m],

conveys a discharge of Q=200 [m%s] at a specific energy of H; = 3.75 [m]. Determine
the flow depth, h, , and the bed slope, S;, for uniform, steady flow. Is this flow a
supercritical one ?

Ex. 3.14
A trapezoidal channel, made of rather rough concrete and having a side slope of m = 2, is

envisioned to transport a discharge of Q=17 [m3/s] at an average velocity of
U = 1.2 [m/s]. Determine the width at the bed, the flow depth, and the bed slope for the
hydraulically optimal cross section.

Ex. 3.15

A trapezoidal channel - the coefficient of Strickler is estimated to be K = 40 m"s'1 -
should be designed having a cross section of maximum discharge. The bottom width is
b= 2 [m] and the side slopes are of m = 3. The average velocity is fixed at
U =1.98 [m/s]. What will be the geometry of this section, the discharge, Q, and the
channel slope, S; ?

Ex. 3.16
A drainage channel on a highway, running on a slope of S¢ = 0.0001, has a triangular

section whose side slopes are m = 4 and m = 2. The coefficient of Manning is
n =0.02 [m'ms]. If flow in the channel is uniform, what will be the flow depth for a
discharge of Q = 0.1 [m’/s] 2 By how much can the wetted surface be reduced if the
channel is made semi-circular ?

Ex. 3.17

A channel of a trapezoidal cross section is built in an alluvium whose granulate is
dso =1 [mm]. The flow depth is h, =3 [m] and the width at the bed is b =4 [m].
The bed slope is S; = 0.001 and the side slopes of worked stone are 45° inclined. What
will be the corresponding velocity, U, and the discharge, Q. Check if the bed will be
subject of erosion. May one expect the formation of dunes ?

Ex. 3.18
A very large canal in an alluvium, whose granulate of quartz is ds, = 1 [mm], has a bed

slope of S¢ = 10, At what flow depth, h, will erosion commence ? What is the velocity
which corresponds to this critical condition ?

Ex. 3.19
One envisions the construction of a non-erodible canal having an ideal, stable cross

section. The bed slope is S; = 10”. The analysis of the granulometry gave : p/p = 2.65,
dso = 6.5 [mm], and an angle of repose of ¢ = 30°. Establish the design dimensions for
the following discharges : Q, = 1.5 [m’/s] and Q, = 4 [m'/s].
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Ex. 3.20

Calculate the profile of a trapezoidal channel for a discharge of Q=12 [m /s] on a bed
slope of S¢=0.0016. This channel should be excavated in an alluvium of large gravel.
For the side slopes it is recommended to take m = 2.

Ex. 3.21

In the town of Ste-Justice, the construction of a road along the river Happy is envisioned.
This project can be realised if the river's width is reduced to 67.5 [m]. All other
parameters are the same as the ones in Ex. 3.B.

i)  Establish the rating curve, Q = f(h,), assuming the flow is rough and turbulent.

iy At which flow depth should one expect the commencement of erosion and
deposition ?

itiy  Compare these results with the ones of Ex. 3.B. Remark on the consequence of
such a reduction in the river width.

Ex. 3.22

The downstream slope of the back of a large weir is 30°; it is long enough such that its
flow can be considered uniform. The coefficient of Manning is assumed to be n = 0.0149
[m-1/3g]. The width of the weir is B=7[m] and the flood discharge is set at
Q=0.3[m /s] Determine if one may expect air-entrainment and calculate the flow depth
of the mixture as well as the pressure on the back of the weir.

Ex. 3.23

On a slope of 20°, a canal in concrete was projected to evacuate a unit discharge of
q=35 [m‘/s] Calculate the flow depth and the pressure on the floor. Will air-
entrainment take place ?

Ex. 3.24

A rectangular canal made of wood has a width of B = 8 [m] and should evacuate the
flood discharge. The flow depth is h= 1.0 [m] and the flow velocity should be
U = 10 [m/s]. Determine the radius of the curve which should be foreseen, under the
condition that the maximum flow depth does not exceed a height of h,, = 2.0 [m].

Ex. 3.25
A rectangular channel, having a bed of sand and side walls of concrete, should be
designed to have a cross section of maximum discharge :

1) Knowing that the flow in the channel has a depth of h = 1.0 [m] and runs at a
Froude number of Fr = 0.7, what will be the discharge ?

i) A change in the flow direction of o = 30° should be envisioned. Determine the
radius of the curve for the case that the maximum super-elevation is not larger than
15% of the normal depth. What is the head loss in this curve ?
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6.1

GENERALITIES

6.1.1 Notions

2

30

4°

The flow of water over a mobile bed has the ability to entrain the sediments ($olid
partieles); a water-sediment mixture will consequently displace itself in the water-
course. The movement of the sediments — erosion, transport, deposition — will
modify the flow, but also the channel bed, thus its elevation, its slope and its
roughness. The interaction between the water and the sediments makes the problem
a coupled one.

When the bed is a mobile one, the fluvial hydraulics must concern itself with both

the flow of the liquid phase, namely the mixture, and the movement of the solid
phase, namely the sediments in the mixture.

A characterisation of the liquid and the solid phase of a water-sediment mixture is a

difficult task-

The liquid phase is rather well described by :

0 its density, p
ii) its viscosity,
iii) the average velocity of the flow, u , and
iv) tofaiction velocity, u*.

The solid phase is more difficult to characterise ; considered should be :
) the size of the solid particles, given by its granulometriccurve, which

includes different types of diameters such as d9, , d35, etc.,

i) the form of these particles,

ill) the density of the particles, ps,

iv)  together, these parameters can be defined by the settling velocity of the
particles, , and

v)  possibly, the cohesion between the particles.

All these parameters could vary along the watercourse. Furthermore, they will
depend on the way the bed samples (in the nature) are taken and are analysed.

The dimensions of the sediments are relatively small compared to the ones of the
flow ; thus the turbulence will play an essential role in all flows of a water-
sediment mixture.

The transport of these sediments plays an important, if not the most important role
in all problems of fluvial hydraulics. This phenomenon is very complex and
consequently a theoretical study can only be performed in simple or simplified
cases. The formulae, developed for the quantitative determination of the transport of
sediments, are based on experimental results, being often limited, and thus should
be used with much caution. Such formulae are of great value for the hydraulic
engineer, but must be applied within hydraulic conditions under which they have
been established.
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2 Flow of a Mixture

For gravitational low of a water-sediment mixture, one may distinguish three types
of movement (see Table 6.1).:

i)

The mixture may be considered Newtonian, if the volumic concentration of
the particles is very small, Cs « %. The difference between the density of
the mixture and of the water, Ap = (pm-p) = (p -p) Cs (see eq. 7.2),
remains also small, Ap « 16 [kg/nv].

The transport of sediments (see chap. 6), as bed load and as suspended load,
falls into this category. It is this type of transport of solid particles, which is
most often encountered in watercourses.

The mixture behaves quasi-Newtonian, if the volumic concentration remains
small, Cs< 8%. The difference between th density of the mixture and of the
water becomes important, Ap < 130 [kg/m3.

The transport of sediments as concentrated suspension (see Gra/, 1971,
p. 182-186) notably close to the bed, as well as the turbidity currents
(see chap. 7) fall into this category.

Table 6 Classification of flows of a mixture.

Gravitationalflow ofa water-sediment mixture

non-Newtonian mixture quasi-Newtonian mixture Newtonian mixture

c >8% c,« 1%
transport of sediments as transportofs d men s transportof sediment as
hyperconcentraied suspension : suspension bed load suspended laa
debris flow turbidity currents

The mixture behaves non-Newtonian, if the volumic concentration becomes
of importance, Cs> 8%. The difference between the density of the mixture
and o”the water is also very large, Ap > 130 [kg/m3].

The flow of a non-Newtonian fluid modifies all concepts of Newtonian
hydraulics, such as the resistance to the flow, as well as the distribution of
velrcity and of concentration the settling velocity is also influenced and the
solid particles stay longer in suspension.

The transport of sediments as hyperconcentrated suspension (see et
Wang, 1994), the debris flow (see Takahashi, 1991), as well as
hyperconcentrated turbidity currents (see Wan et Wang, 1994) fall into this
category.
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- The transport of sediments as an h”rconeentrated. snspension is
encountered in watercourses of small slopes. Usually enormous quantities
of sediments — being of small sizes — enter the channel due to surface
erosion caused by extensive rainfalls in the catchment basin. These solid
particles stay usually for long time periods in suspension, as wash load.

- Torrential flows of debris may establish themselves at rather steep slopes,
a>15°. All kinds of particles, from the finest (having cohesion) to the
largest (blocks of [m3] ), participate in the movement, which is rather
rare in occurrence and of short duration, and is usually caused by severe
rainfalls-

It should be stressed, that the above schematic classification (see Table 6.1) is a
simplification of the reality, where limits can often not readily be defined and where
the different cases can coexist.

6.1.3 Modes of Transport (see Fig. 6.1)

20

The (total) transport of sediments by flow of water is the entire solid transport
(of the particles) which passes through a cross section of a watercourse.

Traditionally (but a bit artificially) the transport of sediments is classified in
different modes of transport (see Table 6.2) which correspond to distinctly different
physical mechanisms.

Table 6.2 Modes of transport of sediments (T.S.).

T.S. as bed 1©ad,
T.S. ©fbed material,

T.S. as wash I©ad, q.$

In a watercourse the sediments, namely the solid phase, are transported :

0 as bed load, gsh, — volumic solid discharge per unit width [m3sm] — when
the particles stay in close contact with the bed ; the particles displace
themselves by gliding, rolling or (shortly) jumping ; this type of transport
concerns the relatively larger particles ;

as suspended load i), , when the particles stay occasi
the bed; the particles displace themselves by making more or less large
jumps and remain often surrounded by water ; this type of transport
concerns the relatively smaller particles ;
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/I as bed load + suspended load, being the (total) bed-material load
gs = qsb + gss,when the particles stay more or less in continuous contact
with the bed

v) as wash load, gsw , when the particles are almost never in contact with the
bed ; the particles are washed through the cross section by the ‘low ; this
type  transport concerns the relatively finest particles,

Fig. 6.1 Scheme of the modes of transport.

The transport of sediments , namely the erosion of the bed (see sect. 3.4.2),
commences upon attainment of a certain critical value, which can be parametrised,
for example, by the critical shear stress, Tocr.

It will be useful, but it is also rather imprecise, to give limiting values for the
separation of the different modes of transport. Given here are purely indicative
values, which use the ratio of the shear velocity of the flow, u* , and the settling
velocity of the particles, vss (see Graf, 1971):

-— > 0.10 bernning”~d-load transport,
SS

> 0.40 beginning of suspended load transport.

Ss

To determine quantitatively the transport of sediments, there are three possibilities
available, namely :

- using existing formulae (see sects. 6.3, 6.4 and 6.5),
- obtaining field measurements with adequate instruments (see Graf, 1971,

- performing physical models (see Graf, 1971, chap. 14).
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6.1.4 Types of Problems

20

Many of the hydraulic problems, which require a knowledge of the transport of
sediments, can readily be put into one of the following categories :

- determination of a sedimentological rating curve, gs=/(q), for a given cross
section of the channel (see Fig. 6.2);

- determination of the stability of the bed in a given cross section (see sect. 3.4.4);

- detemiination of the stability of the channel slope (aggradation and degradation)
in a given reach of the channel (see sect. 6.2.4).

The different modes of transport of sediments, quantified in form of solid
discharge, gsb , gss and gs, should be related to the liquid discharge, g. This will
give the relation of the "sedimentological” rating curve (see Fig. 6.2) for a given
cross section of the channel. This curve together with the "liquid" rating curve (see
Fig. 3.8) give a rather complete hydraulic description for a given cross section of a
channel having a mobile bed.

Fig. 6.2 Rating curves for the liquid discharge and the solid discharge.

The formulae, which are used to calculate the solid discharge, , allow to know
the capacity of the transport of sediments for a given flow. Under such conditions,
the transport of sediments is said to be in equilibrium.

However it could happen, that the supply of solid discharge is not equal to the
capacity of the transport. The transport of sediments is then not in equilibrium :

- if the capacity is larger than the supply, erosion and transport occurs,

if the supply is larger than the capacity, deposition and transport occurs,

if the supply is equal to the capacity, transport without erosion or deposition
occurs,

- if the bed is armoured, the capacity may not be satisfied (see sect. 6.3.4).

One sees here the complexity of the problem, where along a watercourse the
different scenarios can coexist or overlap.
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6.2 HYDRODYNAMIC EQUATIONS

Presented will be the hydrodynamic equations, and some solutions, for flow in an open
channel over a mobile bed, when entrainment of sediments is possible.

1.2.1 Filiations of Saint-Yenant - Exner

The equations of Saint-Venant (see sect. 5.11) for unsteady and non-uniform flow
over afixed bed in a prismatic open channel with a small bed slope (see Fi§. 5.1),
have been given before (see eq. 5.2 and eq. 5.3); for flow over a mobile bed they
can be written as :

+h— +Uu- =0 = Cte 6.1
* dx dx ©.9
u dz U
¥ + + -

The energy slope, ” , shall be expressed with a relationship established for uniform
flow, by using a friction coefficient,/, for a mobile bed (see sect. 3.2.6), or :

=f(f, u,h) (6.3)

where h is the flow depth, U is the average velocity of the flow and z(x,t) gives the
elevation of the channel bed.

(x 1)

0 (small)

z(*,1) z (x,t)
PdJL

Fig. 6.3 Scheme of unsteady and non-uniform flow over a mobile bed, z(x,t).
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2o flow over a mobile bed (see Fig. 6.3), the elevation (level) of the ehannel bed,
z(x,t), may vary. According to the relation of Exner (see Exner, 1925, and
Graf, 1971, p. 288), such a variation can be expressed by :

dz au (6.4)

akE

at dx

where aE is an erosion coefficient. This relationship, eq. 6.4, can be written (see
Graf, 1971, p. 152 and Krishnappan, 1981, ~ 91) in fo roo”ontinuity equation
for the solid phase, namely :

1_|_) -(Csh)+ — (CsUh) : + i (6.4a)

where p is the porosity of the sediments of the bed, being defined as the ratio of the
volume of empty space (occupied by water) and o£the total volume. qs=C Uh is
the volumic solid discharge per unit width and Cs(Cs) is the volumic concentration
(in the cross section) of the solid phase, being defined by the ratio of the volume of
the sediments and of the volume of the mixture. In general one admits that the solid
discharge, gs, is a function — still to be determined (see sect. 6.3 to sect. 6.5) —
of the liquid discharge, q= Uh , or :

=/) h;sediment) (6.5)

The three basic (differential) equations, egs. 6.1, 6.2 and 6.4a, contain three
unknowns, U(*, t), h(x, t) and z(jc,t), with their independent variables, * and t .
u and h are the average velocity and the flow depth of the water-sediment mixture
(the liquid phase), or of the water only, if the concentration of the sediments, Cs,
is negligible.

The two other unknowns, Sg (see eq. 6.3) and (see eq. 6.5), have to be
expressed with semi-empirical relationships.

The five relations, egs. 6.1, 6.2 and 6.4a together with eq. 6.3 and eq. 6.5, are
the equations ofSaint-Venant - Exner.

The three relations, egs. 6.1, 6.2 and 6.3, describe the flow of the liquid phase
over a mobile bed ; the two other relations, eqs. 6.4a and 6.5, describe the
transport (erosion and deposition) of the solid phase.

The liquid and the solid phase are implicitly coupled by the semi-empirical relations,
eqgs. 6.3 and 6.5. After the solution for the liquid phase, egs. 6.1 and 6.2, a
solution for the solid phase, eq. 6.4a, can be obtained, giving the variation of the
bed elevation, z(x,i).
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The equations of Saint-Venant - Exner can be explicitly coupled, if the equation of
continuity for the liquid phase, eq. 6.1, is expressed (see Krishnappan, 1981,
p. 93) as follows :

| + | +61) 0=(C ) 2
direct coupling is thus achieved (see et al., 1992), since the term, dzJdt
— which is however often rather small — exists now in both eg. 6.1a and

eg. 6.4a. ©ne looks now for a solution by solving simultaneously the equations
for the liquid and for the solid phase.

To obtain solutions to the equations of Saint-Venant - Exner, use can be made of:
) analytical methods (see sect. 6.2.3) for simple problems, and
i)  numerical methods (sc sect.3 )forra””~roblems.

6.2.2 Propagation of Perturbations

20

The propagation of a perturbation, being a wave of small amplitude on the mobile
bed, can now be investigated by using the equations of Saint-Venant - Exner,
eg. 6.1 to eq. 6.5.

For a rectangular channel, these equations — see also the system of equations,
eq. 5.2 to eq. 5.10— are written as six equations of partial derivatives :

“~cb with: + ~ dt = dh

+
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The three last equations are expressions for the total derivatives of the three
dependent variables, h(*,t) , U(jc,t) and z(x,t).

In writing eq. 6.4b, it was assumed that the solid discharge is only a function of the
flow velocity, gs=/(U), thus :

3gs 3gs au
dx 1 dx
Upon mathematical manipulations of these six equations — the determinant of the

matrix of the coefficients must become zero — the following cubic relationship
(see de Vries, 1965 and 1973, p. 2) is obtained :

-cw3 + 2Ucw2 + (gh-U2+g Mcw- gU(6.6) 0 =7
au

where the absolute celerity (the characteristic) is defined by :

> «=£ )2-34(

° This equation, eqg. 6.6, has evidently three real roots, thus three characteristics :

i) Two roots, cW and O/2, are an expression of the celerity of the perturbation
(wave) on the water Surface ; the third root, CW3, gives the celerity of a
perturbation (undulation) on the mobile bed.

i) cw is positive for subcritical flow, u <Vgh ; the form (undulation) of the
becl, usually called dunes (see sect. 3.2.5), displaces itself in the same
direction as the flow (see de Vries, 1973, p. 3).

cw is negative for supercritical flow, u > VgIT; the form (undulation) of the
becl, usually called antidunes (see sect. 3.2.5), displaces itself in the opposite
direction ofthe flow.

Hi) For a fixed bed without solid discharge, gs= 0, one gets :

cW = u + WnhT and QR =u - vgh (5.14a)

This solution has already been presented in sect. 5.2.1 and sect. 2.4.3
(see Fig. 2.9).
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It seems reasonable (see de Vries, 1973, p. 4, and Jansen et a/., 1979, p. 96) ti
assume that for Fr = U/VgF* 1toe celerities, cw and ¢ , of the waves on th
surface are much larger than the celerity, OAB, of the undulaiions on the bed, or :

Cw, and Cw2 » Cw,

When studying the perturbations on the bed having a weak celerity, OA3, it is no®
possible to consider the flow of the liquid phase as quasi-steady ; thus :

3U/MHt =0 and 0= U

Consequently, combining eq. 6.1 with eq. 6.2, one can write a single differentia
equation, which is the equation of the free-surface flow (see eq. 4.7), or :

By eliminating du/dx between eq. 6.7 and eq. 6.4b, one obtains :
towt = - ¢ w Se=F (U( )6.

gvhere F(U) is a friction (roughness) term — being responsible for the decay of th
perturbation on the bed — and
s =M | => nfrir >69

where Fr2 = u2gh. For subcritical flow, when Fr2<< 1, the followin
approximation is possible :

If the solid discharge is expressed by a power law of the form :

gs = asUbs and dU=bs(u) (6.5a)

one ma”® write :

Oon3 = (1-p) bs

It is to be noted (see eq. 6.9a), that the celerity of propagation of the undulations
cw?, on the bed is usually rather small compared to the average velocity, u, of tto
flow itself
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6.2.3 Analytical Solutions

10

20

30

To obtain analytical solutions to the equations of Saint-Venant - Exner, which are
non-linear and hyperbolic, is a very difficult and often impossible task. However
simplifications are nevertheless possible, if one assumes that for flow at small
Froude numbers, Fr < 0.6, a quasi-steadiness is maintained. This hypothesis of a
steadiness of flow can be justified : in general a variation of liquid discharge,
9(Uh)/3t, is a short-term phenomenon, while a variation of the bed elevation, dz/dt,
is a long-term phenomenon, which produces itself when the variation of the
discharge has already disappeared ; thus the flow may be considered reasonably
constant, ¢ = Uh = Cte. Under such conditions solutions are of great interest,
notably if one studies the variation of the bed, z(x,t), as a long-term phenomenon.

Using the hypothesis of quasi-steadiness of the flow, a system of two differential
equations can be written as :

* )6.7(

@ap +~ f =0 (6-4b)

These two equations are non-linear ones ; only numerical solutions are possible.
For certain special cases, analytical solutions (after linearisation) can be of help to
understand the problem, notably the relative importance of the different parameters.

If one further assumes (see Vreugderthil et de Vries, 1973, p. 8) that the quasi-
steady flow is also quasi-uniform, 3U/3x = 0 , the above equation, eq. 6.7,

becomes :
0+g | =-gSe=-9g " =-976.10 )

where ¢ is the coefficient of Ch< zy and g = Uh is the unit discharge.

By eliminating du/dx after differentiation of eq. 6.10 with respect to x, one obtains
for the above equation, eq. 6.4b :

|-K (t)o = 0O (6.11)

where the coefficient (of diffusion), K(t), being a function of time, is given by :

K=J 4 ) TT <m*>
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This model, eq. 6.11, is a parabolic one and is limited to large values ofx and O
namely for* > 3h/Se (see de /™, 1973, p. 9). The expression for the coeffieie
eq. 6.12, ean also he written (see de Vries, 1973, p. 6) in the following way :

and upon linearisation (possible for U U0 ), one obtains :

K R au < ®

where the index, O, refers to the uniform (initial) condition. Using the power-1
expression for the solid discharge, namely :

gqs=asuls (6.5

one obtains :

)6u2

The parabolic model — obtained by using the different important assumptions
is of interest, since it allows to obtain analytical solutions in certain well-defin
cases.

Depending on the applied mathematical techniques and on the hypothesis us
some solutions — which often are rather similar — have been communicated
Vreugdetihil et de Vries (1973, p. 9), Ashida et Michiue (1971), Jaramillo et
(1984), Ribberink et Sande (1985) and Gill (1987).

A hyperbolic model for quasi-steady flow, but being non-uniform, has be
proposed (see Vreugdetihil et de Vries, 1973, p. 5 and Exner, 1925) :

where K and cW are respectively given by eq. 6.12 and eq. 6.9. Solving tl
equation, one fix® K and cw at their initial values, KO and OAB. However, sin
an analytical solution to eq.13 is rarely possible (see de Vries, 1985, Ribberi
et Sande, 1985 and Lenau et Hjelmfeld, 1992), this model turns out to be not
that useful.
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A model of a simple wave (see Vreugdenhil et de Vries , 1973, and Exner, 1925)
is obtained by reduction of eq. 6.8, or:

where OMBis given by eq. 6.9. Since the friction term, F(U), is now neglected, the
application of this model remains limited (see Ribberink et Sande, 1985) to small
values of * and of t, namely for x « 3h/Se .

6.2.4 Degradation and Aggradation

1

30

A degradation (or aggradation) in a reach of a watercourse is encountered if the
entering solid discharge is smaller (or larger) than the capacity of the transport of
sediments. The sediments of the bed will be eroded (or deposited) and as a
consequence the elevation of the channel bed decreases (or increases).

Degradation (erosion) and aggradation (deposition) are long-term processes of the
evolution of the channel bed, z(xt).

The flow, being steady and uniform at the beginning, will also be steady and
uniform at the end of the process ; in between the flow becomes non-uniform and
quasi-steady. If one assumes, that during this transition the flow can be considered
as being quasi-uniform, d\J/dx = 0 , one may make use of the parabolic model.

The equation for this parabolic model was given as :

where K is a function of time ; the other variables (see eq. 6.12) must be kept
constant to facilitate a resolution of eq. 6.11.

Note that this model is limited to large values of . and of t, namely for X> 3h/Se,
and for Froude numbers of Fr < 0.6.

Analytical solutions to the parabolic model, eg. 6.11, can be obtained for cases,
where the initial and boundary conditions are well specified. Such solutions will not
only clarify a physical problem, but can often be considered as a first tentative for
an understanding of the problem. Caution is however necessary since this model
was established using different assumptions.
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4°  The analytieal solutions will certainly help to explain the long-tem evolution of th
bed of the channel, when the variation of the liquid discharge can be readil
neglected. The following examples can be cited (see Fig. 6.4) :

Degradation:
- the supply of solid discharge is reduced (interrupted) at the upstream ;

- the liquid discharge is increased ;
- alowering of a fixed point on the channel bed at the downstream.

Aggradation:

- the supply of solid discharge is increased at the upstream ;

- the liquid discharge is decreased ;

- amounting of a fixed point on the channel bed at the downstream.

Some applications of the parabolic model will be presented in the following pages.

blocking of sediments lowering of fixed point

non-uniformflow

Fig. 6.4 Scheme of a degradation or an aggradation.
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5 Degrading channel (see Fig. 6.5) :

f) Consider a ehannel wilh a mobile bed, having a uniform flow of eonstant unit
diseharge, g , at an initial time, t = 0, and a flow depth of h = h°. This
discharge enters into a reservoir, whose water level is lowered by Ahw,
causing a local lowering of the fixed point of the bed of Ah. Consequently, a
degradation of the bed is initiated and a long time after, t = °°, one will notice
throughout the reach of the channel a lowering of the bed and of the water
surface ; the flow depth will then be again the initial depth, h® = . During
the period of degradation, t =t , the discharge, q , as well as the flow depth,
h , remain quasi-constant.

channel eq. 6.15

Fig. 6.5 Degradation due to lowering. Ah, of the fixed point on the bed.

if)  The flow is considered as being steady and quasi-uniform ; the use of the
parabolic model, eq. 6.11, seems justified. Since the discharge stays
constant, the coefficient K (see eg. 6.12) remains also constant.

iii) The problem has to be mathematically specified. The x-axis is put into the
initial bed pointing upstream ; z stands now for the variation of the bed

elevation with respect to the initial bed slope, Sf'.
The initial and boundary conditions are :

z(x0) =0 ; limz(x,t) = 0
z (0t) = Ah

iv)  The solution to eq. 6.11 — making use of Laplace transformations (see
Vreugdenhil et de 1973 , ?, p. 9and p. 11)—is:

z(x,t) = Ah erfc (6.15)
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where the complementary error function is given as :

erfc(Y)=~ - - dg (6.16)

which can he found in mathematical tables (see Ex.6.A).

V)  One may now ask (see de Vries, 1973), after what time period, t5%, at a
certain section, x3%, the bed elevation will be lowered by 50 % with respect
to the final bed elevation, namely z!Ah = 1/2. Using eq. 6.15, one writes :

= = erfc ' = erfc (Y)

and, upon consulting the tables of the error function, one finds Y = 0.48, thus
obtaining :

*5006 =0.48 (27 Kt50%) where 5%  xesow/ (0.962K)  (6.17)

vi) It has been shown (see Vreugdetihil et de Vries, 1973, p. 11) that the
parabolic model — which approaches itself to the hyperbolic one, being
m re correct but also more complex — is rather valuable, if the value of
(*2(2Kt)) < 1/2 is small, or x > 3h/Se , namely if the time, t , and the
distance, x , are large and/or if the bed slope, Se, is relatively large.

Aggrading Channel (see Fig. 6.6)

0 Consider a channel with a mobile bed, having a uniform flow. A particular
cross section, fill now in equilibrium, is overloaded, namely the supply of
solid discharge, Ags, is increased (caused by an earth slide or by a mining
operation). Aggradation on the channel bed will take place. Subsequently,
after a lapse of time. At, the elevation of the bed as well as the water surface
will increase by Ah. During the period of aggradation, t =t , the discharge, q,
will remain essentially constant.

ii) The flow is considered as being steady and quasi-uniform ; the use of the
parabolic model, eq. 6.11, seems justified. Since the discharge remains
constant, the coefficient K (see eq. 6.12) stays also constant.

iii) T e problem has to be mathema”"lly spec™
initial bed, being positive towards the downstream ; z stands now for the
variation of the bed elevation with respect to the initial bed slope, Sf°.

The initial and boundary conditions are :
z (0 = (0, ; limz(x,t) = 0

2 (0t) = Ah(®)
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iv)

The solution toeq. 6. is :

z(*,t) = Ah(t) erfc 6.15) -a)

Evidently this solution is of the same type as the one in the preceding
problem ; however now Ah(t) is a function of time, to be determined. The
coefficient K = KO, eq. 6.12, must be evaluated for the initial situation, thus
not taking into account the overloading, Ags .

overloading ofsolid discharge,

u.gs

Fig. 6.6 Aggradation by overloading the supply of solid discharge, Ags

It is necessary to define the length of the zone of aggradation, La, taken as
being the one corresponding to a deposition of ztAh = 0.01 (Y  1.80);
according to eq. 6.15a, one writes :

La = *1% 3.65 VKt|% (6.19)

The volume of the supply of solid discharge,Ags ,during a certain time. At,
is given by Ags At ; this quantity isdistributed over the bedof the channel
(see Fig. 6.6) as follows :

AgsAt= (1-p)™ z dx (6.18)

Subsequently, eq. 6.15a can be used to calculate (see Sotii et al., 1980,
p. 122) the thickness of the layer. Ah , due to the aggradation :
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Ah(t) = - 6.20) )
1.13(1-p)A/KAL

it becomes evident that Ah increases with time, t.

Ve  Agreement of experimental work (in the laboratory) with eq. 6.15a has been
communicated (see Soni et al., 1980); but the coefficient of aggradation, K,
had to be slightly adjusted. Also, it was remarked, that the parabolic model,
eq. 6.11, remains valid over the entire region ; thus not limited tox> 3h/sf.

Computation of a degradation and of an aggradation, such as was discussed in the
present section, is only possible if the conditions assumed for a parabolic model are
well fulfilled, namely :

0 quasi-steadiness of the flow (long-term variation of the bed)
i)  quasi-uniformity of the flow at ? < 0.6 ;
validity forx> 3h/Se.

If these conditions (hypothesis) are not fulfilled, it is Obviously necessary to solve
the equations ofSaint*enant - Exner using numerical methods.

6.2.5 Numerical Solutions

1

20

30

Analytical solutions of the equations of Saint-Venant - Exner are only possible
when the hypothesis of quasi-steadiness of the flow is justified. Furthermore, it is
often necessary to assume also quasi-uniformity of the flow. However these
assumptions are no more possible, if the temporal variation of the discharge,
8(Uh)/ )t, and the one of the elevation of the bed, dz/dt, are of the same order of
magnitude, namely relatively rapid.

If the flow is unsteady and non-unifci™ (see chap. 5) or steady and non-uniform
(see chap. 4), no analytical solutions, which are reasonably simple, are available.

The system of the equations of Saint-Venant - Exner, eq. 6.1b, eq. 6.2 and
eq. 6.4a, together with eq. 6.3 and eq. 6.5, can be resolved — without making
too severe assumptions — by numerical methods ; this may be well achieved with
the use of computers.

The numerical methods are essentially the same which are used to solve the
equations of Saint-Venant, namely for flow over afixed bed (see sect. 5.2). Theye
tecome however rather complicated, if they are applied for the modelisation of flow
over / bed.
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The implicit meth©ds (see sect. 5.2.4) using finite differences are the Dnes which
are at the present frequently used to solve the equations of Saint-Venant - Exner.

Here we shall only give reference to a selection of the existing literature, which
employ numerical methods for the solutions of the equations of Saint-Venant -
Exner for steady and unsteady flow over mobile bed : Chen et al. (1975) and
Cunge et al. (1980, p. 271); Yucel et Graf (1971), Krishnappan (1981), Holly et
Rahuel (1990) and Correia et al. (1992).

BED-LOAD TRANS?ORT

6.3.1 Notions

1

30

Transport as bed-load is the mode of transport of sediments (see Fig. 6.1) where
the solid particles glide, roll or (briefly) jump, but stay very close to the bed,
0 <z<zhb, which they may leave only temporarily. The displacement of the
particles is intermittent; the random concept of the turbulence plays an important
role.

There exist a number of formulae, which can be used for the prediction of the
bed-load transport (see Graf, 1971, chap. 7, Yalin, 1972, chap. 5, and
Raudkivi, 1976, chap. 7).

Many of theses formulae are of empirical nature, but often have incorporated
dimensionless numbers. This allows to make experiments in the laboratory, where
the hydraulic conditions can be well controlled ; subsequently it is possible to use
such formulae for field conditions.

6-3-2 Theoretical Considerations

10

20

Considered will be that the bed of a channel (see Fig. 6.1) is plane but mobile,
composed of solid particles of unifoi™ size and being non-cohesive. These particles
displace themselves under the action of the fiow, which be uniform and steady.

For such simplified conditions — bed forms (see sect. 3.2.5) may form, the
granulometric distribution may be non-uniform (see sect. 6.3.4) and cohesion may
exist —, one tries to obtain functional relations, such as the ones given by
eq. 3.40 and eq. 6.29. The form of such functions, being often rather complex,
will be established by experiments, which more or less will take care of the reality
of the problem.

The forces, which enter (see /, 19" 1, chap. 6) into the description of the
uniform and steady motion of a single pa cle, isolated and without cohesion, are :
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the hydrodynamic force :
\Y

the submerged weight of the particle : ~ Wp g (psp) d3

where s the friction velocity, considered as being proportional to the velocity
the particle.

The components of this two-phase flow are :
thefluid, by its density, p , and its viscosity, V;
The solid material, by its density, ps, and a characteristic diameter, d ;
the flow, by its flow depth, h or R”, the slope, Sf, and the gravity, g ; th

by the friction velocity, = ~~~"w hich characterises the turbulen
(see sect. 2.6.4).

In all, there are thus 7 parameters.
A dimensionless analysis, using the n-theorem (see Yaliti, 1972, p. 61), sho®

that the arguments which quantify the two-phase flow, such as the bed-lo
transport, can now be expressed by 4 dimensionless quantities, namely :

a Reynolds number of the particle :
Re* = — (6.21

a dimensionless shear stress (see eq. 3.38):

YY) rfixi (%W 0622

or a densimetric Froude number of the particle :

Fr*D = = = = -\fxt (623
v(ss-1)gd Al (ysy)d

a relative depth :
ou 6.24)

a relative density :

s = 8 (6.25
P
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In addition, a dimensionless particle diameter ean be obtained by combining
eq. 6.21 with eq. 6.22 (see point 3.4.2.7°), or:

3
* = dA(s - 1) 7| (6.26)

5 Combining eq. 6.22 and eq. 6.21, a relation was proposed by Shields (see
sect. 3.4.2 and Fig. 3.13), snch as :

* = /(Re¥) or X =/(d) (3.40)
for the study of the commencement of erosion, expressed by the *
shear stress, x*cr. Furthermore, a relation of the form :
x*cr=/(Re*) (6.27)
gives a delimitation of the zone of "motion™ from the zone of "no motion™ of the
particles ; this was developed experimentally from laboratory date, showing a
rather large spread. The function of Shields, eq. 6.27, is generally agreed upon as
being valuable and useful, notably for the hydraulic engineers, if the granulometry

is uniform or almost so.

6° The transport of sediments can be expressed as a function of these 4 dimensionless
quantities, namely :

D =/(d* ,X,Rhd ,plp)

Utilising the n~theorem, one obtains (see Yalin, 1972, p. 67) an expression for a
dimensionless intensity ofthe solid discharge as the bed load, or :

Q¥ = (6.28)

with g b [m2s] a$ the volumic solid discharge per unit width.

Expressions, which are similar to the one of eq. 6.28, can be written (see Yalin,
1972, p. as:

- = > !

Since some terms, RWd and p¥p, are included in the term of x», and taking
x, =/(Re»), one can formulate now a rather simple relationship :
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=) ( =/) ( )6.2

which is often written as :
o =fC¥) (6.29

where X = "and is called the dimensionless intensity of shear stret
applied upon the solid particles.

This expression, eqg. 6.29, links the solid transport, qsb (see eq. 6.28), to the she
stress, X* (see eq. 6.22). Thus an increase in X*— passing by X* , where erosi(
begins — is responsible for an increase inq ,.

The form of this function, eq. 6.29, must still be established ; it is given by t
formulae of bed-load transport, which are established by experiments performed
the laboratory and in the field.

One often assumes that this relation, eq. 6.29, can be expressed in form of a pow
law, or :

0o = 0(6.3

Making use of the ratio, which defines the coefficient of friction :

vIVF “

one can formulate the following proportionalities :

u2 « o« X

Thus it is possible to express the above equatioin, eq. 6.29, by an approxim
relation (see de Vries, 1973) in the form of :

‘. ) .

where ,a and 2 = p, p are the coefficients which depend essentially on t
granulometry. T[ s simple, but often useful relation, shows that the avera
velocity, u , of th flow is the predominant parameter for the determination oft
solid discharge,
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6.3.3 Bed-load Relations

the present, the formnlae for a determination of the solid discharge as bed load
give only reasonably satisfying results within a domain of the parameters for which
the chosen formula has been established. Consequently, the application and use of
such formulae has to be done with great care.

Here will be given a selection (in chronological order) of some of the many
available formulae ; their most characteristic hydraulic aspects will be pointed out.

2°  From the different empirical formulae, proposed by Schoklitsch in 1934 and 1950
(see Gra/, 1971, p. 133), the last one is presented, namely :

gsb = ™ s €3/2(g-qcr) (6.31)

The critical liquid discharge, qcr, characterises the commencement of erosion
— usually expressed by Ter— ; it is given with the use of the Manning-Strickler
formula, eq. 3.16 and eq. 3.18, such as :

qor = 0-26 (Ss-1)53 6.31) a)
valid ford >0 6 [m] (see Bathurst et al., 1987); for a non-uniform granulometric
mixture one takesd =, as the equivalent diameter.

This relation, eq. 6.31, is applicable for larger grain sizes, d 6 [mm], being rather
uniform and for bed slopes being moderate to strong (see Table 6.3).

3°  From the different empirical formulae — using the condition of similitude of
Froude — which Meyer-Peter et al. have developed in 1934 and 1948 (see Graf,
1971, p. 136 or Yalin, 1972, p. 112), the last one is presented, namely :

0.25 p13 — = 6.32) 0.047 - )
(Ys-Y)d (Ys-Y)d

where gsb' = g (Y-YVYs is the solid discharge in weight under water and

gsb/ly = gsb ; Rhb is the hydraulic radius of the bed. For a non-uniform
granulometry, the mean diameter, d = d90, is taken as the equivalent diameter.

This relation can be written in the dimensionless form (see eq. 6.29) such as :

(6.32a)
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where X* is the dimensionless critical shear stress (see eq. 6.27 and Fig. 3.13)
is a roughness parameter, given by :

where Ks' is the roughness of the granulates, to be evaluated with the formula
Strickler, eq. 3.18, and Ks is the total roughness of the bed, evaluated with th
formula O”~nning-Strickler, eq. 3.16, or :

K* = and Ks' =

*Hb  °e 0
In the absence of bed forms it is recommended to take =1;but 1> > 0.35
if bed forms are present. M M

This relation, eq. 6.32, is applicable for rather large grain sizes, d>2 [mm], bein
uniform as well as non-uniform, and for bed slopes, being moderate to strong (se
Table 6.3).

Using extensively the concepts of hydrodynamics, Einstein has developed in 194
and 1950 (see » /1971, pp. 139-150) a probabilistic model for the transport
sediments as bed load.

I) Determination ofthe probability oferosion

The probability, pe, of erosion of a particle at any time instant depends (see
Einstein, 1950, p. 35) on the hydrodynamic force, FH, here the lift force
and the submerged weight of the particle, Wp :

e = wce / k2 g(ps-p) d3
-k 12 K|C L(I--T]) p d2 (5.752u%2px2)

(Bp/2F) (6.33)
(1+ )

 and k2are form factors of the particle ;C L= 0.178 is a lift coefficient anc

is a random variable of lift, where = 0.5 is the most probable value
According to eq. 6.29a and eq. 6.22, the intensity of shear stress, ', i
defined by :


http://code-industry.net/

TRANSPORT OF SEDIMENTS 377

(Ys-rnd (Ys-y) d (6.34)
Ypu*'2 hb Sf

where Rhb' is the hydraulic radius of the bed due to the granulate (see
sect. 3.2.5); for a non-uniform granulometry, d = d3¥is taken.
B = 2k2/(5.75 CLK]) is a numerical constant and is a relation which takes
in account the logarithmic velocity distribution as well as the roughness,
ks = d65. The following expression (see Einstein, 1950, p. 36), where d = X
is a characteristic diameter of the granulometry, was given :

Py log (10.6 X/A) (6.35a)
with X
where A =/ ( ky5) according to Fig. 6.7a
15 v/u¥

The above functional relation, eq. 6.33 , is valid for a uniform granulometry,
but can be generalised for a non-uniform one, in the following way :

(6.35)

His a hiding coefficient — the smaller particles hide behind the larger

ones— ; it was obtained experimentally (see Fig. 6.7b). is a lift-force
correction coefficient, also obtained experimentally (see Fig. 6.7c¢). This
expression, eg. 6.35, can also be written (see Einstein, 1950, p. 37) as :

Pe = /(B X
where *F is the intensity of shear stress after Einstein :

(6.36)

and B* is a constant to be determined experimentally (see eq. 6.42b):

Bx= — with p = log (10.6) (6.36a)
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Note, that for a uniform granulometry, one takes (see Einstein, 195)
p. 36( =1, p=1and ) / thus one writes ; 1= )2:

(6.36b
In orer to express the probability of motion, Einstein (1950, p. 37

postulated the following function, being rather similar to the normal function
or :

(6.37;

where is a variable of integration.

14

0.6
01 kjd 100

01
1 05 k,s 01

Fig. 6.7 Correction coefficients : (a) of velocity distribution, (b) of hiding and
(c) of lift force (see Graf, 1971, p. 146).

()  Equation of bed load

The number of particles, which are deposited per unity of time and of bed
surface, - , s given by :
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N°  (ALd)(yJka3 (6'38)

where (ysk2d3) is the weight of a particle and AL is a constant. isb is a fraction
(see Fig. 6.9) of the granulometric curve of the unit solid discharge, gsb, in
weight.

The number of particles, which are eroded per unity of time and of bed
surface, is given by :

Ne = (Pelte) (6.39)

where (ib/k|d2) is the number of particles in a unit bed surface ; ibis a
fraction (see Fig. 6.9) of the granulometric curve of the bed material. pe is the
probability of erosion of a particleithe exchange time, tg , necessary for the
replacement of a particle of the bedbyanother particle,is expressed by :

where vss is the settling velocity of the particle.

The equation of bed load after Einstein (1950) postulates that the rate of
erosion, eq. 6.39, is equal to the rate of deposition, eq. 6.38 ; thus one takes
Nd = Ne and consequently :

= <

Furthermore, one admits that a solid particle displaces itself by making jumps
of a length of ALd (see eq. 6.38), which are linked to the exchange

probability (see Einstein, 1950, p. 34) in the following way :
Ald = )

where X is a constant of the jump of the particles. Introducing this expression
into the above relation, eq. 6.40, yields :

( )=A( )o =AD (6.41)

is the intensity of transport aft r Einstein, given by :
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<+ = — 6.28) -=
V(ss-1)gd-

where gqsb = gsblys is the volumic solid discharge per unit width and A* is a
empirical constant to be determined experimentally (see eq. 6.42b). ?or
uniform granulometry, one takes (see Einstein, 1950, p. 36) simply :

0, =0

The above relations, eq. 6.37 and eq.6.41 put together, give now the fin'
form of the equation ofbed load ofEinstein (1950):

namely a functional relation (see eq. 6.29a), such as :

. 6.42) (=) a

The (universal) constants have now to be determined experimentally both fc
uniform and non-uniform granulometries (see Einstein, 1950, pp. 3
and 43) ; they are given (see Graf, 1971, p. 149) as being :

A*=43.6 ; B* = 0.143 ; =05 (6.42b

This relation, eq. 6.42, is plotted in Fig. 6.8 — using the tables of the erro
function — together with the data of Meyer-Peter et al. and Gilbert. Th
graphical representation facilitates the use of the above relation, eq. 6.42.

Since a non-uniform granulometry can be broken down into its fraction
idYib , this relation is rather flexible. For a quasi-uniform granulometry, a
equivalent diameter of d =  can be taken.

It is interesting to remark, that the relation ofEinstein, eq. 6.42, and the on
of Meyer-Peter et al., eq. 6.32, give rather similar results (see Graf, 1971, f
150), and this notably for 10 > . Note also, that in the relation of Einstelii
the notion of a critical value (for erosion), ~ = * ' has nowhere bee
used explicitly. Nevertheless, one may ask now, what numerical value for
one would get, if the value of o becomes very small; for example :

0 0.0004 2 = Tor = 0.04
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SINJNIIS O 1HOdSNVHL

T8¢


http://code-industry.net/

FLUVIAL HYDRAULI

Here one sees that there exists a rather agreement with the critical vail
T*cr, taken from the diagram of Shields (see Fig. 3.13).

The equation of Finstein, eq. 6.42 and Fig. 6.8, is well suitable for unifoi
and non-uniform granulates over a large range of diameters, d > 0.7 [mr
and of bed slopes (see Table 6.3). It is world-wide used with great succes

4  Granulometry, Armouring

The non-cohesive sediments (solid particles), which make up the bed of
watercourse, are in general of different sizes, being given by the granulomet:
curve of the bed material (see Fig. 6.9a).

This curve, which is in general half-logarithmic, can be divided into fractio
(percentages), ib., whose sum is :

1(100%) = , = + b5 +%5) + ..+ %)

Usually this curve is partitioned into 4 or 5 (unequal) fractions, after havi
eliminated small fractions, namely 5 % , of the finest particles — they are part
the wash load — and of the coarsest particles.

For each fraction the average diameter, dj, is determined and the corresponds
solid discharge, isbqsb, is calculated, using one of the formulae for bed-lo
transport. For the entire granulometric mixture, the solid discharge is now obtain
as :

s« s s — sb|lIsb| : $2

The granulometric curve of the bed material is in general different from the one
the material moving as bed load or as suspended load (see Fig. 6.91
Consequently, for an average diameter of the granulate, d , the given fraction of t
granulometric curve of the bed material, ib, will be different from t
corresponding fraction of the granulometric curve  the solid discharge, ish.

This subtlety was elaborated by Einstein (1950, p. 32) by introducing the ratio
id’ib and the hiding factor, , into the equation of bed-load transport, eq. 6.42.

For a very intensive sediment transport, all sizes (fractions) of particles will read
participate ; consequently ib = ish, since the curves L and ¢ become identical (s
Fig. 6.9b). ' '

For cohesive material, the determination of the solid discharge represents a ve
difficult task ; literature specialised on this topic should be consulted (see Gri
1971, chap. 12 and Raudkivi, 1976, chap. 9).
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The “nulDmetric curve of the bed material is obtained by taking samples from the
bed of the ehannel. ~commended is (see Einstein, 1950, p. 48) to take many
samples at different sections of the watercourse under study, and obtain an average
granulometric curve. Each sample should be taken at (up to) a, to-be expected,
maximal erosion depth, namely at a depth of 0.70 [m] below the bed surface.

Fig. 6.9 Scheme of granulometric curves for the bed material, L , and the armoured bed
material, La, the bed-load material, € , and the suspended (wash) load material, s (SI).

50

On a channel bed of non-uniform granulometry, the smaller particles are more
easily eroded than the larger ones, agrain-size sorting takes place. An accumulation
of the remaining larger particles results in an armouring of the bed, which
subsequently protects the underlying "original” granulate (see Graf, 1971, p. 102).

It can thus happen, that erosion does not take place, if the bed becomes (naturally)
armoured with the larger particles which remain at the bed surface after an important
erosion process during a previous flood event. In such a case the flow cannot take
its (full) capacity of sediments transport (see point 6.1.4.3°), and this until another
exceptional flood will destroy the armour layer and the original granulate reappears
to form onee more another new armour layer.

The formulae developed for the capacity of transport are thus only valid for such
watercourses, which pass through their own alluvium, namely in a bed being made
up of material, which was also transported and can again be transported.

From above it becomes evident that granulometric samples taken in situ — if
armouring takes place — have to be interpreted with great caution.

The development of an armour layer is an asymptotic process. When the friction
velocity, u*, increases, the smaller particles are eroded and the larger ones stay in
place. The corresponding friction velocity is used to define the critical friction
velocity for armouring, u*aa. The (maximum possible) armoured bed will now be
formed by the largest particles, dQor larger, which are found in the granulometry
of the original bed. For high discharges, when *> u*acr, the armoured bed
becomes unstable and will be destroyed. A bed, being composed of the sizes of the
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granulometric curve of the original composition, arrives at the surface and
extremely active erosion will take place.

There exists only limited conclusive information about the ratio of the origin,
granulometry, d , and the granulometry of the armour layer, . For some Swi
rivers, having large bed slopes, Sf> 0.03 [-], and large grain sizes, d30> 6 [mm
an indicative relationship of :

50 50 ) 0 06
was developed by Correia et Graf{ 1988).
An empirical relationship for a prediction of the stability of the armour layer w
given by Raudkivi (1990, p. 113) as:

0.4¢(. ( +

a,max 3 max

wilh ®

where d50 is the median diameter of the (maximal possible) armour and T,cr
the dimensjonless critical shear stress, taken as x*cr 0.05  (see Fig. 3.13
Evidently the armouring process is controlled by the largest fraction, or large
of the granulometric curve of the channel bed. No armouring takes place, if tl
granulometry is uniform.

SUSPENDED-LOAD TRANSPORT

6.4.1 Notions

1

20

Transport of sediments in suspension is the mode of transport where the sol
particles displace themselves by making large jumps, but remain (occasionally)
contact with the bed load and also with the bed. The zone of suspension is delimit(
by :zsb<z <h (see Fig. 6. ).

Transport as suspended load could be considered as an advanced stage of transpc
as bed load ; however the analytical methods do not allow a description of the
two modes of transport with the same (or single) relationship.

6.4.2 Theoretical Considerations

1

The transport of sediments in suspension can be explained with the concept
diffusion-convection, which gives the vertical distribution of the (loc2
concentration, cs(z) , of the suspended particles.
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For steady uniform flow, the vertical distribution the concentration of the
suspended particles, ¢ (z) , in the fluid, can be obtained by using the equation of
one-dimensional diffusion-convection (see sect. 8.4 or Graf, 1971, p. 166) :

VSS + “  (£s436) ( )

where cs(z) is the local volui®ic concentration, £ is the diffusivity of the suspended
particles, whose units are [LYT], and vss is the settling velocity of the particles.

This equation, eq. 6.43, relates the vertical exchange of solid particles due to the
turbulence (upwards) with the gravitational motion (downwards), expressed with
the settling velocity, vss; it is valid only for weak concentrations, namely for

(l-cg=lor > . ]%.

Integration of the above equation, eq. 6.43 , yields:

Wscs + esdf = Cte = 0 (6.44)

where the constant of integration is taken to be Cte = 0, implying that cs= O at the
water surface for es=0.

The above equation expresses that, at all levels, zb<z < h, there is a (vertical)
equilibrium between the movement in the direction of gravity and the one due to the
concentration gradient in the direction against gravity. In other words, the rate of
sedimentation of particles per unit volume is equal to the rate of turbulent diffusion
per unit volume.

For not so weak concentrations (see Graf, 1971, p. 185) the above equation,
eq. 6.44, should be written as :

V$644) 8) - a + — a)

The following remarks, concerning the diffusivity, should be made :

A relation between the diffusivity of suspended particles in the fluid, £ , and the
turbulent diffusivity of a (soluble) substance in the fluid, £t, is in general admitted
(see Gra/, 1971, pp. 167 and 177):

(6.45)

es = PsEt
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where ps is a factor of proportionality. For fine partieles, which follow readily th
fluid motion, one takes ps = 1; for larger particles, one takes Ps< 1
researchers (see Graf, 1971, p. 178 and Raudkivi, 1990, p. 172) advancee
arguments to show that PS>1.

For weak concentrations it is usually assumed that:

£ £ (6.46

thus one takes p =1I.
Furthermore, one may also postulate (see sect. 8.1.3) that:

- diffusion (per unity of surface) of matter, namely of a substance in the fluid, i
given by :

- diffusion (per unity of surface) of momentum is given (see eq. 2.49) by :

Here is assumed that the turbulent diffusivity, £t , and the turbulent viscosity,
are far more important than the molecular diffusivity, : , and the viscosity, V
respectively (see Graf 1971, p. 166).

According to the analogy of Reynolds (see Taylor, 194 , p. 451), the transfer O
matter (as well as the one of heat) and the transfer of momentum by the turbulenc
~ee analogous ; this is strictly correct close to a solid surface (the bed)
Consequently, one may also take :

£ =vf=1¢ (6.47

For the case, where the diffusivity is independent of the level, £ = Cte, the abov
equation, eg. 6.44, can be integrated and yields :

(6.48

where csa is the concentration at a reference level, a. This relation has bee
experimentally verified (see Graf 1971, p. 167).
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In the open-ehannel flow, the turbulence and thus the d ffus v ty are vertically
distributed, £ (z), (see sect. 2.6). The distribution of the diffusivity, £ =vt,
is given (see Graf, 1971, p. 173) by :

es = KU16.49) - )

This parabolic relation, established for unidirectional flow, has been obtained by
assum ng :

- the vertical distribution of the tangential turbulent shear stress :

= 2.47) ( ) 01

- the vertical distribution of the velocity (see sect. 2.2 . ):

du Vvp i
dz ~ K z

where K= 0.4 is the Karman constant, which is independent of the concentration
(see Colemann, 1981);

- the expression of the Reynolds stress :
= pv, 249) )
- the analogy of Reynolds :

es = e( = vt (6.47)

This distribution of the diffusivity, eq. 6.49, has been experimentally verified (see
Raudkivi, 1990, p. 170).

Substitution of eq. 6.49 into eq. 6.44, and separation of the variables, yields :

)6 "5 0 (

where one defines the Rouse exponent as :
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This expression, 6.50 . , can now be integrated by part$, within the limits
a<z<h (see Rouse, 1938, p. 341, and Graf, 1971, p. 173) and renders :

where csais the concentration at a reference level, a. This egnation, eq. 6.51, giv
the distribution of the relative concentration, cgcsa, for one single particle size,
and . Note that in the definition of the Rouse exponent, , the friction velocil
*' due to the granulate must be used.
In the Rouse exponent, eq. 6.50a, one should take the settling velocity, vss, of
particle in clear and quiescent water, thus being not influenced by turbulence or
concentration. For natural particles of quartz, Ss = 2.65 [-], falling in quiesce
water atr=20 [C°], the settling velocity can be determined using the Fig. 6.10 (s
/, 1971, p. 45).

v Imm/s|

Fig. 6.10 Sett ng velocity , vss, as function of particle diameter, d.
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The equation, giving the distribution of the relative concentration, eq. 6.51, for
different values of the Rouse exponent, , is shown in Fig. 6.11. The following is
to be observed :

For small ~-values, the relative concentration is large and tends to become
uniform over the entire flow depth, h.

For large ~-values, the relative concentration is small at the water surface and is
large close to the bed.

The size of the particles, expressed with the settling velocity, vss , is directly
responsible for these distributions.

Close to the bed, 0 , the concentration goes towards infinity, cs= , thus to
an impossible value. Thus one delimits this level usually by a=2zbs0.05h
or by zsh=2d, below which there exists the bed load (see Fig. 6.1).

The reference concentration, csa, is usually taken at a level of a s zsh; it will
be calculated later (see eq. 6.57) with one of the bed-load formulae, qsb .

Numerous are the investigations, both in laboratory and in situ, which give
evidence of the validity of the above equation, eq. 6.51 (see Graf, 1971, p. 175).

zZ-a

Fig. 6.11 Vertical distribution of the relative concentration, cgcsa, in a suspension.

6.4.3

Suspended-Load Relation

1°  The volumic solid discharge in suspension per unit width, in a region delimited by
zsh<z<h,is obtained by :

qss

= Jcsudz (6.52)


http://code-industry.net/

390

20

30

FLUVIALHVD”ULIC

where cs(z) is the loeal concentration, eq. 6.51, and u(z) the local velocity. Thi
relation is valid for a single particle size, d or vss.

There exist different methods for the calculation of the suspended-load transpoi
(see Graf, 1971, p. 189), but only the one of Einstein (1950) will be presented
being presently the most popular one.

The distribution of the velocity shall be given by a logarithmic relation (se<
Einstein, 1950, p. 17), of the form :

u(z) = u*15.75 log (30.2 6.53) (

where A is a correction term, given in Fig. 6.7a, and *is the friction velocity dui
to the granulate.

Upon substitution of eq. 6.51 and of eq. 6.53 into the above equation, eq. 6.52
one obtains :

h
qs = - ' 75 )3 .2 ( )6.54

zsh

Replacing a = zsb by a dimensionless expression, zsyh = AE, and using h as th
unity of z (see Einstein, 1950, p. 18), yields :

[
gs = lcsudz = rsu hdz (6.52a

zsb AE

After some mathematical manipulations, one gets :

h5.75 ) .

a} log)302 -( ) dz + 0434 | Inz dz {  )6.55
A A

: The values of the following integrals

I
/.

N = 0216 —E—  # ( dz
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AE=2sb/h

, used in the method of Einstein ) 9 O(.
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Fig. 6.12 The integrals, il (AE,”)andj (AE,")
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J2 = 0.216 Inz dz
)

are numerically evaluated (see Einstein, 1950, p. 19-24) and this for diffe
values of AEand ;they are given in Fig. 6.12.

Finally, the above equation, eq. 6.55, can be put into the following form :
gs = 116 csau*'zsh 2.303 log (30.22| +J2 6

where gss is the volumic solid discharge per unit width of the suspended load.

The reference concentration, csa, shall be taken there, where the concentra
distribution, eq. 6.51, lacks any physical sense, namely very close to the be
will thus be positioned within the layer where the bed load moves (see Fig. 6.1

One usually assumes (see Graf, 1972, p. 191), that the thickness of this la
called layer, is twice the grain diameter, zsb2 d ; for a granulometric mixt
the bed layer takes different values for each granulometric fraction.

It is now of the foremost interest, to establish a relation between the bed-load
sus” nded-load transport ; the reference concentration, csa, will make this link.

The formula of Einstein for bed-load transport, eq. 6.42, for one sir
granulometric fraction, qsb ish, shall be used for the determination of the (aver
concentration in this bed layer ; one writes :

Exploiting experiments (see Einstein, 1950, p. 40) which rendered the velocit;
bed load as being u 11.6 =,', one obtains an expression for the refere

concentration, such as :

Consequently, the solid discharge as suspended load per unit width — using
expression, eq. 6.57a— is given by :
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6.5

gssiss being the volumic solid discharge per unit width of the suspended load for
one single granulometric fraction.

This relation, eq. 6.58, establishes the link between bed-load and suspended load

transport for all particle sizes, which are found in the granulometric fraction of the
bed-load.

TOTAL-LOAD TRANSPORT

6.5.1 Notions

1

Total-load transport of sediments — or better called total bed-material load
transport — is made up of transport as bed load (see sect. 6.3) and of transport as
suspended load :

gs = gsb+ gss(+gsw (-)
Added should (possibly) be the transport as wash load, qsw.

Different formulae (see Graf,, 1971, chap. 9 or White et 1973 ,/) exist, which can
be used for the prediction of the bed-material load in a watercourse.

The formulae for determination of the total load — just as the ones of the bed
load — give only reasonable results in the domain of their established parameters.
Thus an application of any formula must be done with great care.

Here will be given a selection (in chronological order) of some existing formulae.

6.5.2 Total-Load Relations

20

The indirect methods determine the bed-material load by addition of the calculated
bed load and the calculated suspended load. Thus these methods take into account
that the hydromechanics of each mode of transport is not the same. However, a
clear distinction between the two modes is not easily possible.

The direct methods determine the bed-material load directly, without making a
distinction between the two modes of transport.

Einstein (1950, p. 40) proposed a formula for bed-load transport, eq. 6.42, and
one for suspended-load transport, eg. 6.58 ; by combining up these two relations,
it is possible to get a formula for the bed-material load transport:

$ q% ssb q@e2.308 49 (30.2 )I\ +h (6.60)

This relation gives the sediment-transp t capacity, but does not, of course, include
the wash-load transport.
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This formula, eqg. 6.60, can be used if the hydraulic and sedimentolo
parameters are known in advance. If in addition a measurement of the suspe
load is also available, there exists a modified version (see Graf, 1971, p. 20’
the above relation.

In many ways, the indirect method of Einstein, eq. 6.60, is hydraulically r2
complete, but its application might seem laborious. Notably, the non-uniformil

the granulometry is accounted for by using the ratio of igish. Furthermore,

considers also the influence of the water temperature (see Graf, 1971, p. 238
the velocity distribution, eq. 6.35, and of the concentration distribution, eq. t
using the exponent of Rouse, eq. 6.50a.

A relation for the direct prediction of the bed-material transport, valid for
channel flow [but also for flow in pipes], was developed by GrafetAcan
(1968).

A parameter of shear intensity was elaborated as a criteria of solid transport
Graf, 1971, pp. 218 et 443), such as :

which is the inverse of the dimensionless shear stress, given by eq. 6.22.

Applying the concept of power (work) of a flow system, a parameter oftrans
was proposed (see Graf, 1971, pp. 219 and 446), such as :

= )

which is similar to the dimensionless intensity of solid discharge, giver
eq. 6.28.

Note, that the hydraulic radius, Rh, is here taken as the total one ; for a nai
channel, the hydraulic radius of the bed, Rhb, should be taken. Cs is the volt
concentration in the section and d = dis the equivalent diameter.

It could be shown, that a functional relation between these parameters, and
(see eq. 6.29a) is possible :

= )
whose form was experimentally determined. Using close to 800 experiments i
the laboratory and close to 80 experiments in the field (see Table 6.3), all for i
surface flow [and close to 300 experiments for pipe-line flow], the follow
relationship (see Graf, 1971, pp. 220 and 448) was established :

$ - 1039 pPA-2@ ®
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This relationship is found valid for 10" > > 10" or for < 14.6. An
extension of this work by Gra/et Acaroglu (1968) has been done by Grafet Suszka
(1987) ; it provided the following relationship :

0A=10.4K( FA 16.63) 3)
with K= = if y A<14.6
K = (1-0.045 4%)2 if 222>TA> 14.6
K=0 if Fa>22.2

The trend, for very weak solid transport, 1 0 ~ 0 > A< 10~2, with >14.6, is also
evident inother experiments (see Pazis et Graf, 1977).

If one takes in the above relation, eq.6.61, the energy slope, Se, defined by
eq. 6.2, the functional relation between and . ,eq. 6.63, can also be used for
the calculation of the sediment transport during unsteady flow (see Gra/et Song,
1995).

The relations, eq. 6.63 and eq. 6.63a, are also valid when taking an equivalent
diameter, d d50, if the granulometry is a non-uniform one.

For a direct determination of the total-load transport, gs, Ackers et White (1973)
proposed the use of some dimentological parameters ; employed were hydraulic
considerations and dimensional analysis.

A parameter ofmobility of sediments was defined as :

(6.64)
Far V(ss-1)gd [v32 log(10hmd).
which becomes Fgr= (see eq. 6.23) for very fine particles, where nw=1.
A parameter of transport of sediments was postulated as :
= «) - ) . 5(
The total-load transport is calculated according to :
- - “m )6'66(

where Cs is the volumic average concentration in a section and hm= A/B is the
average flow depth.
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The coefficients  the above relations were determined by regression an
using close to 1000 experiments in the laboratory and close to 250 experim(
the field, with sediments having a uniform and a non-uniform granuloi
0.04 < d® [mm] < 4.0 and for flow at Fr < 0.8 (see Table 6.3). The res
values of these coefficients are the following :

4 >60 1,0 > 60
coefficient d>25 Immi > 04
w (1.0-0.56 l©gd*) 10
150 )9.66/ + 1A
0.17 )0.23/ (+0.14
0.025 log CW= 2.86 log d+ - (log 353- ¢

Above, the dimensionless particle diameter, d*, is used, defined as :

For a non-uniform granulometry, one takes d = d3% as the equivalent diametei

6.5.3 Applications of Relations

1

30

4°

Different formulae for the determination of the solid transport have been pres
However, none of these relations can pretend to translate the intrinsic comple)
the transport of sediments.

Most of these formulae should not be used beyond the conditions within whicl
were established. Table 6.3 contains a summary of the range of the param
d and Sf, investigated for the establishment of each formula by their auth<
other author(s) may have extended this range. Also listed are the recommen
by the author(s) for the choice of the equivalent diameter, dx , if the granulom
quasi or non-uniform.

The formulae for the transport of sediments are often established, using laboi
data and less often using field data.

A verification of these formulae in watercourses is a very delicate task, sine
difficult to measure correctly the solid discharge in the field. Furthermore, it is
a rather subjective evaluation, since the zones of the modes of transport ¢
easily be separated.

Numerous studies have been reported, comparing measurements in waterco
with the different existing formulae.

For a better appreciation of the validity of the above presented formulae, it wil
be of interest to compare the computed results with the direct measurements (
solid discharge in the field.
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Table 6.3 Parameters used for establishing the different formulae.

d x [mm], equivalent diameter

Formula d [ ] for a non-unifonn granulate
?éhf'%'.i;f;h 0.3-7.0 (44.0) 0.003 -0.1
“("eeg.‘;rz‘fe)ter et /. 3.1-28.6 0.0004 - 0.020 (
(e;.-6.4<2) 0.8-28.6 7 %
?erqffogg;arOQ'“ 0.3-1.7 (23.5) 7 d50

Ackers et White

- <
(eq. 6.66) 0.04-4.0 Fr <0.8 35

Many (nineteen) of the existing formulae for the calculation of the total transport
have been studied by White et al. (1973) and compared with experimental results.
They evaluated almost 1000 laboratory experiments with uniform and non-uniform
sediments of 0.04 < dso [mm] < 4.9, at flow depth of h < 0.4 [m], and almost 270
experiments in watercourses with sediments of 0.1 < d [mm] <es.0 and a
width/depth ratio of 9 < B/h <160.

Each formula was applied to all the data of the solid-discharge measurements.
Subsequently was established a ratio of the values calculated, Ccdc , and the
values observed, Cobs, where C =(Sis the total-load transport, expressed in
concentration.

Some results of this investigation are given in Fig. 6.13, where one may see the
success of a prediction (in percentage) for different ranges of the ratio, CcadCobs.
For the formulae, which are presented in this book — considering only the range
of 1/2<CallCds< 2 - itcan be seen that the percentage is for the formula of

Einstein (1950), eq. 6.60 : 44 %  of success
Grafet Acaroglu (1968), eq. 6.63 : 40 %  of success
Ackers et White (1973), eq. 6.66 64%  of success
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This implies that with the formula of Ackers et White, 64 % of the experimen
data can he predicted in the above-mentioned range. This is usually considered a
good (or a not-so-bad) result; more than half of the studied (nineteen) formu
give results which are less good, namely < 40 %. Also noticed is that with
formula of Einstein there is a slight under-estimation of the solid discharge ; wh
the one of Graf et Acaroglu gives a slight over-estimation

% % %

*5 "calc "ohs

Fig. 6.13 Comparison, with respect to CadCobs, of the
success of prediction for the presented formulae.

The comparative study of White et al. (1973) is reasonably objective, but certair
not conclusive, ©ther studies exist (see Raudkivi, 1976, p. 227) which sh
clearly that an objective validation is nearly impossible.

Amongst the different existing formulae for the determination of the total-lo
transport, but equally for the ones of the bed-load and suspended-load transpo
each one will give an answer, but none will be very precise nor very true.

Finally, it must be said, that the results obtained with these formulae give on
valuable guide-lines for the engineer. For practical purposes, it is advised to cons(
more than one formula ; the obtained result may however render different valu
(see /, 71 p. 156).

6.5.4 Wash Load

10

The wash load, gsw, contains all these particles which are never in contact with tl
bed and displace themselves by being carried (washed) through the channel by tl
flow (see Fig. 6.1).

This mode of the transport of sediments (see Table 6.2) is limited to the very fine
particles which are rare in the granulometry of the bed material. The distribution '
these particles is rather uniform over the entire flow depth (see Fig. 6.11).
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4°

Einstein (950 , p. 7) has proposed that the granulometry of the wa$h load is the
fraction of granulometry of the bed whieh is smaller than 10 %. It was also
proposed (see Raudkivi, 1976, p. 220) that the wash load is composed of the fine
particles having a diameter of d <0.06 [mm],

Since there exists no physical relationship to the flow, it has been difficult to
advance an analytical method for the determination of the wash load.

The wash load depends more on the hydrological, geomorphological and
meteorological conditions within the drainage basin (see Graf, 1971, p. 232),
namely on the overland surface erosion and less on the erosion in the stream bed.

Thus it is to be remarked, that at the present no methods exist for the prediction of
the wash load.

In order to obtain a quantitative information on the wash load, measurements in the
field must be performed. One measures thus the total suspended load, gss + gsw.
Subsequently is calculated the suspended load, gss, (see sect. 6.4) and
consequently the suspended wash load, qsw, can be obtained.

In some watercourses, the transport as wash load can be much more important than
the bed-material load, gsw> . Obviously, this makes the problem of sediment
transport hopelessly complicated.

If the total suspended-load transport, gss + qsw, becomes very large, one may well
imagine that this influences on the flow behaviour ; such a mixture of water-
sediments is probably not anymore a Newtonian one (see Table 6.1). The flow of
such a non-Newtonian mixture will modify the hydraulics, thus the distribution of
the velocity and of the concentration, but also the flow resistance as well as the bed
forms.

An early version ©f section 6.2 was published as :

GrafW.H. (1994): Les equations de Saint-Venant-Exner.
Osterr. Ing. und Arch. Zeitschrift, Jgg. 139, N°9, Wien, A
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EXERCISES

6.6.1 Problems, solved

Ex. 6 .A

A rectanguJar channel has a width of B = 5 [m]. At some point, the bed of the chann
changes from a fixed bed to a mobile bed with a uniform sediment of dso = [mm] ar
ss = 2.6 [-]. The discharge of Q = 5 [mVs] remains constant and the water depth
h = 2.2 [m]. In the fixed-bed reach of the channel there is no sediment transport. Th
flow initiates however erosion in the mobile-bed reach of the channel, where the porosi
of the bed material is p=0.3 [-].

A degradation of the channel starts at the junction between the fixed bed and the mobi
bed. Determine the time it will take to lower the bed level down to z =0.4Ah at a stati(
located at L = 6 RWSf downstream from the junction; subsequently draw the bed profi
for this particular moment. Furthermore, show the temporal variation of the degradati
at this station. Calculate also the resulting bed profile if the mobile bed is limited to
length of x = 90 [km].

SOTUTION:

) The steady flow will be considered to be quasi-uniform during the phase
degradation (see Fig. Ex. 6 .A. ); therefore the parabolic model can be used :

where x is positive towards the downstream and follows the initial bed profil
represents the bed-level variation with respect to the initial bed, sf°. Note that tl
use of the parabolic model is limited to : Fr < 0.6 and x > 3RhSe.

solution .solution
.enot valid ix valid

Fig. Ex.6.A. 1 Scheme of the degradation.
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i)

The initial and boundary conditions arc given as :
Zo ,0)= ; limz(x,t) = o
z(0,t) =Ah(t)

The solution to eq. 6.11 is given by :

(jct) = Ah erfc i (6.15)

Calculation of the quasi-uniformflow in the mobile-bed channel.

The slope of the energy line, , is calculated using the Manning-Strickler formula:
= = )3.16(
with Ks = 21.1/dsowve = 66.7 [mIA/S] (3.18)
h = 22 [m] , B=50[m , Rh=1.17[m]
Q = 150[ma/s] , q=Q/B = 3[ms]

u=q/h= 136][m/s]

The slope of the energyline : Se=0.00034 [-]
The Froud number is Fr=0.29 = [-]

It should be emphasized that the Froude numberhas to be small, Fr <0.6, being
one of the conditions (see sect. 6.2.3) for thevalidity of theparabolic model,
eq. 6.11.

Calculation of the solid discharge in the mobile-bed channel.
The solid discharge, ¢*=C Uh , is calculated using the Grafet al. (1968) formula :

6.63) = 1039 | )
"V[(ps-p)/plgd® fh
with (psp)lp = 16 []

dso = 1 [mm]

Sf  se = 0.00034[-]

¢ s URh = 3.910~5 [m2/s]

The solid discharge is :  gs = Csu h 5310-7=-~ B.9e

[ma/s
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iv)  The coefficient, K, in the parabolic model, eq. 6.11, is approximately given by :

Ko m K- 3p( (6.12
with se® = 000034 [
(1-p) = 07
bs = 2(252) 5 (where p = 2.52 is the exponent in eq. 6.6
according to eq. 6.5a and eq. 6.30)
The coefficient is K = 0.511[m25s]

Table for the complementary error function
(see Handbook of Mathematical Functions. 1964, National Bureau of Standards, pp. 310-311, formula 7.1.2

Y erfc(Y) Y erfc(Y) Y erfc(Y)
0.00 1.00000 1.20 0.08969 2.30 0.00114
0.10 0.88754 1.30 0.06599 2.40 0.00069
00 0.77730 1.40 0.04772 2.50 0.00041
0.30 0.67137 1.50 0.03390 2.60 0.00024
0.40 0.57161 1.60 0.02365 270 0.00013
0.50 0.47950 1.70 0.01621 2.80 0.00008
0.60 0.39614 1.80 0.01091 2.90 0.00004
0.70 0.32220 1.90 0.00721 3.00 0.00002
0.80 0.25790 ? 0.00468 3.10 0.00001
0.90 0.20309 2.10 0.00298 3.20 0.00001
1.00 0.15730 2.20 0.00186 3.30 .

1.10 7

: The complementary error function can be calculated approximately using the following expression
erfc{y(=1/)1+ | Y+a2Y2+ Y?+adY4a3+ Y5+a6Y6) +e(Y) wrere 8Y( > 310~
= a2 |0.0705230784 = 0.0422820123 ; =0 927 5272
a4 = 0.0001520143 ; = ab ; 0.0002765672 = 0.0000430638
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V)  In the present problem, it is asked to determine the time it takes to lower the bed
level down to 0.4 = Ah, thns :

z(x,t) _ 0.4Ah 04
Ah Ah

The eq. 6.15 is now written as :
0-4 = erfc N = erfc (Y)

Using the table of the complementary error function yields :

At the station x =L =6RhSe = 20.73 [*m], the lowering of the bed down to a level
ofz = 0.4Ah occurs at the time :

t= ([2* 330.sn) = 5841°8[10562-1 = [ [h] 18.52 [years]

N draw the bed profile for the entire channel at this particular moment,

t = 5.84+ 10 [s], the calculations are repeated for different values for the distance x
(see following table).

Calculation of the bed profile

Rh=1.17[m] ; Sf=0.00034 [-] ; K=0.511[m2s]
Ah =3.11 [m] ; t=5.8410s [s]
* (Se/Rh) Y = x [(2VKi) 71Ah =erfc(Y) z
W) M i H []
10500 3.04 0.30 0.66735 2.073
11000 3.18 0.32 0.65253 2.027
13000 3.76 0.38 0.59465 1.847
15000 4.34 0.43 0.53923 1.675
20000 5.79 0.58 0.41299 1.283
20730 6.00 0.60 0.39615 1.231
30000 8.68 0.87 0.21946 0.682
40000 1158 116 0.10157 0.316
5 0 14.47 145 0.04070 0.126
60000 17 37 1,74 0.01405 0.044
70000 20.26 2.03 0.00417 0.013
80000 23.15 2.32 0.00106 0.003
90000 26.05 2.60 0.00023 0.001

100000 28.94 2.89 0.00004 0.000
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The depth cf degradation of the channel bed due to a solid discharge
qs=7.310 5[m2s] , during a time period of t = 5.8410s [s] is given by :
An = q At )7.310°5( -/ -84 08

= = 3.11 [m] 61
0.7) (13.- . 3)1 y AMu

and z = 0.4Ah = 1.23 [m] .

The bed profile, ) ), for t = 5.84-108 [s] = 18.52 [years], is plotted
Fig. Ex. 6.A.2. This solution is valid only if x >3RNWSe. For distances
x <3RNWSe, the solution is only an indicative one.

channel channel with mobile bed
with fixed bed

25 30
dimensionless distance, x (Se/ Rh)

! —ml / with mobile bed
withfixed bed

dimensionless distance, x (Se/ Rh

Fig. Ex.6.A.2 Bed profile after 18.52 [years] of degradation.

For sake of comparison, the bed profiles, z(x) , for t = 1.76 [year] and
t= 6. [month] are also plotted (without giving the calculations) in Fig. Ex. 6.A.
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V) The temporal evolution of the degradation at the station loeated at
:x =L =6RWSe = 20.73 [km] is given by

z(t) = Aherfc () = Aherfc) ( )6.15(
KAt 2\0.511 At 2

: where, Ah(t) can be evaluated by

q Ah= -
I-p)\K A t(1.13

time, Jyears|

20

m~z= 21 [, =m[ 3.11]

Fig. Ex.6.A.3 Evolution of the degradation at the station X=L = 6RWSe =20.73 [km].

Calculation of the evolution of the degradation

Rh=1.17[m] . Sf= 0.00034 [ . K=05L1[m/s]
x =L = 6RWST = 20730 [m]
t t Y =jd(2Vki) zJah =erfc(Y) Ah z
[years] [s] f— [ [l [mi
3.15E+07 258 0.00026 0.72 0.0002
3 9 46E+07 1.49 0.03502 25 0.0438
5 1.58E+08 115 0.10248 1.61 0.1654
7 2.21E+08 0.98 0.16756 1.91 0.3201
10 3.15E+08 0.82 0.24823 2.28 0.5667
15 4.73E+08 0.67 0.34579 2.80 0.9669
18.52 5.84E+08 0.60 0.39618 3.11 1.2309
25 7.88E+08 0.52 0.46522 3.61 1.6794
30 9.46E+08 0.47 0.50500 3.95 1.9970
35 1.10E+09 0.44 0.53711 4.27 2.294
40 1.26E+09 0.41 0.56371 4.57 2.5740
45 1.42E+09 0.38 0.58622 4.84 2.8391

50 1.58E+09 0.37 0.60559 511 3.0916
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The evolution of the bed degradation can now be calculated by assuming diff
values for At =t . By using the approximate formula for the complementary
function (see before), the calculation can easily be programmed on a spread
The table above summarizes these calculations; Fig. £x. 6.A.3 shows the evol
of the erosion,O) , at the station, x = L.

This solution is however only valid (see Ribberink et Satide, 1984, p. 30) for :

<1 = 30 000034 = 7421 235 ”

Calculation of the final bed profile if the channel reach with the mobile b
limited to a length of = km[ 90].

channel t Ir channel with mobile bed
with fixed bed

w1 W7/

10

20

dimensionless distance, x (Se/ Rh)

Fig. EX.6.A.4 The channel-bed profile after 37.9 [years] of degradation

By assuming a very small amount of erosion, such as z = O.0OlAh , at the &
xf =90 [km], one can write :

= 001 ) (

Using the table of the complementary error function yields :

Y=182=<2"r)
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and with K= .

t =

[mZs], one calculates :

[si

= 33 0 [h] = 37.93 [years]

407

To obtain the bed profile for the entire channel at this moment, t= 12m 0 [s],
the calculations for the degradation are repeated using different values for x
(see the foiiowing tabie). The final bed profile, calculated in this way, is plotted in

Fig. Ex. 6.A.4.

This solution is valid only ifx> 3Rh/s

The depth of the bed degradation due to a solid discharge, 1%.3 =
during a time period oft =1.210 [s] , is given by the eq. 6.20 :

1.13(I-p)VKATL

Rh=1.17[m]
Ah = 4.45 [m]

* (Se/Rh) Y = jcl(2VK)
[ml [ 1
10500 3.04 0.21
0 3.18 0.22
13000 3.76 0.26
15000 4.34 0.30
20000 5.79 0.40
30000 8.68 0.61
40000 11.58 081

50000 14.47

60000 17.37 7
? 20.26 1.42
80000 23.15 1.62
90000 26.05 1.82

(i.13)(0.7)V0.51i

Calculation of the final bed profile

sf=0.00034 [)

EI
0.76396
0.75307
0.71005
0.66793
0.56734
0.39091
0.25264
0.15273
0.08617
0.04529
0.02214
0.01006

CT [m2s] ,

K=0.511[m2s]
t=12-10 ]Js[
zIAh =erfc(Y)

[m
3.397
3.349
3.157
7Q70
2.523
1.738
1.123
0.679
0.383
0.201
0.098
0.045
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Ex. 6.B

A river on a bed slope of sf=0.0005 [-] conveys a unit discharge ofq=1.5 [m2s], 1
river bed is made of granular material of uniform size of d3 = 0.00032 [m] witl
specific gravity of s = 2.6 ]- ; the porosity of the bed material is p = 0.4 [-]. There exi
a weak transport of sediments.

At a certain station on this river, the solid discharge is locally increased
Ags= 0.0001 [mPn2s] for a time period of At = 50 [h]. Determine the aggradation of
bed to be expected.

SOLUTION:

i) The flow is steady and is considered to be quasi-uniform during the period
aggradation (see Fig. Ex. 6.B. 1); thus the parabolic model can be used :

- ] 61

where x is positive towards the downstream and follows the initial bed profi
z represents the bed-level variation with respect to the initial bed, Sf . Note that
use of the parabolic model is limited to : Fr < 0.6 and x > 3RhSe.

local increase in solid discharge, Ags

Fig. E~.~.B.l Sketch of the aggradation.

The initial and boundary conditions are given as :
z(co)= o ; limzOct) = o

0,0) Ah(t)
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The solution to eq.11. is given by :

0 ) Aherfc = N (6.15)

Calculation of the quasi-uniformflow in the river having a mobile bed.
The normal depth is calculated using the Manning-Strickler formula :

u = = Ks hm Sfl2 (3.16)
with Ks = 21.1/d5016 = 80.7 [ml/3s] (3.18)
q = 15[m”"s]
Sf = 0.0005 -
The flow depth is h=. [m]
The average velocity is U =1.676 [m/s]
The Froude number is : Fr=0.566 =

It should be remembered that the Froude number has to be small, namely Fr < 0.6.

Calculation of the solid discharge in the river having a mobile bed.

The solid discharge, = Cs Uh , is calculated using the relationship given by ~ /
et al. (1968):
, C-UR» 10.39 ) {-
V[(Ps-P)/P)S o o
with (psp)/p = 16 [-]
d® = 0.32 [mm]
Rh = h = 0.895 [m]
The solid discharge is :q =1.678104[m2s]

The coefficient, K , in the parabolic model, eq. 6.11, is approximately given by :

Kos K3 DbIB 6.12) C)
with Sfe = Se° = 0.0005 [-]
(- ( -1
bs = 2(252) 5 (where p = 2.52 is the exponent in eq. 6.63,

according to eq. 6.5a and eq. 6.30)
The coefficient is : K =0.932 [m25s]
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The thickness of the aggradation of the bed (see Fig. Ex. 6.B.1) due to a
increase in solid discharge, Ags = 0.0001 [m/s], during a time period (
At =50 [h] = 1.8-10 [s] , is given by eq. 6.20, or :

05

113 (1p)vVK At <. ). *

The length of the zone of aggradation, La, can be calculated with eq. 6.15 t
assuming, for example, a precision of z/Ah =0.01 :

Using the table of the complementary error function (see Ex. 6.A), yields :

- 1.821=)
2N/IK At

The length of the zone of aggradation (see eg. 6.19) can now be calculated
follows :

La=*% = 2Y VKA = (2) (1.821) V (0.932) (1.8-105) = 1492.3 [m]

To plot the bed profile after a time period of At =50 [h] = 18-10s [s], calculation
are made using eq. 6.15 for different distances, x. (see the following table).

The resulting bed profile, z(x) , is plotted in Fig. Ex. 6.B.2.

The calculations, summarized in the following table, are valid only if 3 < h/s,
In the present case, it can be shown that:

X = 3h/Se = (3) (0.895)/(5+ 10-4) = 5370 [m] » La= 1492.3 [m]

however, experimental data (see Soni et a/., 1980), have shown that the calculate
value is only indicative, but nevertheless acceptable.
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Calculation of the bed profile due to aggradation

Rh=h=0.895 [m] s = 0.0005 [ : K =0.932 [m*/s]
Ah =0.065 [m] At =1.8¢ 10 110
X (Se/Rh) Y = */(2V ko :IAh =erfc{Y) z
[m H & & [mi
10.0 0.01 0.01 0.98623 0.064
50.0 0.03 0.06 0.93123 0.060
100.0 0.06 0.12 0.86296 0.056
300.0 0.17 0.37 0.60459 0.039
500.0 0.28 0.61 0.38813 0.025
700.0 0.39 0.85 0.22696 0.015
900.0 0.50 1.10 0.12032 0.008
1000.0 0.56 22 0.08434 0.005
1100.0 0.61 1.34 0.05761 0.004
1300.0 0.73 1.59 0.02484 0.002
1492.3 0.83 1.82 0.01000 0.001
1500.0 0.84 1.83 0.00962 .
1600.0 0.89 1.95 0.00575 0.000
0 200 400 600 800 1000 1200 1400 1600

distance, ] ]

Fig. EX.6.B.2 Bed profile after 50 [hours] of aggradation.
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The unit discharge of a river is kept eonstant at g = 2. [m2/s]. The bed slope
sf=5.4¢10-4 [-]. The river bed is composed of quasi-uniform sediments (ss = 2.65 [-
with an average grain size of de = 0 [mm] and a porosity of p = 0.3 [-]. The Mannifl
coefficient of the bed was determined as being n =0.032 [m~*"s].

This river enters into a reservoir, created by a dam which keeps the water at a height (
H = 23.5 [m] at the immediate vicinity of the dam.

Determine the deposition pattern of bed-load material, which is carried by the river
the reservoir, after 20 [years] and 100 [years], respectively.

SOLUTION:
a)  General comments on the method of solution :

Fig. EX.6.C.lI shows the longitudinal profile of this river-reservoir system. The dai
creates a backwater curve extending to a certain upstream distance. This curve can
calculated by using one of the methods presented in chap. 4. The backwater calculatic
enables one to know the hydraulic parameters (average velocity, water depth, slope (
energy grade line, etc.) for the entire length of the system.

Let there be two stations, (i) and (i+1), separated by a distance of Ax. ff tl
characteristics of the sediments at the bed are known, one can calculate the bed-lo
discharge for these two stations, qsb(i) and qgsb(i+l) , by using one of the bed-lof
formulae presented in sect. 6.3.3. It will then be seen that the bed-load transport at tl
upstream station, (i+1), is larger than the one at the downstream station, (i). In fact tl
closer a station is to the dam, the larger is the water depth, resulting in a smaller averat
velocity and as a consequence in a decrease in the bed-load transport capacity. Tl
difference of the transport capacities between the two consecutive stations causes
deposition (or erosion) of the sediments, which in turn modifies the bed level. Th
modification of the bed level causes a change in the water-surface profile and therefo)
modifies all hydraulic parameters. This cycle repeats itself.

To calculate the deposition of the sediments, namely the delta formation, one has
simulate the process described above. Such a simulation involves a large number (
calculations and therefore is particularly well suited to treatment on a computer.

In this exercise, a computer program in FORTRAN IV language has been written to can
out this simulation. The program is written in standard FORTRAN and can be run ¢
most of the personal computers. Although a basic knowledge of computers and <
programming in languages like FORTRAN, BASIC or PASCAL will certainly be helpf
in understanding this exercise, it is not essential. Special care is taken to make the gener
programming techniques understandable to everybody, even to those who do not ha\

any experience in programming.
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Fig. EX.6.C.1 Modeling of the river-reservoir system.

Definition ofsolution domain and boundary conditions :

In reality, the eross sections of a natural river have complex forms. Nevertheless, by
considering that the length of the river-reservoir system is much larger than the water
depth, a simplified one-dimensional approach, where the hydrodynamic equations of the
water flow and of the bed-load transport are expressed for a unit width, will be adopted.

The modeled river-reservoir system is presented in Fig. £x.6.c.l. The origin of the
coordinate system coincides with the dam location. The dam constitutes a control section
and gives the boundary condition necessary for the water-surface profile calculations.
Since the flow regime is subcritical, the calculations start at the dam, where the flow
depth is known, and proceed towards the upstream.

The length of the reach to be modeled upstream of the dam can be decided by considering
the boundary condition for the sediment transport at the upstream end. In fact it is
necessary to extend the calculations up to a point where the river atteins its normal depth,
hn. It is even better to include in the calculations a certain length of the river with the
normal depth. This insures a sufficiently long river reach at the upstream end, where the
bed-load transport is in equilibrium, namely where the bed-load transport capacity at two
consecutive sections will be the same.

For the calculation of the unit discharge, , one can take Rh=h ;the Manning-Strickler
equation, eqg. 3.16, can be written as :
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The normal depth ean now he ealeulated with the following expression :

) ) !

The Froude number for the uniform flow is :

Fr =26° - = 7 H
The flow is therefore subcritical.

It is not necessary to compute an initial water-surface profile to guess the point where t
river reaches its normal depth. By considering the known values of the water depth at t
dam, H = 23.5 [m], and of the bed slope, Sf = 5.4+ 10-4 [-], the approximate length
the reservoir can be calculated :L = H/Sf = 43.5 [km]. To be able to guarante
sufficiently long river reach at the upstream, where the flow remains uniform through
the whole simulation period, namely 100 [years], a computational reach length of, 1
example, TL = 120 [km] shall be adopted. This total length of the system (TL) is divid
in ND reaches having a length of DX; this yields NS = ND +1 stations. Starting from
dam location, the stations are numbered from the downstream to the upstream end.

c)  Structure ofthe program DELTA:

A decoupled algorithm has been used in writing the program DELTA. The adjecti
"decoupled™ means that the calculations for the liquid and solid phases are carried
separately and successively (see Fig. Ex.6.c.2).

The calculations start at time t = 0, when the bed-level elevations are known. The wat(
surface profile is calculated without considering the sediment transport. Once the wati
surface profile is calculated, the hydraulic parameters are known at all the stations. T
bed-load transport rate is now calculated for all the stations. The balance ofthe sedimei
entering and leaving is subsequently calculated for all reaches to find the volume
deposition (or erosion). These volumes are then translated into a deposition heig
Finally the bed levels are modified by using these deposition heights. This concludes
computational cycle for the time t= 0. The time is then advanced by At, and a new watt
surface calculation is carried out with the new bed profile; and so on. It should be notic
that during the calculations for one phase, the characteristics of the other phase are k
constant.

The program DELTA is written in a didactic style and does not have the pretention
being optimized. The complete program code is presented
Fig. Ex.6.c. 11. Numerous comments inserted in the code explain the flow of t
program almost step by step. As far as possible, the names of the variables are chosen
recall the notation used in the text. An exhaustive list of variables together with the tyj
of variables and explanations, are provided at the beginning of the main program and
related subprograms.
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Fig. EX.6.C.2 Decoupled simulation algorithm.

The program has a modular structure. It is composed of a main program DELTA and nine
subprograms, each accomplishing a specific pre-defined task : DREAD; TITLES; RK4;
DERIVE; SCHOKL; MEYRET; EINS42; FORMUL and DWRITE. The flowchart, given
in Fig. EX.6.C.3, shows not only the relations between different program units but also
the calculation loops inside the principal program. However, it is important to note that
the flowchart is somewhat simplified; it does not show all the details of the code. The
specific tasks carried out by the main program and each subprogram are described below
in detail (see Figs. EX.6.C.3 and 11).

d)  Working principles of the program DELTA :

The main program DELTA controls the flow of the entire program. The working
principles of the program and the algorithms are described below step by step. The reader
is advised to follow these explanations in parallel with the flowchart, given in
Fig. EX.6.C.3, and the program code presented in Fig. Ex.s.c.l 1

The main program first calls the subroutine subprogram DREAD to read the
program data by questioning the user. The interactive dialog between the program
and the user is presented in Fig. EX.6.C.5. This dialog will be explained later in
detail. The program data are read into the computer in 6 groups :
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Fig. EX.6.C.3 Flowchart of the program DELTA.

FLUVIAL HYDRAULIC
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- Physical characteristics (initial bed slope, average sediment diameter. Manning-
Strickler coefficient, densities of the water and of the sediments, discharge per
unit width),

- Choice of the bed-loatl transport formula (number of the formula to be used).

- Data concerning the modification of the bed profile (maximum relative bed-level
change tolerated, porosity of the sediments, the ratio of the upstream/
downstream heights of the sediment deposition or erosion),

- Information concerning the computational domain (coordinates ot' the first and
the last station, space-step length, maximum tolerated dynamic-head variation,
maximum number of subdivisions which can be automatically created),

- Boundary conditions (water depth at the downstream end),

- Simulation time and the printing of results (time step, duration of the simulation,
frequency of the printing of the results and the name of the output file).

According to the data supplied by the user, the program calculates the coordinates
of the stations and the initial bed level at these stations. It also initializes certain
variables, such as the calculation-steps counter, eroded or deposited cumulative
volumes, etc.

The subprogram TITLES is called to echo-print of the program data on the output
file.

The time is advanced one time step. The calculation loop starts in fact at this point.
It can be seen that before entering the calculation loop the time is initialized as
T =- DELT,; in this way the time for the first calculation step is correctly obtained
as being T = 0.

The calculation of the water-.surface profile, using the running bed profile, is carried
out using the 4th-order Runge-Kutta method. The differential equation for the free-
surface flow in a rectangular channel is given by:

A 45

Eor a very wide river, B » h , with a constant unit discharge of g = Q/B, this
equation becomes :

G ——

The slope of the energy-grade line can be expressed with the Manning-Strickler
formula for uniform flow, eq. 3.16. Recalling that for a very wide river one can
take Rh=h, the following is written :

SC =6) ) a)
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Substituting this expression into the differential equation for the free-surface flow
one obtains (see eq. 4.8a) :

1 -

It is to be noted that a negative sign is added before the term on the right-hand sic>
of the equation to take into aceount that the calculation progresses from downstream
to upstream. This differential equation is solved using the 4th-order Runge-Kutt,
method (presented in detail in Ex.7.A.b) by calling the subroutine subprogran
RK4. The differential equation is programmed in the subroutine subprogran
DERIVE, whose name is passed to the subprogram RK4 in the argument list. Fo
this reason, according to the rules of FORTRAN language, the subprogran
DERIVE is declared as EXTERNAL in the main program.

The calculations for the liquid phase are finished for this time step. The progran
now proceeds with the calculations for the solid phase. During these calculations i
is assumed that the water surface does not vary. The bed-load transport at th(
stations is calculated by calling the subprogram corresponding to the metho(
sj~cified by the user :

- The subprogram SCHOKL calculates the bed-load discharge with the method
Schoklitsch (1950), whose formula is given by eq. 6.31 :

< - "» -> <Qsu:

The critical liquid discharge is calculated using eq. 6.31a :
qcr=0.26 (ss- 1)s3 da032 Sg7/6 => QCRIT = 0.26* (SS - 1)5/3*D503/2*SEFF_7/

Since the grain-size distribution is uniform, one may take ds4o = dso . If at

station qgcr > g, the program will assume qsb= . The slope of the energy-grad
line, s (SEFF), is calculated by the main program using the Manning-Stricklei
formula (see the explanations for the water-surface profile calculation) and seni
to the subprogram in the argument list.

- The subprogram MEY?ET calculates the bed-load discharge with the method ol
Meyer-Peter et al. (1948), whose formula is given by eq. 6.32 :

P Rhb"M Se- 0.047 g(ps-p)dso 32
(PS-P) 025 pl'3

sh

In the program this equation is written as:
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AG*ROE*RH*FCOR*SEFF - 0.047*G*(ROS-RQE)«D50V/2
v G*(ROS-ROE) C).25*ROE

Since the calculations are done for a unit width, the program uses Rhb = h
(RH=H). It is assumed that qsb =0, if (gp Rhb  0.047) > ¢ g (ps- p) d90).
The user may or may not use the roughness parameter, (FEOR). This
parameter is calculated in the subprogram DREAD, during data input, according
to the expression :

m) ( =)

where n' (CN50) is the grain roughness calculated using the formula of
Strickler, eq. 3.18:

T = CN50=

and n (CN) represents the total bed roughness, which is introduced by the user
during the data input. If the user chooses not to make any corrections, the
program takes FCOR = 1

The subprogram EINS42 calculates the bed-load discharge with the method of
Einstein (1942), described by  /( 1971, p. 145):

V(ss-1)gdsos (- 0.391(ss-1)d 50>
| 0.465 H . b-

In the program this equation is written as:

QSuU V (SS -~h>G*D503 0.39- NCSS~-O*D50j

Since the calculations are done for a unit width, the program uses RH = H
(Rhb' - Rhb -
- The subprogram FORMUL does not do any calculations, but simply displays a

message, inviting the user to program a bed-load transport formula of his choice
in this subprogram.

Let us now go back to the main program DELTA. The quantity of the sediments to
be deposited (or eroded) in a reach, Aqsb , depends on the difference between the
bed-load transport capacities at the upstream, qsb(i+l), and at the downstream,
qsh(i), stations :

Agshb(i) = gsb(i+I> - qgsh(i) DELQS(l) =~U (1+1)-QSU(I)
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In the program the reaches between two consecutive stations are numbered frc
downstream to upstream. The number o ’ a reach is therefore the same as t
number of the station at its downstream end (i.e.: the reach (i) is limited by t
station (i) at the downstream and by the station (i+1) at the upstream). This
is used in the program as a programming trick. The same variable 1 is used
denote both a reach and the station. In this way, the solid discharges, QSU(l4
and QSU(I), refer to the stations (1+1) and (l), respectively, whereas DELQS(I)
the difference in transport capacities for the reach (I). While reading the progre
this double role of the variable I must be kept in mind.

The procedure used by the program to translate the trans”rt-capacity differenc
between the upstream and the downstream ends of a reach into a deposition heig
— this is Exner's relationship — is presented in Fig. £X.6.C.4. The virtual volur
of the sediments to be deposited at the reach (), by taking into account the volur
increase due to the porosity, p. is the following :

Deposition volume for the reach (i) = Agsh(i) At

The program admits that this volume creates a trapezoidal deposit whose upstrea

and downstream heights are Szam(i) and 5zav(i), respectively. For the reach (
one can therefore write :

AdD AX (6.4
a9) ( p) 2

During data input the user specifies the ratio between the upstream and tl

downstream heights of this trapezoidal deposit, X = Szam(i)/5zav(i) (in the progra

X=HAMHAY). By using this information one obtains :

CRAY ’Aqsb(i) At ;

( Ac (@ —p) *) - p)

2X Aqsh(i) At — CRAM Maqsb(i) At
+X) Ax(l-p) Aje(l-p)

For an internal station ) (, the upstream (i-1) and the downstream (i) reaefr
give two different deposition heights : Szam(i-1) and sza\(i), respectively. The fin
value of the deposition height at such a station (i) corresponds therefore to tl
average of t ese two values :

2X fAqsb(i-1) At N Aqsb(i) AtY 2\
Ax (1 - p) Ax(l-p)
At the end of each time step the program searches for the maximum relate
variation of the bed level, A*(i)/h (= DELZRM), and compares it with tl

maximum tolerated value (VARZMX), as specified by the user during data input.
DELZRM > VARZMX , the program displays an error message and stops.
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reach H |
*
a
> Cc

the ratio Xis specified by the user,

recommended 05 < X< 1.0

2

M:

)1+ ( VAX(l-p)j

2 Aqsh(i(
1 (O \A*(Ip(

Calculation ofupstream )downstream deposition heightsfo r the reach (i
located between the stations (1) at 'he downstream ) +/( atthe upstream

421

Fig. EX.6.C.4 Procedure for calculating the v©lume of the sediments to he deposited at

each reach and the modification of the bed level.
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At the end of a time step —  the printing time has come — the main program cal
the subprogram DWRITE for printing the results for the current time step on tl
users specified output file as well as on a second file called GRAPH.DAT.

If the simulation period specified by the user is not yet reached, the progra
modifies the bed-level heights at the stations :

ZjtAt =z t+ Az,

and then goes to the beginning of the calculation loop to start a new time step with
water-surface profile calculation, using this new bed profile.

The program DELTA is a simplified way of solving numerically the equations of Sain
Venant - Exner (see sect. 6.2.1). The equations of Saint-Venant, eg. 6.1 and eq. 6.2, al
written for a steady flow in the form of the equation for the (‘ree-surface flow, eq. 4.5; th
slope of the energy-grade line, eq. 6.3, is expressed here by the Manning-Strickl
formula, eq. 6.a; the relationship of Exner, eq. 6.4a, gives the volume of the deposit;
solid discharge, eq. 6.5, is expressed using the formula of Schoklitsch (1950), eq. 6.3
and the fomiula of Meyer-Peter et al. (1948), eq. 6.32.

e) Use ofthe program DELTAfor solving the problem :

The source code of the program DELTA presented in the Fig. Ex.e.c.l 1is first compile
and linked to obtain an executable code. A FORTRAN compiler is of course necessaty
do these operations on your computer. The reader should consult the manuals of hi
computer to learn the exact procedure to follow.

The user feeds the program data into the computer interactively by answering th
questions asked by the program. Numerous comments has been introduced into th
conversation to remind the user of certain important points treated in chap. 6 and to guid
the user in making his choices. The program also checks some of the likely errors in th
data introduction and warns the user. In case of an error, the question is repeated until th
user answers correctly.

The dialog between the user and the computer for solving the present problem i
presented in Fig. Ex.6.c.5. The values typed in by the user are highlighted by a whit
background. They are followed by a sign representing the RETURN (CR or ENTER 0
some computers) key on the keyboard.

The user begins the work by introducing the initial bed slope (SF) and the average grai:
diameter (D50) of the sediments. Using the average grain diameter the program calculate
the Wnning-Strickler coefficient due to grain roughness and displays it on the screen
CN50 = 0.0202 (m* ~s). The program then asks the user to enter the total Manning
Strickler coefficient (CN). It is the value of CN that is used later in all calculation
(specifying a value of CN = CN50 will mean that the grain roughness is the only cause o
the regular head loss). If the user has good reason to think that the head loss is larger the
the one given by CN50 — since bed forms (such as dunes) or other irregularities an
present — the estimated total value should be entered. For the present problem the valu
given in the problem will be entered, namely CN = 0.032 (m~I/s).

Supplying the density of the sediments (ROS) and of the water (ROE) as well as th(
discharge per unit width (QU) is sufficiently clear.
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The program proposes now 4 formulae for solid discharge as bed-load transport and asks
the user to select one of them. To select the formula of Meyer-?eter et al., one enters "2".
Up to this point the dialog with the computer is the same for all cases. Now comes a short
conversation with the computer which depends on the selected method. Some methods do
not need supplementary data. The program only displays the method used. In case of the
selection of the formula of Meyer-?eter et al.. if CN > CN50, the program asks if the
user wishes to use the roughness parameter, FCOR.

From here on the text of the dialog with the computer is again the same, regardless of the
choice of the bed-load transport formula. The conversation continues with the
introduction of the data concerning the modification of the bed profile. First, the desired
value of the maximum relative variation of the bed level during a single time step,
VARZMX = 0.1, must be entered. The program sees to it that at none of the stations,
during a single time step, the bed-level modification, DZ, is higher than 10% of the water
depth. The user enters also the porosity of the deposited sediments, p (POROS).

The procedure used by the program to transform the volume of the sediments deposited in
reaches into upstream and downstream bed-level modification heights was described
above in detail. For the ratio of the upstream/downstream heights a value of
X=HAMHAYV =0.75 is entered; this means that the deposition at the downstream end of
the reach is higher than the one at the upstream end. It is important to note that this ratio
must be between 0.5 and 1.0. In case of high bed-load transport rates, a uniform
distribution of the sediments over the reach (HAMHAYV = 1.0) may cause instabilities in
the calculation of the bed levels at the stations.

The data input continues with the information on the calculation domain. The first station
is located on the dam; by entering X1=0 [m], the origin of the coordinate system is
placed at the dam. The calculations will be carried out up to an upstream distance of
XF= 120000 [m].

The choice of the step length in the longitudinal direction, DX, is important. A very small
step length necessitates a very small time step; this increases of course the calculation
time. For the calculation of the deposition one can choose relatively large time steps. In
the present case a step length of DX = 600 [m] is used. A too big step length may cause
errors in the calculation of the water-surface profile (especially around the region where
the river meets the reservoir) and may cause the program to stop the execution. To
overcome this difficulty without loosing the advantages of working with long steps the
program uses a clever programming trick.

The water-surface profile is calculated using the 4th-order Runge-Kutta method. The
calculations start at the station located at the dam where the water depth is known. By
sending this value to the subprogram RK4, the main program obtains in return the water
depth at a station immediately upstream. To be able to guarantee a sufficient precision in
the water-surface profile calculations, the program checks if the difference of the dynamic
heads, u 2/2g , between these (¢ success ve stations is less than a value specified by the
user, in the present case DHDYNM = 0.01 [m], or not. If in a reach this value is not
respected, the program divides this reach into 21 =2 sub-reaches, and redoes the
calculation in two steps. If the criteria is still not respected the program tries this time
22 = 4 sub-reaches and so on. It is the user who specifies up to which power of 2 the
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PROGRAM FOR THE BED-LOAD TRANSPORT CALCULATION
BY TAXING INTO ACCOUNT A BED-LEVEL MODIFICATION.

NOTBS j
- AIT SYSTEM  SI
- NUM. FOR WATER-SURFACK PROFILE CALCULATION  4th ORDER RUNQE-KUTTA

- THIS FLOW IS SUBCRITICAL (Fr < 1 ). THE *ATER-SURFACE PROFILE CALCULATION
STARTS AT THE DOWNSTREAM END AND PROGRESSES TOWARDS UPSTREAM

SKDIMKMT TRANSPORT CALCULATIONS ARE CARRIED OUT FROM UPSTREAM TO

- THE CALCULATIONS ARE MADE FOR A UNIT WIOTH

PHYSICAL CHARACTERISTICS DATA
Initial slope, ? 4 5.4 r RETURN

Average diaaMtter of sediments, D50  mm( ?=6 I RETURN 3

*

According t© the Manning co«fficient 3 18

to N grain roughness
CHSO ds50'Cl/6( / 21.1 .0 02>/ 1/3¢(
Total Manning-Strickler coeff., CN / 1/3 2 0.032
Den*ity of sedimente, ROS (kg/m3) ? 2650
Denaity of ROE (kg/m3J ? 0
Unit di*charge, QU (m2/a)

CHOICE O THU BSD-LOAD FORMULA

The prograa allow* the use one of the
0 - 0 H
1- Schocklitach < 5
2- Meyer-P«ter et al. 8
1942) -
Your fozstula {to be programmed
Which fo&M U you chooee ? (1 2 4 C RETURN 3
KIrnH '-PST* 3 > bed-load formula 1. 0
you want to th* roughness parameter, FCOR ?

¥>»§ or N(0)/CR ? Y

The ]I parameter then, FCOR (CN50 / CN)**1.5 * .502

1 21 DATA

The -~ variation during a dingle time step
must . to© big; O instabilit;"®* of
the bed may appear. At the end of each time
step, tha calculatea the maximum relative bed-
1 variation, DELZ/H (bed-level variation divided
by th* watir depth) and checks that it is not bigger
than a specified by the N
rel. - variation VARZMX (-) ?2* 0.1 Creturn™)
Poroaity depo«ited sediments, POROS (-) ? 0.3 ¢ RETURN*™

The VOIUUM sediments deposited in reach is

er&nsforawA into - variation height at the
upatream, by defining trape oid.
Th* uaer © the sediment distribution by choosing
the ratio upatream/downstream heights of the trapezoid.
rec to the values : $ < HAMHAV < 1.
Ratio of' epetr./downatr. heights, HAMHAV {-) ?m0.75 C return !

Fig. EX.6.C.5 Interactive dialog with the computer for the data input (continuec
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Fig. EX.6.C.5 Interactive dialog with the eomputer for the data input (end).

SEDIMENTS
INFORMATION ON COMPUTATIONAL o
Xx-coordinate first station, *1 (M
x-coordinate of last station, XF ita) ? 120000
Total reach length is therefore, TL 120000.00

you have to specify the step length in x-direction.
If the step length is too long to guarantee a correct
prediction of the water-surface profile, the program
will automatically add 3ome intermediate stations. The
results, however, are only printed at the stations
specified by the user; others remain invisible. The step
length for the space must therefore be specified to

guarantee a correct representation physical processes
involved in the bed-load transport. In case of doubt, you
can repeat the 1 with different step lengths and
compare the results.

Step length in x-direction, X < ? 600
Number of reaches, ND ﬂ
Number of stations, NS

Max. tolerated var. of dyn. head, DHDYNM (M) ?

In case this value is exceeded the reach will subdivided

in order to refine the calculations.

The number of divisions is specific in powers of
The maximum value is 7 =

Which corresponds to 2.0AMCMAX = 12~ subdivisions

number of subdiv. in powers of NMC C RETURN 3

INFORMATION ON BOUNDARY CONDITIONS
Note that the sediment transport at downstream end

automatically taken as zero, Qsu() 0.0
Water depth at the downstream end. Hi (M) ?=23.5
PARAMETERS RELATED TO TIME AND PRINTING OF RESISTS ;
Time step, DELT (days) ? 10 C RETURN 3
0 ~ of simulation, TFIN (days) 2 36500
Results will be printed every NPP step ? = 730 C RETURN 1
Name of output file (max. 40 char.) MEYPET.OUT C RETURN 3
TIKE STEP 1.
TIME n (ID
TIME STEP

TIME (days)

TIME STEP 3651.

TIMS {days) 36500-000
2 subdivisions betweenstations 57 and
4 3 betweenstations 57 and
8 subdivisions betweenstations 57 and
16 subdivisions betweenstations 57 and

NORMAL END OF PROGRAM

PRESS ON RETURN KEY TO EXIT

425
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program should continue to subdivide the reach. The maximum number of subdivi
provided in the program is 27 = 128, but this can be modified. In the present cas<
maximum number of subdivisions is chosen as NMC < 7. While running the prograi
case of subdivision of a reach, a message is displayed on the screen indicating the nui
of the reach and the number subdivisions applied (as a power of 2). In this way the
can follow the calculations.

The program needs two boundary conditions to solve the problem. The boun
condition for the calculation of sediment deposition is implicit. The program automati’
considers a zero solid discharge at the dam section (station). For the water-su!
calculations the user enters the water depth at the dam, HI = 23.5 [m].

The last group of data concerns the time and the printing of the results. The choice o
time step depends of course on the step length in the longitudinal direction. In the pr
case atime step of DT =  [days] is chosen. The calculations are done for a simul
period of hundred years (TFIN = 36500 [days]). The results are written in the outpu
MEYFFT.OUT every 730 steps; this corresponds to a period of 20 [years].

The program creates two other files in the current directory (the directory in whicl
program is run):

DIALOG.DAT : contains the text of the dialog with the computer to enter the data.

GRAFH.DAT : contains the station numbers, the bed level and the water-sui
elevation separated by commas. This file can be easily read by
commercial spreadsheet program to draw the longitudinal profile.

Before running the program on a micro-computer, the user should make sure tha
current directory does not contain files with these two names; in such case the pro
will refuse to start. If you do not want to erase these files you must either rename the
move them to another directory. You may also try to run the program in anc
directory.

0 Results ofthe calculations with the program DELTA :

The formation and the advance of the delta in the river-reservoir system were simul
for a period of 100 [years] with the program DELTA, using the methods oiMeyer-I
et al. (1948) and of Schoklitsch (1950).

The output file MEYFET.©UT containing the results of the simulation of the delta
the method of Meyer-Peter et al. (1948) is partially, namely for T = 0, 20
100 [years], presented in the Fig. Ex.6.c.6. Due to lack of space the results for T =
60 and 80 [years] are omitted. For the same reason the output file for the simulation v
the method of Schoklitsch (1950) is not presented either. The results for these
simulations are presented in a graphical form in Figs. EX.6.C.7 and s, respectively.

At the beginning of the output file one finds the problem title and a summary of al
data fed in by the user as well as some useful parameters calculated by the program
results at different time steps follow. Since a time step of 10 [days] was used, and it
decided that the results are to be printed at every 730 steps (see Fig. EX.6.C.5)
results are printed with a time interval of 20 [years], starting with the initial t
T = 0 [years].
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The results for each time step are precede ! by a he ~er, md ;at ng the time step-uumber
as well as the time itself  seconds, hours, days and years. The total volumes of the
deposited (DQSDET) and eroded (DQ$ERT) sediments refer to the cumulative sums of
he positive and negative values of the variable DELQS. since the beginning - the
simulation (T =0). The absolute (DELZMX) and relative (DELZRM) maximum bed-level
variations refer to the bed-level variations (DEfZ) for the runnung time step; being the
one printed at the top right. The explanations for the different columns of the output file
are given below :

STATION NO Station number. There are 201 numbered stations, starting
with station (the dam at the downstream end) up to the
station 201 (at the upstream end).

X (m) Distance between the station and the downstream end
(station
ZF (m) Bed-level elevation with respect to the first station. The

bed-level elevations, ZF, at time T = 0 are also stored as
initial bed-level elevations in the variable ZF1.

ZF-ZFI (m) Difference between the running bed-level elevation, ZF
(at the time indicated on the top left) and the initial bed-level
elevation, ZFI (at time T = ). It is this column which
shows the height of the deposition (or the erosion). On
Fig. Ex.6.c.s, the region o' the delta formation is
highlighted by a thin frame.

(m) Running actual water depth.
ZF+H (m) Water-surface elevation with respect to the bed-level
elevation at the downstream end (at the dam).
(m/s) Average velocity.
Froude number.
;,, (ma/s/m) Solid discharge at a station.
DELQS (ma/s/m) Difference of solid discharge between the extremities of a

reach. There are only 200 reaches for NS = 201 stations.
This is the reason for having DELQS = 0 on the line 201,
however, this value is not used in the calculations. To
calculate the deposition height at the upstream end of the
computational domain, DELZ(NS), the program assumes
implicitly that DELQS(NS) = DELQS(NS-I).

DELZ (m) Modifications to be applied to the bed, before starting the
calculations for the next time step.

The different stages of the formation and the progression of the delta and its influence on
the water-surface profile can readily be observed in Figs. Ex.6.c.7 and 8. These figures
have been prepared by plotting the information in columns ZF, bed-level elevation, and
(ZF+H), water-surface elevation, as a function of the distance given in column X. By
studying the contents of the output file, presented in Fig. EX.6.C.6, and the profiles
plotted in Figs. EX.6.C.7 and 8, one can make several interesting observations.
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First the column QSU for the time T = 0 [years] in Fig. EX.e.C.6 will he considei
From the dam up to the station 69 ( = 40.8 [km]), there is no solid discha!
The velocity in this reach is equal to or smaller than 1 [m/s]. From
station 1\ (x - 42.0 [km]) onward the solid discharge increases towards the upstrean
attain a constant valne of QSU =0.16-10"4 [mVs/m], which is the solid discharge for
river cross-section. The column DFLQS shows that the deposition ol' the sedime
occurs between the station 69 ( = 40.8 [km]) and station 95 ( = 56.4 [kn
Downstream of this reach there is no sediment transport whereas at the upstre
constitutes the river reach where the bed-load transport is in equilibrium. The format
of the delta starts therefore at the point where the river enters the reservoir. The 1
DELZ gives the modifications to be applied to the bed elevation between the station
and the station 95, for the next time step.

At time T = 20 [years], as the column ZF-ZFI shows, the downstream end of the ot
is at the station 62 (jt = 36.6 [km]). The maximum height of the delta is hd= 1.23 [m
the station 64 (x = 37.8 [km]). By integrating the data in this column, using
trapezoidal rule, the total volume of deposited sediments is found as being 14396 [M3
This volume takes into account the porosity. In the header of the results
T = 20 [years], the cumulative volumes of deposition and erosion
given as: DQSDET = 12650.7 [m3/m] and DESERT =-2559.5 [m%¥
The net volume of the deposited sediments is now calculated as be
(DQSDET + DQSERT) = 10081.2 [mVm], By multiplying this volume with
coefficient of swelling CFOI = 1/ (1-p) = 1.4286, one gets the swelled volume
deposited sediment of 14416 [ma/m]; this value is very close to 14396 [ma/m] calcul
before. In Fig. Ex.6.C.6, the extent of the delta is highlighted by enclosing a portioe
the column ZF-ZFI in a rectangle. The bed-level modifications near the upstream end
in fact very small (see Fig. Ex.6.C.7).

PROGRAM FOR THE BED-LOAD TRANSPORT CALCULATION
BV TAKING INTO ACCOUNT THE BED-LEVEL MODIFICATION.

- UNIT SYSTEM - SI

- NUM. METHOD FOR WATER- SURFACE PROFILE CALCULATION * 4th ORDER RUNGE-KUTTA

- THE FLOW IS SUBCRITICAL (Fr THE WATER-SURPACE PROFILE CALCULATION
STARTS AT THE DOWNSTREAM END AND PRARESSES TOWARDS THE UPSTREAM END

- SEDIMENT TRANSPORT CALEULATIONS ARE CARRIED OUT FROM UPSTREAM TO CANSTREAM

- CALCULATIONS ARE MADE FOR A UNIT *

PHYSICAL CHARACTERISTICS DATA : CHOICE OF BED-LOAD FORMULA:

Initial bad slope, SF G Bed-load trajiiiporc formula by Meyer~Pet et al. (1934) is U9«
Average 1 of sediments, ) ' .00 Roughness coefficient, FCOR (NSO CN)*(3/2) . (2
Manning coeff. for sed. grain . CNSO (s/m*1/ 0202

Manning-strickler coefficient. CN (s/ml/3 .0320

Density of *edimenta, ROS /<3 '2'650.00

Densi of water, ROE ( /3 H "

Unit discharge, (m2/B)

INFORMATION RELATED TO WATER-SURFACE CALCULATIONS INFORMATION RELATED TO CALCULATION OF DEPOSITION VOLUME :

Max. tolerated var. of dyn. head, DHDYNM (m Max. rel. bed-level variation, VAF.Z2X (5

= .10
Maximum number of subdiv. In powers of 2, Coefficient of swellinc};_l, CFOl -1.4286
Ratio of upst./dwnat. heights, HAVMHAV - 7 5 0 .

INFOPMATION ON CALCULATION DOMAIN BOUNDARY CONDITIONS :
x-coordinate ot first station, X1 im Bed-load transport at £ downstream end zero.
x-c-ocrdinate of last XF l(ﬁ stafavey depth at downstream end, HI @ 23.800
Total reach length la therefore, TL (m m
iteg Ien%th |nhé<od|rec Ion, Ré (m .0 PARAMETERS RELATED TO TIME

umber of reacl m Time step. DELT (days;
Number of station*, NS m Duration £~ TFIN 50 )

: PRINTING OF RESULTS
Prlntlng 1 every NPP *tep
Niff. of file (max. char.

Fig. EX.6.C.6 Output file of the program DELTA, resulting from a simulation using
method of Meyer-Peter et al. (1948) (continued): file header.
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TIBUS

of sediments

Your 1
ays
y»ars<

14400.00

16800.00
18000.00
120 00

2 00.c0

22800.0

24000,00
00

26400.00
27600.00
£8800.00
30€00.00
31200. ©
37400 ©
3 . ©
34 © 00

38400.00

39600.00

408€0 .00
.©0

43700.00
44400.00
45600.00
46800,00
48000.00
49700.00

576 0.
80 0
00
61200.00

165 62400-00
E@ 63600.00
648 0
111 6 €0 .00
6" 200.
684©0.00
m 69600.
70800.00
121 72000
123 732 0

ﬁ 75600.00

9 76800.00

m 78000.00
79200.
135 840 . ©
137 .©0
139 87800©.00

.00
143 85300.00

145 86400.00
147 7 00

149 8

©0.00
9000©.00
91200.00
92400.

157 9 .©0

48 0
96 © 0
97200
98400.00
99600.00
18 ©0

1 © .00
103200.00
044 .

5
8
©co .

1 9200 0
11 ©©
117800.

10 .
115200.00
116400 00

7 @.

118800,
.0

,0000II00D*®.

<03
L4
. L0 W
0 0 -
0 52 0
32400CD*-.":
. ©

04 6 *0
(

0.
0.9 ?2 00%
0.97 0
.©@ 0 0
. 1101 00 02
0.11 6400*02
0.1231200*02
0.1296000*02
.

0 15 200*0
© *0
4
o7 0
0.1814400*0
.72 0
0 *

.20 0 0
.2073600*02

coo
~

12203200%02
[226  *0
0.233280 *0

0.2462400*02
0.2 0 0+02
25 *

.2721600*02
.2786400*02
.2851200*02
©.29160C0+0©2
8 *
0. 3045600'02

co

0. 3175200'02
.3 400
0 330A800*02

0 5434400*02
.3 9200+ 2
35 4 ©

© 3693600*02

© 3823200*02
3880 *

0.3952800*02
.17 0*

0.4082400*02

0.4147200*e™

0.421 0 02

0.4 7 * 2

0. 31 0*

0.4406400*02

©.447 20 *©2

©.4536000+02
0.4600800+02

0.4665600*02

0.4730400*02

0.4795200*02
- *02

0.4924800*02

0.4989600*02

0.5054400*02

0.511920D+02

0 5184000*02

0.5248800*02

0.5313600*02

0.5378400*02

0. 32 0*
.5508000*02

0.5572800*02

0.5637600*02

0.5702400*02

0.5767200*02

0. 837000*02

0.5896800*02
596 0 02

0,6026400*02

©.60912€0

. 61 0*02

©. 35

.6350 0 ©
0.64X52C0+02
0.6480000*02

00 0
Tox -

u;
<
(-
0
0
0
.0 0 0<
B0 0 0%0
0.0 <0
..0"0 !
)00 00"
) 0 - 0w(

- 0<00 *-
0 0 O=m
0 jooooor*

T e 0)

o)

+<0000000*0

.

. 0 E
<)00 0 <
€© 00 *0 .
0.000 0 *©
0000000*00
. €0 *0*.

000
©,000 00% 0
To 00
. 0.© 0%00
0.0€0e000+c0

0© *00
©0000@)0*O)<
. 00 00*»>
;.0 00 *

1006000D*0
0 ©00

>

0 0<00 00

)roo-
S 4
2
5 0
2
0
a7
44 0+
00
©o03 * ' 262
4097 *0 .
<4 70%2 6

'(.4227560*02
0.4292360*02
» 455716D*02

42 +

l 44 7 0*' 2
.45 15 0*0

L4 160«
w >

u.4875560%02
494 6 *02

b<
534700
0%

5 00
50 0%

5 -

,547 0

77 <
'O 19 0"0
-7

.0 0 0
0.0000000*00
. 000 *
0.0000 00*00
. 000 0

0
0 00 *
- '00 +0

8o
+

0.1597770-04
X 5 777 -04
0.1557770-04
s 7

0

0.1597770-04
0.1597770-04
0.15 77 -©4
0.1597770-04
0.1597770-04
0.1597770-04
.1597770-04
.1597770-04
.1597770-04
. 19777 - 4
.1597770-04
1597770-04
.1597770-04
;.1597770-04
.1597770-04
. 1597770-04
0.1597770-04
0.1597770-04
©.1597770-04

oo

coo

0.1597770-04
» 1597770-04
‘m 597770-04

. 59777 -0
©.1597770-04
0, 777 -0
'.1597770-04
0.1597770-04
0.159777D-04
©.159777D-04
0. 5777 -0
0.1597770-04
0.1597770-04
'L 5777 -0
0.1597770-04
0.1597770-04
0.1597770-04
'(.1597770-04

. 0co
.0000000*00
. 00© *
0©
0*©
©©©000@)*00
0.0 ©0 *00
0 0

0 0 ©*0
+ .€000000+00

0.0000000%00
0000000*00
€000000*00
o0 *o

OjOOOOOOO*OO
. 0

0.0000000*00

014115670-07

0.3953110-0
0.2 0-
- 7 -

.2 $0-

© 9795950-07
0.3267650-0"

N

C..359736D-08

7 -0

D 147028D-09

.3459480-10

0 0000000"00
© e

©©©000©0*0©
0.000000D*00
©00 +e0
0.0000000%00
0.06000000+0©
0.000000D+00
0.0©00000*0©
*
. 00
0 + 0
0 OOOOOOD*OO
. 00 0
.0 *
0. 0

0. 00 +
0.0 €@ © +
0.0000000+00
0. 0000000+00

[

0. OOOOOOD"OO
0 0 @)0000+00

© o o
).0 00 €@ @O
0.©0€0000*00
0.©©00000+00
0.00 0 +00
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0.©000000+c©
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€0 *©
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%OOOOD*OG
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.0 000 00
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Fig. EX.6.C.6 Output file of the program DELTA, resulting from a simulation using the
method of Meyer-Peter et al. (1948) (continued) : T =0 [years].
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At time T = 100 [years], the downstream end of the delta has reaehed the statioi
(33.3 = [km]) (see column ZF-ZFl). The maximum height of the delta is 2.91
(station 58, x = 34.2 [km]). The total volume of deposited sediments is 71887 [m3]
unit width.

On Figs. Ex.6.c.7 and 8, it is interesting to note that the influence of the delta can be
up to a quite Jong distance upstream.

The table below summarizes the most important characteristics of the deltas, calcul
using the two methods.

Results of the calculations, using the bed-load formula of Meyer-Peter et al. (1948

Nose of delta Maximum height of delta Vol.
time [yearsl  station no 11 ym( station no *[m] delta [m3
20 62 36600 1.23 64 37800 14396
40 60 35400 1.78 62 36600 28789
60 59 34800 2.17 61 36000 43173
80 57 33600 2.56 59 34800 57539
56 33000 2.91 58 34200 71887

Results of the calculations, using the bed-load formula of Schoklitsch (1950)

Nose of delta Maximum height of delta Vol. 0

time [years] station no X [mj hd (m) station no *Im] delta [m3
? 63 37200 0.91 65 38400 7395

40 36600 131 64 37800 14790

60 61 36000 1.62 63 37200 22185

80 60 35400 1.90 62 36600 29580

100 59 34800 2.14 61 36000 36973

The above table shows that the bed-load formula of Meyer-Peter et al. (1948) predi

delta which is larger than the one predicted by the bed-load formula of Schoklii
(1950). After a period of 100 [years], although their height is almost the same, the d
obtained by using the method of Meyer-Peter et al. (1948) has a volume 1.94 times
volume of the delta obtained by using the method of Schoklitsch (1950). A graph
comparison of the results obtained using these two methods is presented
Fig. ex.6.c.9. The difference between the two methods comes from the differe
between the predicted bed-load transport rates. For the same hydraulic conditions,
formula of Meyer-Peter et al. predicts a solid discharge which is larger than the
predicted by the formula of Schoklitsch (the same observation is also valid for Ex.6
In Fig. Ex.6.€.6., the bed-load formula of Meyer-Peter et al. predicts a solid disch
of g =0.16- 0 [m3s/m] at time T = 0 for the initial river cross-section. The ou
file for the simulation using the method of Schoklitsch is not given here; the

can easily run the program himself and will obtain a solid discharge
qsb = 0.82¢ 0~ [m3s/m]. The ratio between the two solid discharges is 1.95; this is

close to the ratio between the different values for the volume of the deltas.
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Differences of this order of magnitude between the results obtained using different
load formulae are not rare. In a real study of the sediment transport in a river or in a
reservoir system, it is necessary to do the calculations using different methods ai
compare the results against in-situ measurements, in order to determine the formula

is best suited to the particular case. Sometimes it may even be necessary to calibrat
sediment-transport formula and/or the simulation program to adapt it to the parti
problem in hand.

It is left to the user to run the program using the method of Einstein (1942) (see
6.3.3, 4°) and to compare the results with those presented above. It is also imports
recall that the option number 4 in choosing the bed-load formula is provided
programmed by the reader. The user should select a bed-load formula of his choic
program it into this subroutine.

g) Remarks:

Before finishing this exercise, it is in place to call attention of the reader to a few cr
points :

- A computer cannot represent a number internally with an absolute precision. 1
computers on the market use a set of 32 bits (= 4 bytes), called word, for storing
floating-point number of single precision (R*4). In such a computer a real numt
stored according to a standard format as a combination of an integer number (23
called mantissa, and an exponent of 2 (8 bits). The last remaining bit is reserve
the sign. The relative precision that can be obtained with such a storage metfo
approximately 3-1 “* In many cases this precision may appear to be suffic
However, the arithmetic operations with real floating-point numbers reserve a
surprises. When a very small number is added on a very large number or whei
difference between two numbers being nearly equal is calculated, the round-off e
may become very important. In the present program, very often the difference bet\
two nearly equal numbers are calculated (for example for the calculation of DEL
We also add very small values contained in the variable DELZ on the variabl
containing much larger values. To avoid the errors caused by a round off, some O
variables of the program are declared as "DOUBLE ?RECISION"
Fig. Ex.6.€.11). The computer uses then two words (= 8 octets = 64 bits'
representing real floating-point number (R*8). In this way a relative precision 1
order of 10~15is obtained.

- Since the program uses a decoupled algorithm, one cannot talk about a stab
condition of the Courant type, for example (see sect. 5.2.3). The choice of the st
and time-step lengths remains nevertheless important from the point of view of a
mentioned round-off errors. The step length in the longitudinal direction must be s
enough to allow a correct representation of the form of the delta. A too short space
and/or a too small time step may lead to deposition volumes and/or bed-1
modification values close to the precision ofthe internal representation ofthe floai
point numbers in the computer. The reader is advised to try the program with diff<
space and time step combinations.
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- One of the most important variables controlling the delta formation is the HAMHAV-
variable, which defines the way the deposited sediments will be distributed over a
reach. It is recalled that a o "HAMHAYV = , which means a uniform distribution
of the sediments depositing in the reach, generates instabilities at the upstream and
brings the program to a hail either because of an impossibility to calculate the water-
surface profile or because mthe detection of a deposition height being larger than the
one specified by the user as 'he maximum allowable value. The reader is encouraged to
try the program with different values of HAMHAV < 1

- A sufficiently long river I' :ach, where the flow remains uniform during the whole
simulation period, must be provided at the upstream end of the river-reservoir system
to insure a correct functioning of the program DELTA. The upstream limit of the delta
should not, therefore, touch the upstream end of the computational reach. To illustrate
the influence of the computational domain on the results of the delta format!on and
progression, simulations were done by modeling three different lengths of the river-
reservoir system, namely : TL = 60 [km], 80 [km] and 160 [km]. ~ ~ form of the data
for these three simulations ue presented in Fig. Ex.6.€.10 (to be also compared with
Fig. Ex.6.c.9). The results are summarized in the table below.

Delta after 100 [years]
Simulations using the bed-load formula of Meyer-Peter et al. (1948)
with different computational domain lengths, TL.

Modeled  Space Nose 0 Maximum height Apparent volume of delta after 100 [years]

length step delta 0 'delta from the downstream end (dam)
DX hi up to a distance of ......
[] Iml [ [ml 60 fkml 80 [kml 120 [km] 160 Ikml
60 400 32800 1 3.30 33600 69617 - - -
80 400 33600 2.85 34400 47576 57524 - -
120 600 33000 291 34200 49205 63830 71887 -
160 400 34000 2.87 34400 49131 63789 71307. 71977

The solution with TL = 60 [km] predicts a longer and higher delta (see also
Fig. Ex.e6.€.10). The other three simulations yield similar values. The difference
between the simulation with TL=120 [km] and the simulations with TL = 80 and 160
[km] is probably due to the difference in the space-step length.

Each simulation is done with a different computational domain length. In the first three
simulations, the delta touches the most upstream station; it is therefore not simulated in
its total length. Thus it is necessary to calculate the volume of the delta at intermediate
intervals, as shown in the table above, for a comparison of deposition volumes
obtained from different runs. The simulation with TL = 60 [km] overestimates
considerably the volume of the delta up to that distance. It is also interesting to note
that the last two simulations predict almost identical delta formations, despite the fact
that only the solution with TL = 160 [km] has still a river reach with a uniform flow
after years of simulation. The solution with TL = 80 [km] gives a good prediction
of the maximum height of the delta; the volume of deposition is, however, smaller.
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Fig.Ex.6.C. 10 Comparison of deltas, simulated with differents lengths of the river
reservoir system by using the bed-load transport formula of Meyer-Peter et al.

: 53
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4 NPP * PRINTING FREQUENCY
4 NPT * PRINTING TIME COUNTER
4 Ns NUMBER OF PRINCIPAL STATIONS
4 NSMAX NUMBER OF MAXIMUM STATIONS ALLOWED BY THE PROGRAM
4 NSUBD * NUMBER OF SUBDIVISIONS AT A GIVEN REACH
R 4 PI Pl "MBER
R a ARIT CRITICAL DISCHARGE IN FORMULA OF SCHOKLITSCH
R 8 Qsu (NSMAX) SEDIMENTS TRANSPORTED THROUGH A NATION
R 4 UNIT DISCHARGE (WATER)
c 1 QuUIT READ FOR TERMINATING THE PROGRAM
R 4 ROE DENSITY OF WATER
R ROS DENSITY OF SEDIMENTS
R 4 SEFF SLOPE OF ENERGY GRADE LINE AT A STATION
4 SF - TNTTTAL BED SLOPE
R 4 SFTR = LOCAL BED SLOPE AT A GIVEN REACH
R sS SPECIFIC D”SITY OF THE SEDIMENTS
R8 T = TIME
R 8 TFIN - FINAL TIME
R4 TJ - TIME (NUMBER OF DAYS)
R4 TL TOTAL LENGTH OF RIVER REACH STUDIED
R 4 VARZMX MAXIMUM RELATIVE BED-LEVEL CHANGE ALLOWED BY
THE PROGRAM IN A SINGLE TIME STEP
X (NSMAX) - X .; ORDINATES OF PRINCIPAL STATIONS
R 4 X1 =< COORDINATE OF MOST DOWNSTREAM STATION
R 4 XF X COORDINATE OF MOST UPSTREAM STATION
. 4 XSUB (2<<MCMAX — X-COORDINATES OF INTERPOLATED STATIONS
R ZF (NSMAX) - BED-LEVEL ELEVATIONS AT ANY TIME
R ZFI (NSMAX) - INITIAL BED-LEVEL ELEVATIONS
' PARAMETERS
PARAMETER NSMAX = 1C00

LABELLED COMMON BLOCKS {SHARED VARIABLES)
COMMON /DONNE1/ SFTR ,QU.CN

THE MAIN PROGRAM "DELTA" SENDS THE NAME OF THE SUBROUTINE SUBPR"RAM
*DERIVE* TO THE SUBROUTINE SUBPROGRAM 4 * IN THE LIST OF ARGUMENTS.
' ACCORDING TO THE FORTRAN PROGRAMMING RULES, THE SUBROUTINE SUBPROGRAM
*DERIVE* SHOULD BE DECLARED AS 'EXTERNALe.
EXTERNAL DERI®

DECLARATION OF VARIABLES
CKARACTER*1 QUIT
CHARACTER*4Q  FICHS
DOUBLE PRECISION ZF (NSMAX) ZF1  (NSMAX)
DOUBLE PRECISION  QSU(NSMAX) DEI.Z (NSMAX) DELQS NSMAX- 1
DOUBLE PRECISION DQSDET , DQSERT DELZMX DELZRM
DOUBLE PRECISION DELT , TFIN , T

DIMENSION X(NSMAX) ,  H(NSMAX)
DIMENSION XSUB(2»*MCMAX- 1) HSUB
OPE* ( UNIT = *GRAPH.DAT’

mREAD THE PROBLEM DATA
CALL DREAD( NO”™ , NSMAX MOVAX
m, CN . DSO ,

DHDYNM
THAN

Fig.Ex.6.C.II

Program DELTA (continued).

5 NFTS , CFOlI , FCOR , HAVHAV , CRAM . CRAV ,
FICHS,NPP)
¢ @]
¢ INITIALISATIONS
Pl . 2?
G *9.81
T « -DELT =
CPTT -0-0
NPT 1- q
~ SDCT .
(9]
DQSERT 0.0 m
c g
CALCULATION OF X C*RDINATES AND INITIAL BED LEVELS OF COMPUTATIONAL <
SECTIONS m
X(I> 0.0 Z'
ZFUJ 0.0 7]
DO 10 I =2 . NS
X (l) - X (1-1) DX
ZF(1) ZF(1-1)  SF DX
ZFI(l) = ZF(l)
1 CONTINUE
= riTE THE TITLF.S ON OUTPUT Fn<
CALL TITLES NuUT sf CN . 0.cu S , 0. . ROE , Qv
1 DHDYNM . NMC , VARZMX , CFOI . HAMHAV . FCOR
NFTS . XI , XF , TL , DX , ND . N 2:, HQ(
DELT , TFiN . NPP . FICHS)
C CALCULATION
ICO T = DELT
CPTT CPTT {
NPT NPT 1
TJ 06400
WRITE(*,110) CPTT . T
FORMAT(/ TIME STEP 110
TIME (days -« 1
GINNING OF LIQUID PHASE CALCULATIONS
BACKWATER CALCULATION
DO 300 I -1 NS-
NSUBD
DXSUB
HSUB 1(
XSUBFI( |)
DO 250 NSUBD 1
XSUB1J+1( X (I( DXSUB * NSUBD
CALL RK4( G , HSUB(J) . DXSUB . HSUB(J*1(  DERIVE
HDYNI **G*HSUB(I*2( / 2(+*2(
HDYN2 **2 | (2 G*HSUB j 1(' 2
IF(ABS )» ™A -HDYNI).G T. DHDYNM) THEN
C INTERMEDIATE SECTIONS MUST BE GENERATED BY INTERPOLATION
WRITE(*,223) 2**MC , | , 1«1
FORMAT 223 /X 12," suljdiviaions b«tween sections ', IS
IF(MC.GT.NMC)THEN
PRNAM / SH(I(  SQRT(G H(im
»
w
©
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Ex. 6.D

An “stificial channel has been constructed to divert a certain discharge from a river. Thi
c™an”el has an approximately rectguiar ross™ection with a width ofB = 46.5 an
a bed slope of Sf=6.5 > [-]. The uniform flow is established when the flow dept
is 5.6 = [m]. The velocity-profile measurements carried out in this channel allowe
to obtain the average velocity of u = 18 [m/s] for a friction coefficient c
n'=0.0212 [m~*"s]. The granulometry of the bed material has not been analyzed.

Estimate the bed-load transport in this channel. Subsequently, express the solid discharg
as a concentration. Is suspended-load transport to be expected ?

SOLUTION:

0 First, preliminary calculations concerning the hydraulics of the channel and th
sedimentology of the bed material should be carried out.

Unit discharge = Uh = 18 (5.6) = 10.08 [m3sm]
Discharge : Q =gB = 10.08 (46.5) = 468.72 [m3s]
Hydraulic radius : R,, = =4~ fp 25(B)6) = 4.51[m]

Hydraulic radius of the channel bed (the channel banks are assumed to be smooth)

Rhb = K = 5-6 [m]

The granulometry can be estimated using the calculated friction coeffieient, n
which, being obtained from a measured velocity profile, corresponds to the frictio
coefficient due to grain roughness. By using the Strickler formula :

= ks = (L0272 and Ks = 18

one obtains :

d0 = 0.0280 [m]  ; d5 = 0.0080 [m]

By assuming a granulometric distribution to be logarithmic, one finds :
0.0055 = [m] ; d40=0.0062 [m] ; =0.0117 [m]
The total friction coefficient, n , which is due to the combined effect of grai:

roughness and bed forms, can now be obtained using the Manning-Strickle
formnla o
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K s = )5.6( )0.0006 2241 ]

whereas :

= =002 ImYVs[ 4717 = 2

The roughness parameter is therefore :

-)YE (" = .<
The settling velocity for d50 is (see Fig. 6.10): 04=  [mls]

Tree difrerem bed-load equations will be *
namely the bed-load equation of Schoklitsch, eqg. 6.31, of Meyer-Peter et al.,
eqg. 6.32, and of Einstein, eq. 6.42.

a)  The bed-load equation of Schoklitsch is given by :
gsb = f s e32(gq-qQ) (6.31)
The critical liquid discharge is calculated using :

gcr = 0.26 (Ss- 1)93 Se-7/6 (6.31a)

where d = d40 = 0.0062 [m] for a non-uniform granulometry and assuming
that the specific density of the bed material is ss = 2.65 [] :

gor = 0.26 (1.65)1.53 = 76'(0.00065) 320.0062) / [m2s]

The volumic solid discharge for a unit width is then :

g = 1.33 = (153 - 10.08) 3%0.00065) -ICr4 [m2s],

b)  The bed-load equation of Meyer-Peter et al. is given by :

Y.Rhb5m se _ 0047 6.32) < )
(Ys~Y)d (Ys~Y)d

where d = d0.008 = () [m] for a non-uniform granulometry .
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The solid discharge by submerged weight a unit width can then
calculated as :

2s 9.81 )1650()0.008(, 5.6 )0.327()0.00065(
gsh 0.25 ) 1000( )UU4  0.008 )1.0 - 2.65/(

g'sb = )5 .9 .9 - .47 =)2.23(/ = JN/ms[ 3.35

The volumic solid discharge for a unit width is :
= = 1650(3/9.8( = 2@710"
The bed-load equation of Einstein is given by :

=/)" *( )6.42

Considering the non-uniform granulometry with d =d” =0.0055 [m], O
shall take:

o =/(¥) or , otv., = ) )
V(Ss-1)gd 35

First the shear-stress intensity parameter should be calculated :
) = (S1) 6.3) -

The friction velocity due to the grain roughness will be calculated using
logarithmic velocity distribution :

575 ) (+ 625 = 21.66 )3.131

with ks=d&b=0.0117 [m] and h = 5.6 [m]. It is found that

2U =2L66 =6 0083 .

The value of  “can then be calculated as follows :

g(Ps-P)d3s  9.81)2.65- 1(0.0055 .
pu;2 )0.083(2 [ ]
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The hydraulic radius due to grain groughness is :

rhp = 108 = [m]

whereas the hydraulic radius due to the bed forms is :

Rhb" = Rhb-R hb' = 56-1.08 = 4.52 [m]

This shows the importance of bed forms in this cross section of the channel.

(If these values, 12.92 =

and u/u*" = 10.60, are compared with the

relationship of Einstein-Barbarossa, represented in Fig. 3.6, a slight

difference will be observed).

One can now either evaluate the function given by eq. 6.42, or read it directly

on Fig. 6.8, to find :

for  0.033 —12. 2

=< 0

The volumic solid discharge per unit width can then be calculated as :

qsb = <>V(ss-1)gd I8

6.28)

.33 ) 65() 81L) .05 (")

5.4110~5 [m25s]

The transport of sediments as bed load, obtained using these three bed-load
equations, is presented in the table below, both by volume and by mass.

The difference between the values obtained using the different formulae is
considerable but this is not surprising; one should in fact never expect to find
exactly the same values using different formulae.

Formula
q%rm
Sgg?kg_'éi"h 1.33-10'4
Meyer-Peter et al.
eq. 6.32 2. 1-
Einstein 0.54e 104

eq. 6.42

Solid discharge as bed load

gsb [kg/ms] Qsb [mVs] G [kag/s]
0.35 .- 16.39
0.55 9.62-[ ~ 25.50
0.14 2.51-10-3 6.65
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v)  The liquid discharge of
Q = 468.72 [m~s] or G = 468.7210+ [ka/s]

is responsible for the solid discharge — taking the average of the values listed
above table — o f:

Qs = 6.110~3 [m3s] or Gsbh= 16.2 [ka/s]

The average sediment concentration, € , can be expressed in different manr
Here are the possible definitions :

. - volume of sediments [m /s[
concentration by volume N fotafsvolume

concentration by mass mass of sediments [kg/s[
Y " Jtotal mass [ka/s

mass of sediments [kg/s[

concentration by unit mass "
[nr/s

: These definitions are related to one another in the following way

Ps CS p
P+ (P -P(£

Cs" = psCs c; =

: where pmis the average density of the water-sediment mixture, defined by
Pm = CsPs + (I-Cs)p = p + (ps-p) CS
With above definitions, the concentrations can be obtained

The density of the solid particles is:p =kg/m3] or 2.65 [g/cmJ3 2650].

The concentrations can now be calculated :

10"
CS = 46872 0.000013 [1
cs = 16.2 = 0.000035 }
468.7210
’ |
cC" = = 0.0345 9 or or

468.72 m 1000
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The average density of the mixture is :

pm  1000.00 + 0.02 = 1000.02 [kg/m ]

It is already shown that there 1s a strong bed-load transport in this channel. One can
now ask, if there will be also suspended-load transport.

According to an indicative criteria, given in sect. 6.1.3, the suspended-load
transport starts when :

> 0.40

Vss

?0r the present problem one obtains :

V,

SS

Therefore, a weak transport of sediments as suspended load is to be expected.

This expectation can still be controlled by determining the Rouse exponent,
eg. 6.50a :

0.4

* 0.4 (0.083) 1205

On Fig. 6.11, it can be seen that, for this £-value, the relative concentration
distribution, consequently the suspended-load transport, will be indeed weak.
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Ex. 6.E

A mountain river with a bottom slope of Sf = 0.0062 [-] has an approximately rectangula
cross section, being B = 23.5 [m] wide. Analysis of the sediment samples taken fron
well below the armour layer show that 60 =  [mm] and =200 [mm] and the densit}
of sediments is ss = 2.65 [].

Determine the diameter, ), of the maximum possible armouring. At which flow deptf
does the armour layer become unstable ?

SOLUTION:
®  The grain diameter of the armour layer is calculated (see point 6.3.4.5°) using the
relationship :
0o — - 90

d® = 0.6 (200) = 120 [mm]
ii)  The stability of the armour layer (see point 6.3.4.5°) can be estimated using the
express’n :
.2 7

a.cr —_
*a,Cr (SS d50,~ - )(*CI’ 0 4) ( 2 + 0 >

T*acr * Ter 0.4) 120( 2+ 0. = 0.05[0.88] =0.04[-]
from which one obtains :
u*acr = m"0.04[(ss-1)g d50a = V0.04 [1.94]= 0.28 [m/s].

According to the definition of the friction velocity :

u*= Vg Rh Sf = Rh = u*2gSf

Rh = 9.81 (0.0062) = Z3M(m|

Now the limiting depth for the stability of the armourlayer can be calculated as :

Rh = 2h+B 2 =5 h + 23)5 h= L4°

If the flow depth becomes larger than h = 1.40 [m], the armour layer is no longer
stable and an important erosion of the bed material may be expected.
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Ex. 6.F

The river Happy — whose stage—water-discharge curve was established Ex. 3.B —
has a variable discharge in the range 10 - < Q [mVsj < 000 . The width of the river bed
isb=90[ ]an non-erodible banks have a slope of 1:1. The topographical survey of
the river showed that the bed slope is S| = 0.0005 [-]. The sediment forming the bed has
a specific density of ss = 2.652 [-] and the grain-size analysis yielded : d0.32 =0 [mm],
dss=0.29 [mm] and djo=0.48 [mm]. The water temperature in the river is T= 14 [°C].

Determine the stage—sediment-discharge curve, Qs=/(h), for this river.

SOLUTION:

First the hydraulic calculations should be done to determine the stage—water-discharge
curve, Q =/(h), for the river. Once this is done, one can carry out the sediment-transport
calculations to determine the stage—solid-discharge curve, Qs=/(h).

)] Hydraulic calculations:
The hydraulic calculations were presented and commented in Ex. 3.B. The
table, where each line represents the calculation of a discharge, Q , and
other useful hydraulic parameters, R," , Rh", Rh, etc., is partially reprinted in
Table Ex.s.F. 1, together with the explanations for the columns. On every line, the
calculations start by assuming a hydraulic radius due to grain roughness, Rh'. The
corresponding discharge is obtained by following the procedure described in
Ex. 3.B. The values for Rh' are selected such that the calculations cover the entire
range ofthe desired water discharges in the river, 10 < Q [ma/s] < 1000.

R,.Rh. R
4 3 2 [ N o .1 0 0 0 00

Fig. Ex. 6.F. 1 Stage—Iliquide-discharge curve.

The stage—water-discharge curve, Q =/(h), and the variation of other parameters,
U, A, Rh, Rh"et R as a function of the flow depth, h, are presented in

Fig.Ex.6.F.l
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Table Ex.6.F. 1
Computation sheet  determining the water-discharge curve,
using the method (Einstein-Barbarossa (1952)
b =90 [m] r=14[°ClI ps= 2650 [kg/ms[
p=999.1[kg/m3] = . ]Im
s f=0.0005 [] V=1.186x10"6[m2/s] ks = =m][ 0.00032[
1 2 3 4 5 7 10
' u ’ U/u*" e Rh Rh uU* h (
[1 [mws] [ms] N ] ms] (1 (1 [msl [ [m
0.02 0.01 0.16 47.92 4.5 0.04 0.26 0.28 0.04 0.29
0.05 0.02 0.29 19.17 6.6 0.04 0.39 0.44 0.05 0.44
. 0.02 0.45 9.58 8.7 0.05 0.55 0.65 0.06 0.65 2(
0.15 0.03 0.58 6.39 0.4 0.06 0.63 0.78 0.06 0.79 4.
0.2 0.03 69 4.79 11.9 0.06 0.68 0.88 0.07 0.89 51
0.40 0.04 1.05 2.40 18.3 0.06 0.67 1.07 0.07 y- 10:
0.60 0.05 1.33 1.60 23. 0.06 0.66 1.26 0.08 1.29 15:
0.80 0.06 1.58 1.20 32.4 0.0 0.49 1.29 0.08 1.32 19,
.00 0.0? 1.81 0.96 42.6 0.04 0.37 1.37 0.08 1.41 23:
1.25 0.08 2.06 0.77 56.2 0.04 0.27 1.52 0.09 1.57 29;
1.50 0.09 2.30 0.64 73.1 0.03 0.20 1.70 1.76 37
2.00 OtO 2.22 0.48 107.2 0.03 0.13 2.13 b. 2.23 55
2.50 . 3.11 0.38 163.0 0.02 0.07 2.57 0.11 2.71 78L
3.00 0.12 3.46 0.32 6844.0 0.00 0.00 3.00 0.12 3.19
col, symbol explanations expression
hydraulic radius due to grain roughness (assumed value)
friction velocity due to grain roughness, eq. 3.24, Vg RN
u average velocity in the cross section u*'Vv el
with (see eg. 3.13b) : $/f* =56 log (Rh'/ ks) + (
parameter of Einstein-Barbarossa, eq. 3.3 N RR™S
U/u*" ratio of velocities corresponding to ' (see eq. 3.31 and Fig. 3.6)
friction velocity due to bed forms u/ (Ulu
Rh" hydraulic radius due to bed forms (" /(g
total hydraulic radius, eq. 3.24, Rh +
total friction velocity, eq. 3.7, Vg rh
h flow depth (see Tableau 1.1)
Q water discharge, eq. 3.2a, Uh(b +n
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Sediment-transport calculations :

The sediment-transport calculations will be made for the representative grain
diameter, using three different total-load relations, namely : (1) Einstein, (2) Graf
and Acaroglu and also (3) Ackers et White.

1

The formula  Einstein (5 O @). which allows the calculation of the total load
transported by the now. given by :

gs=qdb+qgs=qsb [ + 2.303 10g(30.2 h/ A);/,+ 6.60) [)

Since the grain-size distribution is quasi uniform, the calculations can be done
using an equivalent grain diameter (see Table 6.3) of :

d = d3%=0.00029 [m]
The intensity of transport is :
= (6.28)
V(ssl)gd4

where qsb = gao'ys is the volumic solid discharge for a unit width and gsb the
solid discharge by weight; both transported as bed load.

The intensity of shear is :

S o )6.34(

where Rhb' = Rh' is the hydraulic radius of the bed due to the granulats.

With the functional relationship of:
$ =/0F%*) (6.42a)

given by eq. 6.42 and presented in Fig. 6.8, one can obtain the solid
discharge, qsb, transported as bed load.

Next, the integrals, and 2 , which appear in the suspended-load formula,
eq. 6.56 (see also eq. 6.60). should be determined to calculate the solid
discharge, gss, transported as suspended load.

The total load, gs=qs+gss . transported by the river can then be calculated
using eq. 6.60.

The calculations can be programmed on a microcomputer using a spreadsheet
program. The table ©'calculations prepared in this way is presented in Table
Ex. 6.F.2. Each line of this table gives the calculations of the solid discharge
(by volume, mass and weight), as well as other useful parameters calculated
for each flow depth, h. The detailed explanations on the contents of the
columns are given below the table of calculations.
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Table Ex.6.F.2

Computation sheet . determining the stage—solid-discharge curve,

using the method of Einstein (1950)

b =90[m] p=999.1[
Sf=10.0005 (- v=1.186x 0 [mZs]

2 4 ( 7 9 10 12
Rpe U¥ 5 ks/8 4 A ‘ sb Qst
m [ms] [ ! N [ L - y o [mIsim] [
0.02 0.0) 139E-03 (2% . 3.92E-04 1001 4792 0.00 O0.00E+00 . -
0.05 0.02 881E-04 0405 125 2.86E-04 1076 19.17 0.00 7.96E-08 7.16E-
0.10 0.02 6.23E-04 0573 148 2.42E-04 1132 958 0.10 2.00E-06 1.80E-
. 5 0.03 5.09E-04 0702 .-6 2.29E-04 1156 6.39 0.35 6.91E-06 6.22E-
020 0.03 441E-04 0811 . 0 224E-04 1171 479 071 141E-05 1.27E-
0.40 0.04 3.12E-04 1147 160 2.23E-04 1191 240 ?51 5.00E-05 4.50E-
0.60 0.05 2.54E-04 1404 15 228E-04 1206 160 4.32 8.59E-05 7.73E-
0.80 0.06 2.20E-04 1621 149 240E-04 1203 120 6.06 121E-04 1.08E-

0.0?7 197E-04 . 12 251E-04 1205 096 7.77 154E-04 1.39E-
125 0.08 1.76E-04 2027 ..7 261E-04 1212 77 986 96E-04 176E-
150 0.09 161E-04 2.220 131 272E-04 1219 064 1194 237E-04 2.14E-
2.00 0.10 1.39E-04 2.564 124 2.87E-04 1237 048 1606 3.19E-04 2.87E-
250 011 1.25E-04 2.s66 11 2.99E-04 1253 0.38 20.18 4.0lE-04 3.61E-
3.00 7 1.14E-04 3140 116 3.07E-04 12.66 0.32 2428 483E-04 4.34E-
symbol explanations expression
h flow depth (see Table Ex.6.F. 1)
Rh’ hydraulic radius due to grain roughness (see Table EX.6.F.1)
u*' friction velocity due to grain roughness (see Table Ex.6.F. )

thickness of viscous sublayer 5=11.5 viv

k 5/ relative roughness (see Fig. 6.7a) ks/ 5= d6b/
X correction term for logarithmic velocity distribution (see Fig. 6.7a)
A apparent roughness diameter (see Fig. 6.7a) A= d&/

Pe transport parameter (see eg. 6.58) Pe = 2.303 log(30.2h / /

' intensity of shear, eq. 6.34, =(ss- 1) =2

0 intensity of transport, eq. 6.42, )

«

Q% solid lischarge, as bed load, by volume Qsb=
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Tab e EX.6.F.2 (suite)

459

Computation sheet '© determining the stage—solid-discharge curve,

using the method

d%= 0.00029 [m[
d65 = 0.00036 [m]

3 14

S
m

I
ERERREERRERRRRER

RO~
i

1

OONOON
MM

ENONWWRA RO NORN

D
i

oQ
N

col. svmbol
13 Ae

14

L
16
7

18 QSS
19 Qs
20 Gs

21 Gs

5

62E-02
4.46E-02
6.90E-02
9.11E-02
113601
2.02E-01
3.10E-01
4.43E-01
6.10E-01
8.74E-01
1.21E+00
2.14E+00
347E+00
5.25E+H00

—150EA
-2.87E-01
-4.63E-01
-6.19E-01
-7.67E-01
-1.34E+00
-1.96E+00

62E+00
-3.37E+00
-4 47E+00
-5.73E+00
-8.90E+00
-1.29E+01
-1.77E+01

explanations

dimensionless height, eq. 6.52a,

., )H.,) =0.0365 [m/s

Einstein ) 1950(

ps= 2650 [kg/m3

17
$

[mas/]

0.00E+00

Rouse exponent, eq. 6.50a,
vss : settling velocity (see Fig. 6.10)

18

Qss
[m?7s]

0.00E+00
1.38E-06
5.73E-05
2.70E-04
6.99E-04
4.81E-03
1.37E-02
2.94E-02
5.52E-02
1.08E-01
192E-01
5.05E-01

. 0E+00
2.12E+00

Einstein's first integral (see Fig. 6.12)
Einstein's second integral (see Fig. 6.12)

solid discharge, as suspended load, by volume
and by unit width, eq. 6.58,

solid discharge, as suspended load, by volume Qss” s
solid discharge, as total load, by volume

solid discharge, as total load, by mass

solid discharge, as total load, by weight

K=0
19 2
Qs Gs °
[m3sl Ikg/s] |N/sJ
QO 0 0
8..UE-06
2.37E-04 1 6
8.92E-04 2 23
1.97E-03 5 .
9.31E-03 5 242
2.14E-02 57 57
4.03E-02 107 1047
6.91E-02 183 1798
1.26E-01 333 3268

2.13E-01 566 5548
5.34E-01 1416 13888
1.14+00 3019 29619
2.16E+00 5727 56183

expression

K u*

S Py*e 1 2

“ Qb Qss
Gs = Qs Ps
Gs=QsPsg
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The formula of Grafet Acaroglu 968 ), which allows the calculation of
total load transported by the flow, is given by :

» -

with the parameter of transport:

and the parameter O'shear intensity :

where the equivalent diameter is taken as (see Table 6.3):

dsd 5 = 0.00032 [m].

It is to be noted, that 7, is the total hydraulic radius and ¢ =q9q is t
average concentration by volume. The functional relationship is evaluat
according to eq. 6.63.

As in the previous case, the calculations are programmed on a microcompu
using a spreadsheet program. The computation sheet prepared in this way
presented in Table Ex. 6.F.3.

The formula ' Ackers et White (1973), which allows the caleulation
average concentration, Cs, by volume is given by :

- ) (

where the equivalent diameter is taken as (seeTable 6.3):

d 0.00029 = [m]

The sediment-transport parameter is calculated as :

with the mobility parameter defined as :

* u (!'

ar LV3210g(10hmd3J

(6.

The dimensionless diameter for d = d3 is determined using
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0.29
0.44
0.65
0.79
0.89
1.09
1.29
1.32
1.41
1.57
1.76
2.23
2.71
3.19

col,

g AW N e

Table EX.6.F.3

461

Computation sheet for determining the sta”solid-discharge curve,
using the method of Gra/et Acaroglu (1968)

- byconeentration ~
A s~6.62,eq.section,thein

Qs solid discharge, as total load, by volume
Gs solid discharge, as total load, by mass
Gs solid discharge, as total load, by weight

Sf=0.0005 [-1 dso=0.00032 [m]
p =999.1 [kg/m3] ps= 2650 [kg/m3]
2 3 4 5 6 7 ) 9 10
Rh u CS Qs Gs Gs
[m]  [m/s] [m3s] [ [] [] [m3s] [kass]  [N/s]
0.28 0.16 4.2 3.718 0.380 1.91E-04 7.95E-04 2 ?
0.44 0.29 11.7 2.401 1.143 2.06E-04 2.41E-03 6 63
0.65 0.45 26.5 1.639 2.990 2.39E-04 6.33E-03 ]7 165
0.78 0.58 41.4 1.356 4.821 2.48E-04 1.03E-02 27 266
0.88 0.69 55.8 1.203 6.522 2.49E-04 1.39E-02 37 362
1.07 1.05 103.7 0.992 10.615 2.20E-04 2.28E-02 60 592
1.26 1.33 157.4 0.839 16.163 2.22E-04 3.49E-02 92 907
1.29 S . 0.821 17.091 1.93E-04 3.69E-02 98 960
1.37 1.81 232.4 0.77.3 19.864 1.85E-04 4.30E-02 114 *
1.52 2.06 297.3 0.694 26.121 1.91E-04 5.69E-02 1478
1.70 2.30 371.6 0.622 34.445 2.03E-04 7.54E-02 200 1960
2.13 2.72 559.3 0.496 60.791 2.41E-04 1.35E-01 358 3507
2.57 3.11 780.9 0.4 11 97.757 82 E-04 2.20E-01 83 521
3.00 3.46 1026.7 0353 143.802 3.20E-04 3.28E-01 870 8531
symbol explanations expression
h flow depth (see Table Ex.6.F. 1)
Rh total hydraulic radius (see Table Ex.6.F. 1)
u average veloeity (see Table Ex.6.F. )
Q liquid (Charge (voir *bleau Ex.6.F.I)
shear-stress intensity parameter, eq. 6.61, 5£
transport parameter, eq. 6.63, 22 10.39 =

V(ss~")g”"5Q3

Qs=CsQ
Gs=Qs Ps
Gs=Qsg Ps
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Table ex.6.F.4
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LComputation sheet for determining the stage—solid-discharge curve
using the method of Ackers et White ) 1973(

Jp =999.1 [kg/m3]

ps= 2650 [kg/m3]
n~*= 1-0.56 logd, =0.5434
Aw= 0.23/ Vd7+ 0.14 = 0.2300

h
[m]

0.29
0.44
0.65
0.79
0.89
1.09
1.29
1.32
1.41
1.57
1.76
2.23
2.71
3.19

col,

A W N

10

2

[mi/s]

0.04
0.05
0.06
0.06
0.07
0.07
0.08
0.08
0.08
0.09
0.09
0.0
011
0.12

symbol

c

ar

a

CS

Gs
Gc

3

u

[m/s]

0.16
0.29
0.4
0.58
0.69
1.05
1.33
1.58
81
2.06
2.30
2.72
3.11
3.46

V=1.186x10~6 [m2s

d, =m[0.00029] =

4

Q
[m'/s]

4.2
11.7
26.5
41.4
55.8

7
157.4
191.3
232.4
297.3
371.6
559.3
780.9

1026.7

explanations

flow depth (see Table Ex.6.F. 1)

)_

0.256
0.369
0.490
0.573
0.638
0.808
0.939
1.020
1.099

<7
1.289
1.467
1.626

m

d*=(g(ss-1)/v 2'/3dH=6.536

=9.66/d*+1.34=2.8180

cw= o IQ8&2de~ (002~ 53 = 0.0137

6
Go
[-]

2.979E-05
3.316E-03

1.937E-02
4.242E-02
6.923E-02

1.845E-01
3.268E-01
4.446E-01
5.808E-01
7.845E-01

1.014E+00
1.570E+00
2.210E+00
2.906E+00

7

Cs

6.69E-08
5.85E-06
2.65E-05
5.22E-05
8.03E-05
2.10E-04
3.41E-04
4.95E-04
6.44E-04
8.11 E-04
9.64E-04
1.22E-03
1.44E-03
1.63E-03

total shear velocity (see Table £x.6.F.1)
average velocity (see Table £x.6.F. 1)
liquid discharge (see Table £x.6.F.l)

parameter of

mobility, eq. 6.64,

transport parameter, eq. 6.65,

u_kl"IW

concentration by volume, eg. 6.66,

solid discharge, as total load, by volume
solid discharge, as total load, by mass
solid discharge, as total load, by weight

8

Qs
[mVs]

2.79E-07
6.83E-05
7.04E-04
2.16E-03
4.48E-03
2.17E-02
5.37E-02
9.48E-02
1.50E-01
2.41E-01
3.58E-01
6.81E-01
1.12E+00
1.68E+00

u
Fsr*V (ss:i)gd,.'LV3210 )I0Oh/dM(

Ggr

c =

9 1©
Gs Gs
[ka/s]  [N/s]

0

0 2

2 18

6 56

12 117

58 565

142 1397

251 2463

397 3891

639 6269

949 9314

1805  )7707

2970 29133

4440 43559
expression

h=hm=S/B

G
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which allows calculation of the coefficients, nw, mw>- Aw and Cw (see
point 6.5.2.4°).

Again, the calculations are programmed on a microcomputer using a
spreadsheet program. The computation sheet is presented in Table Ex. 6.F.4.

The Fig. Ex. 6.F.2 gives the —so d-discharge curves — supplemented by
the —Iliquid-discharge curve — for the total load calculated using the total-
load relations of(J) Einstein, (2) Graftt Acaroglu et 3) Ackers et White as well as
for the bed load calculated using the bed-load relation of (1) Einstein. (Einstein's
method, 1950, is an indirect method, thus it allows the evaluation of the bed load
transport automatically.).

The Fig. Ex. 6.F.2 shows that the three methods used for the calculations do not
give the same values for the solid discharge, Qs. It is important however to remind
that the formulae for the sediment transport can only give the engineer an idea about
the order of magnitude of the solid discharge that one should reasonably expect in a
particular flow situation. It should also be clear that the sediment-transport capacity
(voir sect. 6.1.4) has been calculated.

] Q1)) 10 0 )L Q0L 10
Q [mv] , [rtYs]

Fig. EX.6.F.2 Stage—Iliquid-d'ischarge and stage—solid-discharge curves.
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6.6.2 Problems, unsolved

Ex. 6.1

A long channel of rectangular cross section has a bed slope of Sf = 0.0004 [-]. T
channel bed is composed of a near-uniform granulate of d3=0.5 [mm] with a poros
of p=0.3 [-]. The normal flow depth was measured ash = hn= 2.10 [m]. This chanr
enters a lake ; at the *ncture the water levels O' the channel and of the lake are the sam

The water level in the lake is now lowered by Ah = 0.10 [m]. Determine, at what time t
channel bed will be lowered by 90 % and by 50 % of Ah and this at two stations, situat
at 5. [km] and at 20.0 [km] upstream of the juncture.

FX 6.2

In the channel, described in Ex. 6.1. the fixed point at the juncture will be raised I
Ah = 0.20 [m]. Determine the temporal variation of the channel bed at a station, beii
situated 20.0 [km] upstream of the juncture.

Ex 6.3

The unit discharge in a river is q =5 [m2s]. The bed has a slope of Sf=0.0005 [-] at
the porosity is p = 0 [-] ; its granulate is given as d 0.4 =0 [mm],
Well downstream, this river enters reservoir, where the water depth is kept constant at

height of H = 5 [m]. Determine the aggradation one may expect in the reservoir after 2
[h]and 500 [h],

Ex. 6.4

The irrigation channel "Sivan™ must be controlled for 81 days per year to deliver
constant discharge of 10 [m /s] (during the remaining days of the year the discharge w
be less). This rectangular channel, having a width ofB =5.0 [m], has a mobile bed with
uniform granulate of d « 5 =0 [mm] ; the bed slope is Sf=0.0003 [].

i) Calculate the solid discharge, which is annually transported.

i)  Study a proposal, which envisions that a spillway— blocking the flow at a wat
depth being three times the normal flow depth — is installed at the downstream '
thle ch%nnel. What will the sediment deposition amount to and where will it tal
place *

Ex. 6.5

A reach of ariver of length 38= [km] — being indicative of the Bas-RI*ne — conve;
a constant discharge of Q=4000[m'/s]. In this reach the cross sections may 1
approximated by rectangular ones having a width ofB =250 [m] and having a consta
bed slope of Sf=0.0007 [- . The roughness coefficient was estimated as being Ks =
[m*~/s]; the diameter of the rather uniform granulate is d30=27.4 [mm].
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It is envisioned to build a system of weirs, which would raise the water level by  [m],
thus to H = 10 [m] + hn. Study the evolution of bed level for a period of two years.
Investigate the sediment-transport problem in the reach behind the weirs.

Ex. 6.6

The discharge in a channel, having a bed slope of S(=0.00027 [-] isQ= 100 [ [ the
width at the channel bed is b = 46 [m and the side slopes are 2/ 1. Flow in this channel
is uniform and the temperature of the water is T= 15 [C°]. Samples of the bed material
have been evaluated ; the granulomeiry is given in the following table and its density is
S$=2.65 [-].

median diameter granulometric fraction
|mm| %]
0.088 5
0.177 22
34 37
0.707 3
1.414

Calculate the total-load transport, Q*, by making use of different available formulae. This
is to be done :

h) for each individual granulometrie fraction,
i)for all fractions together, taking an equivalent diameter.

Ex. 6.7

For the channel studied  Ex. 6.6, verify if the transport of sediments is influenced by
the water temperature ; the lowest and highest temperatures expected are respectively,
T= 10 [C°] and 20 = [C°]. Make the calculations using an equivalent diameter.

Ex. 6.8

For the channel studied in Ex. 6.6, determine the diameter of the armouring and the flow
depth for which the armour layer turns unstable.
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