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 Half-wavelength dipole 

This is a classical and widely used thin wire antenna: l= λ /2. 

The far field of this dipole is obtained as 

𝐸𝜃 = 𝑗𝜂𝐼0 ∙
𝑒−𝑗𝛽𝑟

2𝜋𝑟
∙ [
cos (

𝜋
2
cos 𝜃)

sin 𝜃
] 

In a similar manner, or by using the established relationship between the Eθ and 

Hφ in the far field, the total Hφ component can be written as 

𝐻𝜑 = 𝑗𝐼0 ∙
𝑒−𝑗𝛽𝑟

2𝜋𝑟
∙ [
cos (

𝜋
2
cos 𝜃)

sin𝜃
] 

Radiated power density: 

𝑃 =
1

2𝜂
|𝐸𝜃|

2 = 𝜂 ∙
|𝐼0|

2

8𝜋2𝑟2
∙ [
cos (

𝜋
2
cos 𝜃)

sin 𝜃
]

2

≈ 𝜂 ∙
|𝐼0|

2

8𝜋2𝑟2
∙ sin3 𝜃 

 

Radiation intensity: 

 

𝑈(𝜃, 𝜑) = 𝑟2𝑃 =
𝑟2

2𝜂
|𝐸𝜃|

2 ≈ 𝜂 ∙
|𝐼0|

2

8𝜋2
∙ sin3 𝜃 

3-D power pattern (not in dB) of the half-wavelength dipole: 
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 Radiated power: 

The radiated power of the half-wavelength dipole is a special case of the integral 

mentioned in previous lecture: 

Π =∯𝐏 ∙ 𝑑𝑠 = ∬ 𝐏

2𝜋 𝜋

0 0

∙ 𝑟2 sin 𝜃 𝑑𝜃𝑑𝜑. 

Π = ∬ 𝜂 ∙
|𝐼0|

2

8𝜋2𝑟2
∙ [
cos (

𝜋
2
cos 𝜃)

sin 𝜃
]

22𝜋 𝜋

0 0

∙ 𝑟2 sin 𝜃 𝑑𝜃𝑑𝜑. 

Π = 𝜂 ∙
|𝐼0|

2

4𝜋
∫
[cos (

𝜋
2
cos 𝜃)]

2

sin 𝜃

𝜋

0

∙ 𝑑𝜃 = 𝜂 ∙
|𝐼0|

2

8𝜋
∫
1 − cos𝑦

𝑦

2𝜋

0

∙ 𝑑𝑦

⏟          
𝜅

 

Π = 𝜂 ∙
|𝐼0|

2

8𝜋
𝜅 

𝜅 = 0.5772 + ln(2𝜋) − 𝑐𝑖(2𝜋) ≈ 2.435 

Π = 𝜂 ∙
|𝐼0|

2

8𝜋
∙ 2.435 = 36.525 ∙ |𝐼0|

2 

Radiation resistance: 

𝑅𝑟 =
2Π

|𝐼0|2
≈ 73Ω 

Directivity: 

𝐷𝑚𝑎𝑥 = 4𝜋
𝑈𝑚𝑎𝑥
Π

= 4𝜋
𝜂 ∙
|𝐼0|

2

8𝜋2

36.525 ∙ |𝐼0|
2
=

60

36.525
= 1.643 

Maximum effective area: 

𝐴𝑒 =
𝜆2

4𝜋
𝐷𝑚𝑎𝑥 = 0.13𝜆

2 

Input resistance: 

Since l= λ /2.                          𝑅𝑟 = 𝑅𝑖𝑛 ≈ 73Ω 

The imaginary part of the input impedance is approximately ≈ +𝑗42.5Ω 
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 Method of images 

 

Vertical electric current element above perfect conductor 

 
The field at the observation point P is a superposition of the fields of the actual 

source and the image source, both radiating in a homogeneous medium of 

constitutive parameters (ε1, μ1) The actual source is a current element (I0Δl) 

(infinitesimal dipole).  

𝐸𝜃
𝑑 = 𝑗𝜂

𝛽(𝐼0∆𝑙)𝑒
−𝑗𝛽𝑟1

4𝜋𝑟1
sin 𝜃1 

𝐸𝜃
𝑟 = 𝑗𝜂

𝛽(𝐼0∆𝑙)𝑒
−𝑗𝛽𝑟2

4𝜋𝑟2
sin 𝜃2 

Expressing the distances r1 and r2 in term of r and h (using the cosine theorem) 

gives  

𝑟1 = √𝑟
2 + ℎ2 − 2𝑟ℎ cos 𝜃 

𝑟2 = √𝑟
2 + ℎ2 − 2𝑟ℎ cos(𝜋 − 𝜃) 
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 We make use of the binomial expansions of r1 and r2 to approximate the 

amplitude and the phase terms, which simplify the evaluation of the total far field 

and the VP integral. For the amplitude term, 

 

 

For the phase term, we use the second-order approximation (see also the 

geometrical interpretation above),  

 

The total electrical far field is 

𝐸𝜃 = 𝐸𝜃
𝑑 + 𝐸𝜃

𝑟 

𝐸𝜃 = 𝑗𝜂
𝛽(𝐼0∆𝑙)

4𝜋𝑟
sin 𝜃 [𝑒−𝑗𝛽(𝑟−ℎ cos𝜃) + 𝑒−𝑗𝛽(𝑟+ℎ cos𝜃)] 

 

 

 

 

We note that the far-field expression can be again decomposed into two factors: 

the field of the elementary source g(θ) and the pattern factor f(θ) (also array 

factor). 

 

𝐸𝜃 = 𝑗𝜂
𝛽(𝐼0∆𝑙)

4𝜋𝑟
sin 𝜃

⏟          
𝑔(𝜃)

[2 cos(𝛽ℎ cos 𝜃)]⏟          
𝑓(𝜃)

,          𝑧 ≥ 0

𝐸𝜃 = 0                                                              ,          𝑧 < 0
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 The normalized power pattern is 

𝑈̅ = [sin 𝜃 ∙ cos(𝛽ℎ cos 𝜃)]2 

Total radiated power: 

Π =∯𝐏 ∙ 𝑑𝑠 = ∬ 𝐏

2𝜋 𝜋

0 0

∙ 𝑟2 sin 𝜃 𝑑𝜃𝑑𝜑. 

Π = 𝜂𝛽2(𝐼0∆𝑙)
2∫ [sin 𝜃 ∙ cos(𝛽ℎ cos 𝜃)]2

𝜋/2

0

∙ 𝑑𝜃. 

 

 

 

 As hβ →0, the radiated power of the vertical dipole above ground 

approaches twice the value of the radiated power of a dipole of the same 

length in free space.  

 As hβ →∞, the radiated power of both dipoles becomes the same. 

That’s mean: 

lim
ℎ→0

[−
cos(2𝛽ℎ)

(2𝛽ℎ)2
+
sin(2𝛽ℎ)

(2𝛽ℎ)3
] =

1

3
 , 

lim
ℎ→∞

[−
cos(2𝛽ℎ)

(2𝛽ℎ)2
+
sin(2𝛽ℎ)

(2𝛽ℎ)3
] = 0 , 

Radiation resistance: 

𝑅𝑟 =
2Π

|𝐼0|2
= 2𝜋𝜂(

∆𝑙
𝜆
)

2

[
1

3
−
cos(2𝛽ℎ)

(2𝛽ℎ)2
+
sin(2𝛽ℎ)

(2𝛽ℎ)3
] 

 As hβ →0, the radiation resistance of the vertical dipole above ground 

approaches twice the value of the radiation resistance of a dipole of the 

same length in free space: 

𝑅𝑟
𝑣𝑑𝑝 = 2𝑅𝑟

𝑑𝑝 𝑤ℎ𝑒𝑛 𝛽ℎ = 0 

 As hβ →∞, the radiation resistance of both dipoles becomes the same. 

Π = 𝜋𝜂 (
𝐼0∆𝑙

𝜆
)
2

[
1

3
−
cos(2𝛽ℎ)

(2𝛽ℎ)2
+
sin(2𝛽ℎ)

(2𝛽ℎ)3
] 
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 Radiation intensity: 

𝑈(𝜃, 𝜑) = 𝑟2𝑃 =
𝑟2

2𝜂
|𝐸𝜃|

2 =
𝜂

2
(
𝐼0∆𝑙

𝜆
)
2

[sin2 𝜃 ∙ cos2(𝛽ℎ cos 𝜃)] 

The maximum value of radiation intensity occurs at 𝜃 = 𝜋 2⁄ : 

𝑈𝑚𝑎𝑥 =
𝜂

2
(
𝐼0∆𝑙

𝜆
)
2

 

This value is 4 times greater than 𝑈𝑚𝑎𝑥 of a free space dipole of the same length. 

Maximum directivity: 

𝐷𝑚𝑎𝑥 = 4𝜋
𝑈𝑚𝑎𝑥
Π

=
2

1

3
−
cos(2𝛽ℎ)
(2𝛽ℎ)2

+
sin(2𝛽ℎ)

(2𝛽ℎ)3

 

If hβ =0, Dmax =3, which is twice the maximum directivity of a free-space current 

element (𝐷max
𝑖𝑑 = 1.5). 

The maximum of Dmax as a function of the height h occurs when hβ = 2.881 

(h=0.4585 λ). Then, Dmax=6.566/hβ=2.881.  
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 Monopoles 
A monopole is a dipole that has been divided into half at its center where it 

is fed against a ground plane. It is normally λ /4 long (a quarter wavelength 

monopole), but it might be shorter. Then, the monopole is a small monopole 

whose counterpart is the small dipole. Its current has linear distribution with its 

maximum at the feed point and its null at the end. 

The vertical monopole is extensively used for AM broadcasting (f = 500 to 

1500 kHz, λ = 200 to 600 m), because it is the shortest most efficient antenna at 

these frequencies as well as because vertically polarized waves suffer less 

attenuation at close-to-ground propagation. Vertical monopoles are widely used 

as base-station antennas in mobile communications, too. 

 Monopoles at base stations and radiobroadcast stations are supported by 

towers and guy wires. The guy wires must be separated into short enough (≤ λ /8) 

pieces insulated from each other to suppress any parasitic currents. 

Special care is taken when grounding the monopole. Usually, multiple radial 

wire rods, each 0.25−0.35 λ long, are buried at the monopole base in the ground 

to simulate a perfect ground plane, so that the pattern approximates closely the 

theoretical one, i.e., the pattern of the λ/2 -dipole. Losses in the ground plane cause 

undesirable deformation of the pattern as shown below (infinitesimal dipole above 

an imperfect ground plane). 
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Monopole fed against a 

large solid ground plane 

Practical monopole with radial 

wires to simulate perfect ground 
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 Several important conclusions follow from the image theory and the above 

discussion:  

 The field distribution in the upper half-space is the same as that of the 

respective free-space dipole. 

 The currents and charges on a monopole are the same as on the upper half 

of its dipole counterpart but the terminal voltage is only half that of the 

dipole.  

 The input impedance of a monopole is therefore only half that of the 

respective dipole: 

𝑍𝑖𝑛
𝑚𝑝
=
1

2
𝑍𝑖𝑛
𝑑𝑝

 

 The total radiated power of a monopole is half the power radiated by its 

dipole counterpart since it radiates in half-space (but its field is the same). 

As a result, the beam solid angle of the monopole is half that of the 

respective dipole and its directivity is twice the directivity of the dipole: 

𝐷𝑚𝑎𝑥
𝑚𝑝

=
4𝜋

Ω𝐴
𝑚𝑝 =

4𝜋

1
2
Ω𝐴
𝑑𝑝
= 2𝐷𝑚𝑎𝑥

𝑑𝑝
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 The quarter-wavelength monopole: 

This is a straight wire of length l = λ /4 mounted over a ground plane.  

From the discussion above, it can be expected that the quarter-wavelength 

monopole is very similar to the half-wavelength dipole (in the hemisphere 

above the ground plane). 

 Its radiation pattern is the same as that of a free-space λ/2 -dipole, but it is 

non-zero only for 0o< θ ≤90o (above ground). 

 The field expressions are the same as those of the λ/2 -dipole.  

 The radiated power of the λ/4 -monopole is half that of the λ/2 -dipole. 

 The radiation resistance of the λ/4-monopole is half that of the λ/2 -dipole:  

𝑍𝑖𝑛
𝑚𝑝
=
1

2
𝑍𝑖𝑛
𝑑𝑝
= 0.5(73 + 𝑗42.5) = 36.5 + 𝑗21.25,Ω 

 The directivity of the λ/4 -monopole is:  

𝐷𝑚𝑎𝑥
𝑚𝑝

= 2𝐷𝑚𝑎𝑥
𝑑𝑝

= 2 ∗ 1.643 = 3.286 
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𝜆 2⁄  𝜆 2⁄  
200m 

𝜃 = 90°, 𝜑 = 40° 

Example: 

A 𝜆 2⁄  dipole situated with its center at the origin radiates a time-averaged power 

of 600w at a frequency of 300 MHz. A second 𝜆 2⁄  dipole is placed with its center 

at a point 𝑃(𝑟, 𝜃, 𝜑), where r = 200m, 𝜃 = 90°, 𝜑 = 40°. It is oriented so that its 

axis is parallel to that of the transmitting antenna. what is the available power at 

the terminals of the second (receiving) dipole? 

 Solution:  

           

𝑃𝑟 = 𝑃𝑡𝑒𝑡𝑒𝑟 (
𝜆

4𝜋𝑅
)
2

𝐷𝑡(𝜃𝑡 , 𝜑𝑡)𝐷𝑟(𝜃𝑟 , 𝜑𝑟) 

𝜆 =
𝑐

𝑓
=

3 × 108

300 × 106
= 1𝑚 

𝑟𝑓𝑎𝑟 𝑓𝑖𝑒𝑙𝑑 =
2𝐷2

𝜆
=
2(
𝜆
2
)2

𝜆
=
𝜆

2
= 0.5𝑚 

𝑟𝑓𝑎𝑟 𝑓𝑖𝑒𝑙𝑑 ≪ 200𝑚 

For lossless antenna Dt=Gt and Dr=Gr  

For half wave dipole Dmax=1.643 

𝑃𝑟 = 𝑃𝑡 (
𝜆

4𝜋𝑅
)
2

𝐷𝑡𝐷𝑟 = 600 ∗ (
1

4𝜋 × 200
)
2

× 1.643 × 1.643 = 0.256𝑚𝑤 

 

 


