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Responseof LTI System

« Convolution Theorem: g(t) = impulse response
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» Thetransfer function and the impulse response
are Laplace transform pairs.
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Analytical Modeling

Physical systems store and dissipate energy.
Lumped idealized elements: represent energy
dissipation and energy storage separately.
Physical elements may approximate the
behavior of the idealized elements.

Physical elements are not lumped. They
involve both energy dissipation and energy
storage.

Relations

» Constitutive (elemental) Relations
— Govern the behavior of the idealized elements.
— Hold only approximately for physical elements.
e Connective Relations
— Govern connections of elements.
— Often derived from conservation laws.
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Electrical Systems Constitutive Relationsfor R, L, C
: P Table 2.3
* Ideal R: energy dissipation. mpadance Admittance
* ldeal L: magnetic energy storage. T % : ; -
. o 1% W) = E i{r)dr i{t) = ar wir) = (—_.;m o Cs
* |deal C: electrostatic energy storage. _‘/\;\/\F . o |
- - - wr) = Ri(r) i = =vir) vif) = R% R = =G
« Connective Relations: Kirchhoff’s Laws Rosiir N ‘ !
—!—O_O_G_O_\— W) = !.@ i = 1 Irtrm‘r W) = F.d.q[_” Ls A
— Current Law: conservation of charge Inductor a Lh i B
~ Voltage Law: conservation of energy e ey & ¥ a1, 6 2 ) = V0 10 = A
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Mesh Analysis

1. Replace passive elements with Z(s).
2. Define clockwise current for each mesh.

3. Write KVVL in matrix form with source
voltages that drive clockwise current
positive.

4.Use Cramer’ srule to solve for the transfer
function.

Cramer’s Rule

s ole)ln)

* Provided that a solution exists

b a, a, b
%, = b, a,  _a, b
a, a,' " la, a,
a, a, a, ay,
a al _
a, aj 32,8,
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Example: Mesh Analysis

2-LstR)| R | ot
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[Z(9)(5)=Vi(9)

[zﬁn/(sc:) -3(s0) }Fl(s)Hvi(s)}
~Y(sC)  R+Ls+¥(sC) | 1,(9) 0
Vo(9) =Rl,(9)
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Cramer’'sRule

2,+1/(sC) V
“Ys) 0
z+1() 1)

~U(sC) Ryt L,s+1(C)

|2(S)=

SERALIEC

_ Ry/(sC)
(Z, +U(SC))(R; + L,s+1/(sC))-V/(sC)’
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Node Analysis

1. Replace passive elements with Y(s).

2. For each node, define a node voltage relative
to areference node.

Example: NodeAnalysis
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3. Write KCL in matrix form with source - 1 w3
currents that drive current into a node 1
positive. -
4.Solve for the transfer function using Changevoltage  VJR. )
Cramer’srule. sourceto ;RS L L, ;R
current source. R | 8
Node Equations cigsl 1V
VMO =1(9 RN E oot
AT VIR N ° (1j _ 1 Gz+—+i 0
G=VRV,=V, T Y p
o R’ o 'c R P 3 -G, _ 1 0
® | v, sL,
cO=y 1 1
i 1 1 ] G +G +— - -G,
Gs + Gl + — - - Gl ~ 1 SL1
sL, V.(s)] [V.(9)G, 1 1 1 1
1 1 1 1 e G+ vy o
_i G2+£+I —I Vb(S) = 0 1 3_ 2 2
1 2 2 1 V(9 0 -G, - G,+G,+——
- G1 - G1 + G3 +— SLz 2
L SLZ 2 |
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Trandational Mechanical Systems

 |deal Damper b: energy dissipation.

* |deal Spring k: potential energy storage.
» Pure Mass m: kinetic energy storage.

« Connective Relations: Newton's 2™ L aw

mjc'zzfi
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a) ldeal Spring

Elastic energy (neglect plastic deformation)
Linear element: force proportional to the

deformation x; — x,. K
No energy dissipation f q%
No mass X, X,
f+f=0
fs = —k(x1 — x3)

—fs=k(xy—x2) =f
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b) Ideal Viscous Damper
f

— .

X1 b X5

Energy dissipation
No mass
No dastic deformation

Linear element: force proportional to rate of
deformation x; — x5.
f+fa=0
fa =—b(x — x3)
—fa=b(x1—x)=f
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c) Point Mass

*Perfectly rigid g m

*No dissipation L

x

e[ inear element

m¥(t) = f(t)
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Constitutive Relations for Spring,
Mass, Damper

Force- ~ Force- Impedance
locity displ Zu(s) = F(s) X(s)

Component

Spring

—|»—--v vir) ’
%ﬂm\‘ i finy = KJ v7)dr S = Kx(n) K
i 0
K

Viscous damper

——= x{{) dt{f:
0 ) = fiv{t) fin —_L.T hs
fi
Mas
x(f)

5

iy =M™ gy = 0 Ms?
. & ar?
M flny

Note: The following set of symbols and units is used throughout this book: f{r) = N
{newtons), x(f) = m (meters), vWr) = m/'s {meters MCOI'ILI'- K=N m (newtons mctcl’]‘_f-' e

Ex. Mass-Spring-Damper

mxX=f + f + f,
= f —kx—bx
mX+ bx+ kx = f

X9 1 k m D
W ek |
Y

Example 2.11 Transfer Function (Cramer’s Rule)
le1+b1)'(l+b3(X1—)'(2)+k1X1+kZ(Xl—X2)= f X
G(s)= 22
m, %, +b,%, +b; (%X, — %) + K%, + K, (%, =%, ) =0 8 F
(1jmlsz+(bl+b3)s+k1+k2 F
_ F —(b,;s+k,) 0
ms’® +(b, +b,)s+k, +k, ~(b,s+k,) {Xl}_{F} |ms?+ (b, +b,)s+k, +Kk, —(bs+k,)
~(b,s+k,) m,s* +(b, +h,)s+k, +ky | X, | [0 —(b,s+k,) m,s? + (b, +b,)s+k, +k,
UMY _I_L:[{] ) b35+ k2
% ms?+ (0, +by)s+k, +k, Jmys® + (b, +b)s+k, + k|- [bs+ k,
________________ AL 00 Al

e VA ”
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3-D.O.F. Trandational
Mechanical System
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Three equations of motion.

Rotational Mechanical Systems

Torque- Torqt..le-

angular Imped.
Component locity displ. Zyls) = Ti(s) o(s)
Tir) 8(n
Spring rt
g 0000 I 'n Tin = Kj wit)dr Ty = Ké(n) K
0
P

Viscous 7iy) g

damper %
g ke o =bew 10 =Dp%0 Ds
Sl Ek

Inertia MY/ fo(1) P 0(1)

1 Ty = 220 iy = g2 Js?
3

J

. ':*::;:m:f::rt.;.’m:m. r:;i:.::_ AL s (R %
Example 2.19 _
) _ Transfer Function (Cramer’s Rule)
J.0,+D,0, + K(«91 — «92) =
(1) Js*+Ds+K T
J<9+D8+K(6? 6’ =0 6= \T -K 0
T [3,8°+Ds+K -K
JS +Ds+K -~ —K 3,8 +D,s+K
-K J 52+DZS+K K
I &y @40 B X
= A o A=(3,5*+D,s+K)J,8? +D,5+K )-K?
NOEDL L OEDTEE ~oe DSty
Bearing \_. Bc-}t;ing D|
| (dlt] — () 27
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Example 2.20

é,(1) T() a-(1) (1)

3 N (N N 8
[E TN TE O
J,6,+D,0,+K(0,-0,)=1

Jzéz + D2(92 _93)"' K(ez _‘91) =0
J0,+D,(6,-6,)+ D6, =0

JS +Ds+K —K 0 o, [T
-K J,§ +Ds+K -D;s 0, =0
0 -Ds Js +(D,+Dy)s|6,] |0
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Gears / N,

Assume: o0 s
1- No losses.

2- Noinertia. N / z, 6,
3- Perfectly rigid.

Single velocity at point of contact 7,6, = 1,6,
Equal arc |ength T191 = Tzez
92_T1_N1_92_é2

91_T2_N2_91_é1
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Energy Balance
e Assumenolosses t,60; = 1,0,
7, 01 N é1 é"1
nw 6 N 6, b,
» Trade speed for torque

N, > N, : output side slower but delivers
more torque

N, <N, : output side faster but delivers
less torque
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Energy Storage

Trandation £ = [ fdx

Mass  E = fom (Gp) dx = fom (G) (&
= fovmvdv = %mv2

Spring E = foxkx dx = %kx2

Rotation

Inertia  E = %]wz

Spring  E = %KQZ

)dt

32




Energy Dissipation

» Power dissipated

e Trangation
P=fXxXv=>bvXv=hv?

 Rotation

P=1TXw=BwXw=Bw?
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Equivalent Inertia

2 2 z 7, 6
‘J2 a)l NZ N2

N,)  Equivalentto
N inertia on
2 output side

N1

E =;lef = ;Jza)z2

J.=J

e

no.teethof destination 2
no.teeth of source

7,

Effect of Loading Output Side on Input Side

N1

. T, 6 N %
A A R
Inertia NS ﬁﬂ
7,=J0,

&rl =J mél
N N,

. . 2
_ 5[ no. teeth of destination
no. teeth of source

Damper and Spring

Damper

T

=4=D
e 61

Soring

5 [Nljz _ D[no. teeth of destination

N, no. teeth of source

a_yg N, ’ _K no.teeth of destination
no.teeth of source

;
T
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Example (Special Case)

A D.=D (_\.2)_ D
Al =\ | T2
'r""{‘\iJH-n.'u Ny

1

1

(Jes2 +Ds+K )492(5) =T,(s) = (
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Example

Do N,

7,0m I:I
A
[]
[]

» Two equations of motion.
» Cannot simply add all rotational masses!
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Solution

Redraw the schematic with

(i) added “ €’ for elements (and variables)
moved, and (ii) gears removed.

Zo,Oro I:IDbe % a D
ATy
K
] O™

39

Gear Tran

SR

= ne
7, 1
Z-l r-]e

) Gt B
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TFsof Electromechanical Systems

* Electrical Subsystem

— Varies with motor type

— armature (rotor) conductors current i,

— field (stator) conductors or permanent magnet
* Mechanical Subsystem

— Varieswith load.

— Write equations of motion.

41

DC motor armature
(rotor)

DC motor.

National Instruments:
http://zone.ni.com/devzone/cda/ph/p/id/52
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Torque Equation

- Magnetic flux ¢ (if) Wb
e Forcef =Bli,

[ = conductor length /
B = magnetic flux density Z

i, = armature (rotor) current

T=fXr= qu(if)ia
Control
» Vary torque by changing i, OF if

43

Field Control

Changing ir and fixing i,
Back EMF (Faraday’s Law)

Voltage induced in moving coil proportional to the
rate of cutting of lines of magnetic flux.
vy = Blv = Blrw,,
i, 1sonly approximately constant through the use of
high resistance (inefficient)
€qa — Vp . €a

““T 7R, R,




Armature Control
* Changing i, and fixing ir
e Used in practice.
« KVL
[Lgs + Ryl +Vy, = E,
Vpy = KpQ(s) = K,s6(s)
[Lgs + Ry, + KpsO(s) = E,
T(s) = Kilo(s)
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Schematic

7
Q .
, D

Jl, Dl mjz Ma—
L 02 N K
2

6

M echanical Subsystem

Equations of motion for rotational system

N\ N\ N,
K, =K N_2 yDye = Dy N_z J2e = J2 N_z

3,0, +DO,+K (6,-6)=1=K|i,
‘J2e9‘II_ + D2e9I'_ + Ke(HL _01): 0

76| mmD;, Premm
Ke

)2
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|

Matrix Form
[Lgs + Ry, + KpsO(s) = E,
3,0,+D,6,+K (6,-6, )=7 =K,
3,0, +D,0, +K (6, -6,)=0

K,S 0 L.s+R, | 6,
J, s +Ds+K, -K, -K, | ©,|=
-K, J,.8°+D,.s+K, 0 I,




Transfer Function

59O _OLN/N,

Evauation of Motor Parameters

Dynamometer measure speed & torque for constant e,
Dynamometer Test gives speed-torque curves

E E _
K.s E Ls+R Assume J,,,, D,,, supplied by manufacturer
(N/ NZ)(lJJ152+Dls+ K, 0 -K
=k, 0 o Tstau =
- K,S 0 Ls+R, Tstau=stall torque
IS +Ds+K, K, K, : ~ e=100V Wy =no-load speed
-K, J,S+D,s+K, 0 : 3°
_ (N,/N, KK,
(L,s+ Ra)[(.]ls2 +D,s+ KEXJZGSZ +D,. s+ Ke)— Kez] + Kths(.]ZQS2 +D,. s+ Ke)
49 Speed (rad/s) wn 1 50
Solve for Parameters Transfer Function
R, i -+ Kba) = e E —K.Q
R Lo(s) = Ea@ = KonS) 0 o)

| KyK; K, =
T =K;i, =— wm + = )eq
Rq Rq €a Vo

o Stall torque: w,, = 0

T _ &e:ﬁz’rstall B
stall Ra a Ra e,

* No-load speed: T = 0
ea ea
== K = —
Wny K, b .

51

R,
E.(8) —Ky2,,(8)
R,

_Qn(9_  (KJR)
PO E (9 Tas DK RK,

(J.5+D,)Q,.(s) =K,I,(s) =K,

Tonlpm o 00
Ja JLe

J.=J,+J
D.,=D,+D

52




Linearity
(i) Homogeneity r - ¢ = ar — ac
(i) Additivity
rn-oc,i=12=>r+nr-c+c
o Affine y(x) =ax+b
y(ax) = aax + b # ay(x)
y(xp +x2) = alxy +x2) + b # y(x1) + y(xz)

53

Nonlinearities

Amplifier saturation Motor dead zone Backlash in gears

fix)

=
=

fix)
'

==

Input Input Input

Output
Output

Output

© John Wiley & Sons, Inc. All rights reserved.

Linearization
1st order approximation (in the vicinity of x;)

O = fxo) + g] Ax + 0(Ax?)

Ax = x — xq f(x)
Af = f(X) - f(xO) f(xo) -
~ Y
dx N Ax 40
for small Ax i X
Af _ mAx 0 2 4x0 6 8
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Equilibrium Point
» System at an equilibrium stays there unless perturbed.
» Set al derivatives equal to zero for equilibrium.
dnC dn 1

dc
w+an e 1+ +a1d—+f(c)—r

equilibrium
——f(c) =19

» 1p=Vvalue of forcing function at equilibrium ¢,
» Cancel constants f (c,) and ry
d™c d"1c
W-l_a” ey + +a1—+f(c) f(cy) = Ar

f(e) — f(co) = apAc, Ar =71 -1y
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In the Vicinity of the Equilibrium

Special case: nonlinearity in output ¢ only

dAc d(c C) _ % Smilarly d—A.C:dG,i:LZ,m,n
dt dt dt d' dt'

d"Ac d""Ac dAc
+a ta——+ f(c)-f(c,)=r—-r,=Ar
at” A dt (€)= 1(c) o

1st order approximation

Linearized Differential Equation

d"c d" 1c dc
g T -1 gt +a1—+f(c)—r

equlllbrlum
—f(co) =19

d"Ac d™*Ac dAc df
A, et +AC=Ar, 8, =
dt dt t dcl,,

Linear: can Laplacetransform to get the TF
AC 1

d"Ac d""Ac dAc df =2
g &gt TR e Ac= Ar = R+ a_s"t+a "% +a,5+a,
Co
Example: Pendulum
Procedure
_ o _ Moment of inertia] = ml? LB
1. D_etermmg the equmbrlum_ poi r_1t(s). Equation of Motion
2. Find thefirst order approximation of all ) . _ 6 T
: : J6 + BO +mglsinf =t
nonlinear functions.
3. Rewrite the system differential equation in * Linearize about 6= 30° | S
terms of perturbations canceling the « Equilibrium at 6= 30° mgsin(0) mg

constants using Step 1.
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mglsin30° =1y = 1ty = mgl/2
JAG + BAO + mgl sin(30° + Af) = 1, + At
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Linearization
» Using Trigonometric I dentity
sin(30° + A6)=sin(30° Jcos(A#) + cos(30° )sin(A H)
~12+(J/3/2)r0
cos(Af)=1 sin(Af)=Al
» Using 1st order approximation formula

sing = sin(30°) + dsing
d6

A6 =sin(30°) + cog30°)A6
30°

JAG+BAO+mgl [V2+(V3/2)A0] =7, +AT
JAG +BAO+mgl (V3/2)A0 = AT
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Potentiometer

10 turns Hov
1lturn=2mrad

20V

Pot Gain=20/(10 X 27) oV

= (Un) Virad
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Fluid Systems
Linearized Model = q
h=Rq O
Conservation of Mass h s
ach_ _o- H[
dt _Q+qin Q q d,
C=Area
C@Zqin_D:>T@+h:qun
adt R dt
h(ss) R

Gn(5)  75+1
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