8.2 Shear and Bending-Moment Diagrams: Equation Form
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1. Express the shear V and bending moment M as functions of x, the distance from
the left end of the beam to an arbitrary point on the beam. Plot V and M vs. x.

9 kip 6 kip
Y Y
A% B
3ft——==—"—""51t 7ft———
X
@ Draw a free-body diagram and find the reactions.
9 kip 6 kip
Y y
A
R, 3t 51t 7 ft Rp

+IZF, =0: Ry — 9 kip — 6 kip + Rg =0

(+=M, = 0: —(9 kip)(3 ft) — (6 kip)(3 ft + 5 ft) + Rg(3 ft+ S ft + 7 ft) = 0

Solving gives

R, =10 kip and Rg =5 kip
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@ Pass a section through the beam at a point between the left end and the 9-kip force.

\ 9 kip 6 kip
7)(4‘?
| Y Y
A | B
|
R, =10 kip 3ft——=—=——"—""51t 7 ft Rg =5 kip
0<x<3ft

@ Draw a free-body diagram of the portion of the beam to the left
of the section and find V and M at the section.

% X ﬂ
A A: ) M (sign convention: M positive counterclockwise, on right end of section)

R, = 10 kip +IZF, =0: 10kip— V=0

V (sign convention: V positive down, on right end of section)

(+SMx =0: —(10 kip)x + M =0
Solving gives
V =10 kip and M = 10x kip-ft

valid for 0 <x <3 ft.
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@ Pass a section through the beam at a point between the 9-kip force and the 6-kip force.

9 kip \ 6 kip
X—ﬁ
| y
A | B
|
R, =10 kip 3ft——==———"""51t 7 ft Rg =5 kip
3ft<x<8ft

@ Draw a free-body diagram of the portion of the beam to the left
of the section and find V and M at the section.

9 kip

3 ft

+TZF, =0: 10kip— 9 kip— V=0
(+=Mx = 0: —(10 kip)x + (9 kip)(x =3 ft) + M =0
Solving gives
V =1 kip (3)
M = (x +27) kip-ft 4)

valid for 3 ft <x < 8 ft.
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@ Pass a section through the beam at a point between the 6-kip force and the right end of the beam.

9 kip

6 kip \

]

3 ft

Eft<x <15 ft

~5ft

Draw a free-body diagram of the portion of the beam to the left

of the section and find V and M at the section.

7 ft

+TZF, = 0: 10kip -9 kip - 6 kip— V=0

X
9 kip 6 kip (+3Mx = 0: —(10 kip)x + (9 kip)(x — 3 ft)
M +(6kip)(x—8ft) +M=0
Y Y )
A ‘ Solving gives
3 ft 5 ft (x—8ft)— v V=-5kip
R, = 10 kip (x -3 1) M = (=5x + 75) kip-ft

valid for 8 ft <x < 15 ft.

)
(6)
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Collect the results from Egs. 1-6:

0<x<3ft V =10 kip \
M = 10x kip-ft
3ft<x<8ft V=1kip
> «Ans.
M = (x + 27) kip-ft
gft<x<15ft V=-5kip

M = (-5x + 75) kip-ft j
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@ Plot V and M versus X.

9 kip 6 kip
Y Y
A B
3 ft———=——5ft 7 ft ,
Ry =10kip Rg =5 kip
10
\Y%
(kip)
1
X
-5
M
(kip-ft) 35
30
X
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2. Express the shear V and bending moment M as functions of x, the distance from
the left end of the beam to an arbitrary point on the beam. Plot V and M vs. x.

R T T T Y T

A Q'\ 20 N'm

14 m

—=X

@ Draw a free-body diagram and find the reactions.
14 m

=7m -
2 | Resultant = (2 N/m)(14 m) =28 N
R T T A T Y T
M (:2) ~ Q 20 N-m
’ T— S - 14 m
Ry h @ A couple-moment reaction must always be
+ IF,=0: Ry —28N=0 included at a built-in end of a beam.

(+ =M, =0: M, — (28 N)(7m)+20 N-m=0
Solving gives

Ry =28 Nand M, =176 N-m
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@ Pass a section through the beam at an arbitrary point (located by x)

X —=]
l l l ‘ 2 N/m
R S T
d}) i 20 N'm
MA =176 N-m L ‘
‘ 14 m
RA =28 N
0<x<14m
@ Draw a free-body diagram of the portion of the beam to the left +TSF, =0: 28 N-2x -V =0

of the section and find V and M at the section. X
(+SMx=0: 176 N-m — 28x + (5)2N/m)(x) + M =0

——

Resultant = (2 N/m)(x) [~ Solving gives

X
2
l l Y l ) M V=(-2x+28)N <«Ans.
v

*4)

M, =176 N-m ?

M = (—x* + 28x — 176) N-m «Ans.

X valid for 0 < x < 14 m.
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IR S T R N

@ Plot V and M versus Xx.

M, =176 N-m XA) Q
14 m |
RA =28 N
28
\Y
(N)
M
(N-m) L 20

-176
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3. Express the shear V and bending moment M as functions of x, the distance from
the left end of the beam to an arbitrary point on the beam. Plot V and M vs. x.

:

I T N

10 Ib/ft

=

7 ft

4(>X

@ Draw a free-body diagram and find the reactions.

10 ft

R
* SF,=0: Ry~ 1001b+ Ry =0

(+SM, = 0: —(100 Ib)(7 ft + 5 ft) + Rg(7 ft + 10 ft + 3 ft) = 0

Solving gives

RA:40 Ib and RB:6O Ib

0ft g Resultant = (10 Ib/f)(10 ft) = 100 Ib
- O sh
I N N I T
7 ft 10 ft 3 ft
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Pass a section through the beam at a point between the left end
of the beam and the beginning of the distributed load.

‘ 10 Ib/fi
X —=
l N T R I
A |
7t 10 fi 3 fi
R, =40 1b Rg =60 b

0<x<7ft

@ Draw a free-body diagram and find the reactions.

+TZF, =0: 401b-V =0

M
% ) (+SMy=0: ~(40 Ib)x + M =0

—X

\ Solving gives
V=401b (1)
M = (40x) Ib-ft (2)

valid for 0 <x < 7 ft.
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@ Pass a section through the beam at a point between the
beginning and end of the distributed load.

x =
i 10 Ib/ft
TR SR T T T
A \ B
|
~ 7 ft - 10 ft - 3ft——
R, =401b Rg=601b
Ti<x<I17ft
Draw a free-body diagram of the portion of the beam to
the left of the section and solve for V and M at the section. +T2Fy =0: 401b— (10 Ib/ft)(x — 7 f)— V=0

x— 7 ft
Resultant = (10 Ib/ft)(x — 7 ft) 2

(=M = 0: —(40 Ib)x + [(10 Ib/f)(x — 7 ft)]

x (X_27ft)+M=O

'y \
Y ) Solving gives

V= (=10x + 110) Ib 3)

. M= (-5x*>+ 110x — 245) Ib-ft  (4)

valid for 7 ft <x < 17 ft.
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Pass a section through the beam at a point between the right end
of the distributed load and the right end of the beam.

X =
10 1b/ft ‘
R R
A
|
7 ft 10 ft 3ft—
17 ft<x <20 ft
Draw a free-body diagram of the portion of the beam to the left
of the section and solve for V and M at the section.
10ft _ 5 f Resultant = (10 1b/ft)(10 ft) = 100 Ib
2
S R
7 ft 10 ft
x—17ft| V
X
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+TZF, =0: 401b-1001b-V =0

(+=M, = 0: —(40 Ib)x + (100 Ib)[(x — 17 ft) + 5 ft] + M =0
Solving gives
V=-601b (5)
M = (—=60x + 1200) Ib-ft (6)

valid for 17 ft <x <20 ft.

@ Collect the results from Egs. 1-6:

0<x<T7ft V=401b X
M = 40x 1b-ft
Tit<x <17 ft V=(-10x+ 110) Ib
> «—Ans
M = (=5x2+ 110x — 245) lb-ft
17 ft<x <20 ft V=-601b

M = (—60x + 1200) Ib-ft /
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@ Plot V and M versus x.

10 Ib/ft
N D T I
A B
7 ft 10 ft 3 ft
R, =401b Rg=601b
v
(Ib) |40 40
X
360 —60 —60
M
(Ib-ft) 280

180
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4. Express the shear V and bending moment M as functions of x, the distance from
the left end of the beam to an arbitrary point on the beam. Plot V and M vs. x.

[ { [ §
A ) ) e
, 27 kip-ft 18 kip-ft )
E3 ft 5 ft —— Tf—————
X

@ Draw a free-body diagram and find the reactions.

paN paN
A f 0) I o)
27 kip-ft 18 kip-ft
Ry 3ft 5 ft —— 7 ft Ry

+IZF, =0: Ry +Rp =0
(+SM, =0: Rg(3 ft+ 5 ft + 7 ft) — 27 kip-ft — 18 kip-ft =0
Solving gives
R, =-3 kip =3 kip ¥
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@ Pass a section through the beam at a point between the left end and the 27 kip-ft

moment couple.

’—X—>‘
| 7\ pamN
A L 0) f .)
| 27 kip-ft 18 kip-ft
3 ft 5 ft 7 ft
Ry =3kip ¥ a |
0<x<3ft

@ Draw a free-body diagram of the portion of the beam to the left
of the section and find V and M at the section.

(+SMx =0: (3kip)x + M =0

—x SF, =0: 3kip-V =0
AT M 0k
A%

R,=3kip Y Solving gives
V =-3kip (1)
M = -3x kip-ft ()

valid for 0 <x <3 ft.
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Pass a section through the beam at a point between the
27 kip-ft and 18 kip-ft moment couples.

— -
7~ N\ | 7\
A I o ‘ [ o) B
27 kip-ft | 18 kip-ft
31 5 ft 7 ft _
Ro=3kip ¥ ‘ Rp =3 kip
3ft<x<8ft

@ Draw a free-body diagram of the portion of the beam to the left
of the section and find V and M at the section.

+IZF, =0: -3 kip-V=0

X

)27 kip-ft o
Solving gives
=3 ft x-3ft—— V

Ry =3kip ¥ V=3 kip
M = (-3x + 27) kip-ft

valid for 3 ft <x < 8 ft.

) M
A I e | (+SMy = 0: (3 kip)x — 27 kip-ft + M = 0

3)
(4)
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Pass a section through the beam at a point between the 18 kip-ft
moment couple and the right end of the beam.

| X ]
‘ paN paN |
A [ 0) [ 0) \ B
27 kip-ft 18 kip-ft \
3 ft l 5 ft 1 7 ft .
Rg =3 kip
3ft<x<8ft

@ Draw a free-body diagram of the portion of the beam to the left 1 AL v
of the section and find V and M at the section. XFy=0: =3kip-V=0

X 4 {+3Mx =0: (3 kip)x — 27 kip-ft — 18 kip-ft + M =0
{ 4 |
A b ) b ) | Solving gives
27 kip-ft 18 kip-ft ‘
3 5 f \Y V =-3kip (5
R, = 3 kip M = (=3x + 45) kip-ft (6)

valid for 8§ ft <x < 15 ft.
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Collect the results from Egs. 1-6:

0<x<3ft V =-3 kip
M = -3x kip-ft
3ft<x<8ft V=-3kip
<Ans.
M = (-3x + 27) kip-ft
ft<x<15ft V=-3kip

M = (=3x + 45) kip-ft
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@ Plot V and M versus x.

pamN pamN
A [ 0) [ 0) B
27 kip-ft 18 kip-ft
3 ft 5 ft 7 ft
Y : o Rg = 3 kip
R, =3 kip
\%
(kip) X
-3 -3
21
18
M
(kip-ft)
3
X
-9
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5. Express the shear V and bending moment M in the horizontal portion ACDB of
the beam as functions of x, the distance from the left end of the beam to an
arbitrary point on the beam. Plot V and M versus x.

4 kip 4 kip

| | |
e A T
t;ft 2 ft 4 ft 2 ft 2 ft —=

@ Draw a free-body' diagram and find the reactions. +T2Fy —0: Ry —4kip—4kip+Rz=0
4 kip 4 kip
f+ZMA =0: —(4 kip)(2 ft) — (4 kip)(10 ft)

+Ry(12 ft) =0

\
' B Solving gives

| | |
Rp=4ki
ft«Lth«p4ft#2ftJ»2ft A P

R
5 Ry = 4 kip




8.2 Shear and Bending-Moment Diagrams: Equation Form Example 5, page 2 of 6
@ Pass a section through the beam at a point between the left end and the attachment point for the first arm.
4 kip 4 kip

A

| \ \ |
| |
-2 fi 2 ft 4 ft 2 ft 2 ft

R, =4 kip Rp =4 kip

B

0<x<4ft

@ Draw a free-body diagram of the
portion of the beam to the left of the

section and find V and M at the +T2Fy =0: 4kip-V=0
section. Note carefully that the 4-kip

force on the left arm does not act on (+SMx =0: —(4 kip)x + M =0
this free body.

Solving gives

V =4 kip (1)

M
Al | ) M = 4x kip-ft 2)
XJV valid for 0 <x <4 ft.
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@ Pass a section through the beam at a point between the attachment points of the two arms.

4 kip 4 kip

]
|

\ \
Al B
=—2 ft 2 ft 4 ft 2 ft 2 ft
R, =4 kip Rg =4 kip
4 ft<x <8 ft
Draw a free-body diagram of the portion of the beam to
the left of the section and find V and M at the section. +T2Fy =0: 4kip—4kip-V=0

4 ki
P (+XMx = 0: —(4 kip)x + (4 kip)(x —4 ft + 2 ft) + M =0

Solving gives

| M =
N | | ) V=0 3)
M = 8 kip-ft )
~—2 ft 2 ft X —4 ft —

valid for 4 ft <x < 8 ft.

<
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Pass a section through the beam at a point between the point
of attachment of the right arm and the right end of the beam.

4 kip 4 kip
X 4>{

|
A] ‘ ‘ | i ' B

|
Loodand L
~—2 ft 2 ft 4 ft 2 ft 2 ft

Ry =4 kip Rp =4 kip
ft<x <12t

Note that the 4-kip force on the right arm acts on the free

body.
Draw a free-body diagram of the portion of the beam to // +T2Fy =0: 4kip—4kip—-4kip—-V=0
the left of the section and find V and M at the section. /
4 Kip 4 kip (+=Mx = 0: —(4 kip)x + (4 kip)(x — 2 ft)
X + (@ kip)(x—-10ft) + M =0
‘ ‘ Solving gives
| M

Al | ) V = -4 kip 5)
-2 ft J»z fi 4t -2 lx Con M = (—4x + 48) kip-ft ©6)

valid for 8 ft <x <12 ft.
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@ Collect the results from Egs. 1-6:

0<x<4ft V =4 kip
M = 4x kip-ft
4ft<x<8ft V=0kip
<«Ans.
M = 8 kip-ft
ft<x<12ft V=-4kip

M = —4(x — 12) kip-ft
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@ Plot V and M versus x.

A

4 kip

4 kip

| 4#44
——2ft 2 ft 2 ft 2 ft

R, =4 kip Rp =4 kip
\Y P 9 @ Note that the jumps in the diagrams occur at the
(kip) 4 e / attachment points of the arms, not at the points where
e / the 4-kip external loads act.
X
/
/
/ —4
/
/
16 16
/
M /
(kip-ft)
8 8




8.2 Shear and Bending-Moment Diagrams: Equation Form Example 6, page 1 of 8

6. Express the shear V and bending moment M as functions of x, the distance from
the left end of the beam to an arbitrary point on the beam. Plot V and M vs. x.

4 kN 8 kN

Hinge
N

2m———=f~—2m

2m 2m——
=X
@ Draw a free-body diagram and find the reactions. 4 kN 8 kN
Hinge
S
A C
I’
R 2m | 2m ! 2m ! 2m
A Ry Re
+TZF, =0: Ry +Rg—4kN-8kN+R.=0 O
(+3M, = 0: Rg(2 m)— (4 kN)(2 m +2 m)
> Two equations but three unknowns.
—(8kN)2m+2m+2m) An additional equation is needed.

+Re2m+2m+2m+2m)=0 2
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Pass a section through the beam at a point

immediately to the right of the hinge. 4 kN 8 kKN
Hinge - ‘
~ - ‘
A \ B |
-—2m————=~—2m———==———2m————~————2m————=

Draw a free-body diagram of the portion of
the beam to the right of the section.

/MZO
e

Because the section is next to a hinge,
the moment is known to be zero there

v
|
\

(that's what we mean by a "hinge").

@ Write the equilibrium equation for the sum of moments about the hinge.

(+ EMyige = 0: ~(8 KN)2 m) + Re(2 m +2 m) =0 (3)

Note that we don't use the equation ZF, = 0, because this equation
would introduce an additional unknown, the shear V at the hinge.
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Solving Egs. 1-3 gives

R,=-8kN=8kN
Rg=16kN T

Ro=4kN T

Pass a section through the beam at a point
between the left end and the reaction at B.

4 kN 8 kN
Hinge-~
— X ~ \@ Y
A | C
| B
2m 2m 2m 2m
vRA=8kN Rp =16 kN Rc=4kN
0<x<2m +12F, =0: -8kN-V =0
Draw a free-body diagram of the portion of the beam to (+3ZMx=0: (8kN)x +M =0
the left of the section and find V and M at the section.
Solving gives
-~ x —] " gg
N Vs @
\Y%
M = (—8x) kN'm (5)
Vo _
Ry=8kN valid for 0 <x <2 m.
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Pass a section through the beam at a point
between the the reaction at B and the hinge.

4 kN 8 kN
\ Hinge .
| x = T
A | c
B
2m 2m 2 m4J—72 m
"Re —sin Rp =16 kN Rc=4kN
2m<x<4m
Draw a free-body diagram of the portion of the beam to
the left of the section and find V and M at the section.
-
‘ M
A +TZF, =0: -8 kN+16kN -V =0
B
5 g T v (+IMx = 0: (8 kN)x — (16 kKN)(x —2m) + M =0
vRA =8 kN |RB =16 kN Solving gives
V=8 kN (6)
M =(8x —32) kN'm (7)

valid for2 m<x <4 m.
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Pass a section through the beam at a point
between the hinge and the 8-kN force. 4KN 2 kN

X —

|
|
!

Hinge — \@
A

2m dm— = 2m ==~ 2m——]

YR, =8kN Ry = 16 kN Ro=4kN

4dm<x<6m

Draw a free-body diagram of the portion of the beam to +12Fy =00 _8kKN+16kN-4kN-V=0

the left of the section and find V and M at the section. §+ZM — 0 (8 kN)x — (16 KN)(x — 2 m)
4kN +(@KN)x—4m)+M=0
X
Hinge — __ ﬂ Solving gives
)
A V =4kN (8)
B \%

) 27m 2’m M= (4x — 16) kKN'm 9)

Ry=8kN Rp =16 kN valid for4 m <x <6 m.
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Pass a section through the beam at a point between
the 8-kN force and end C of the beam.

4 kN 8 kKN
X —=
Hinge— __ |
A C
SN SR N
2m 2m 2m 2m
vRA=81<N R =16 kN Rc=4kN
6m<x<8m
Draw a free-body diagram of the portion of the beam to the Y F. =0: —8 kKN + 16 kN —4 kN
left of the section and find V and M at the section. Y _8KN-V=0
ik . (X My = 0: (8 kKN)x — (16 kN)(x — 2 m)
N N + (4 kKN)(x — 4 m)
X M +(BkN)(x—6m)+M=0
Hinge— __ Y : .
b Solving gives
A |
B =_
v V=-4kN (10)
2m 2m 2m M = (—4x + 32) kN (11
YR, =8N Ry = 16 kN X o

valid for6 m <x < 8 m.
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@ Collect the results from Eqs. 4-11:

0<x<2m V=-8kN \
M = -8x kN'm
2m<x<4m V=8 kN

M = (8x — 32) kN'm
> «Ans.
4dm<x<6m V=4kN

M = (4x — 16) kN'm

6m<x<8m V=—4kN

M = (=4x + 32) kN'm /
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@ Plot V and M versus X.
4 kN 8 kN

’ )
2m | 2m 2m 2m
vRA=8kN Rg =16 kN Rc=4 kN
\Y
(kN) 8 8
4 4
X
—4 —4
-8
M 8
(kN-m)

-16
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7. Express the shear V and bending moment M as functions of x, the distance from

the left end of the beam to an arbitrary point on the beam. Plot V and M vs. x.

20 kip

4 kip/ft

Hinge -
0

~—5ft

—=X

51t

@ Draw a free-body diagram and find the reactions.

| 20 kip

8 ft
2

- S g

1

8 ft

5 ft 51t
T Hinge — _ . Y
v oA)
A .
- A couple moment must always be 8 ft
R included at a built-in end of a beam.
A

+P2F, =0: Ry, —20kip-32kip+Rg=0

(=M, = 0: M, — (20 kip)(5 ft) — (32 kip)(5 ft + 5 ft + 4 ft)

+Ry(5ft+5ft+8ft)=0

Resultant = (4 kip/ft)(8 ft) = 32 kip

Ry

Two equations but three unknowns.
An additional equation is needed.



8.2 Shear and Bending-Moment Diagrams: Equation Form Example 7, page 2 of 7
@ Pass a section through the beam at a point immediately to the right of the hinge.

20 kip %%ﬂ“‘ﬂﬂ

o R TI

5 ft —= 51t - 8 ft

Resultant = (4 kip/ft)(8 ft) = 32 kip

R
Draw a free-body diagram of the portion of ~— 4 ft Resultant = 32 kip
the beam to the right of the section. l l
- M=0 '
@ Because the section is next to a hinge, - B
the moment is known to be zero there
(that's what we mean by a "hinge"). \4 8 ft
Rg

@ Write the equilibrium equation for the sum of moments about the hinge.

CHIM = 0: (32 kip)(4 ft) + Rp(8 ft) = 0 3)

Note that we don't use the equation ZF, = 0, because this equation
would introduce an additional unknown, the shear V at the hinge.
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@ Solving Egs. 1-3 gives

R, = 36 kip

M, = 260 kip-ft

Pass a section through the beam at a point between
the left end and the 20-kip force.

20 kip 4 kip/ft
| X >‘ H
M,=260kipft | Y e l l l
D) ; )
A
5 fi 5 1t 8 fi
R, = 36 kip R = 16 kip

O<x<3it A3, = 0: 36 kip— V=0

Draw a free-body diagram of the portion of the beam to (+Mx = 0: 260 kip-ft — (36 kip)x + M =0
the left of the section and find V and M at the section.
M, =260 kip-ft

‘) | M V =36 ki (4)
o b p

Solving gives

pa M = (36x — 260) kip-ft  (5)

R, =36 kip valid for 0 < x <5 ft.
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Pass a section through the beam at a point between
the 20-kip force and the hinge.

20 kip 4 kip/ft
| X = Hi
M, = 260 kip-ft | L l l l
A T I ;
5 ft I 5 ft I 8 ft

5ft<x<10ft

Draw a free-body diagram of the portion of the beam to
the left of the section and find V and M at the section.

20 kip +T2F, = 0: 36 kip—20kip— V=0
(\MA =260 kip-ft §+2My = 0: 260 kip-ft — (36 kip)x + 20 kip(x — 5 ft) + M =0
D) Dk
1 " Solving gives
5 ft
\ \% V =16 kip (6)
ki i )
R, =36ki
. p M = (16x — 160) kip-ft (7)

valid for 5 ft <x < 10 ft.
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Pass a section through the beam at a point between
the hinge and the right end of the beam.

20 kip
X = 4 kip/ft
M, =260 kip-ft Hinge~ l l l
D) e
b A | B
5 ft 5 ft ‘ 8 fi ‘
R,, = 36 kip R = 16 kip

10 ft<x <18 ft

Draw a free-body diagram of the portion of the beam to
the left of the section and find V and M at the section.

Resultant = (4 kip/ft)(x — 10 ft)

'
Aa

20 kip x—10 ft ——
2
M, = 260 kip-ft Y
L Hinge— — /]
51t

>

+1'ZF, = 0: 36 kip — 20 kip
— (4 kip/ft)(x — 10 ft) - V=0
(+ZMx = 0: 260 kip-ft — (36 kip)x + 20 kip(x — 5 ft)
+ (4 kip/ft)(x — 10 ft)( X—zl(’ft)
+M=0
Solving gives
V = —4x + 56 kip (8)
M= (-2x*+ 56x — 360) kip-ft  (9)

valid for 10 ft <x < 18 ft.
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Collect the results from Eqgs. 4-9:

0<x<S5ft V =36 kip
M = (36x — 260) kip-ft
S5ft<x<10ft V=16kip
<«Ans.
M = (16x — 160) kip-ft
10 ft<x <18 ft V= (—4x+ 56) kip

M = (-2x* + 56x — 360) kip-ft
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@ Plot V and M versus x. 20 kip

4 kip/ft
X—/=
_ . Hinge . l l l
+ l;/IA 260 kip-ft Y \\@
Ao B
5 ft 51t 8 ft
R, =36 kip Rg =16 kip
36 36
v
(kN) 16 16
-16
32,
M
(kN-m)
-80
-260
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8. Express the shear V and bending moment M as functions of x, the distance from
the left end of the beam to an arbitrary point on the beam. Plot V and M vs. x.

4 kN/m
2 kN/m

A b 5,
6m— S~ 6m |

4(>X

@ Draw a free-body diagram and find the reactions.

2 kN/m
2 kN/m
A T B
6m | 6 m
Ra Rg

@ Replace the trapezoidal distributed load by the sum of a rectangular and triangular load.
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@ Resultant of rectangular load @ Resultant of triangular load
1
= (12 m)(2 kN/m) =5 (12 m)(2 kN/m)
_ I =12 kN i
24 KN 4 =T 2 kN/m
JkNm - N " ~—1om— !
F 12m %T
@ i(6m+6m)=4m
| B 3
L A j (acts through centroid of triangle)
| 6 m |— 6 m \@ 6m—-4m=2m
RA RB

+1ZF, =0: Ry —24 kN - 12kN +Rp=0
(+3¥M, =0: —(12kN)(2 m) + Rg(6 m) =0
Solving gives
R, =32kN

Rp =4 kN
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Pass a section through the beam at a point between the left end
and the support at A.

X —

2 kN/m

4 kN/m

0<x<6m

6m

|RA=32kN Rp=4kN

9 Draw a free-body diagram of the portion of the beam to the left
of the section and solve for V and M.

2 kN/m

o

PR

"

w = distributed load (kIN/m) at location x

v
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Before we can solve for V and M, we have to express w as a function of x. This can be done
by noting that w is a linear function of x and then using the slope-intercept equation for a line.

w W) (12 m, 4 kKN/m)
X, W
0, 2 kN/m
( ) ,Slope _ Intercept
x W=mx+b
4 kN/m -2 kN/m
= Dm—0 x +2 kN/m
X
= ?+2 (1)

Now the distributed load on the free-body of length x can be
replaced by the resultant of a rectangular and triangular load.

@ Resultant of rectangular load P /@ Resultant of triangular load
\ —

_—

Free-body diagram \\ = (2 kN/m)x X r - %
2

_ 77 _ ‘

=" FHVDM

(w—2)

2 kN/m
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(13) +12F, = 0: ~(2 kN/m)x - Fw-2)-V=0
(+3SMx=0: (2 kN/m)(x)(%) + [%(w - 2)(%)] +M=0

Replacing w in these equations by w = (x/6) + 2 from
Eq. 1 and solving gives

V= (—f‘;—zx)kN )
M= (- 3"63 —x?) kN-m (3)

valid for 0 <x < 6 m.

Pass a section through the beam at a point between
the support at A and the support at B.

X —
4 kN/m
2 kN/m
|
AT | B
6m | 6m
R, =32kN Rp =4 kN

6m<x<12m
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@ Free-body diagram

aa

w(x)
2 kN/m

X—6m—=

6m

6m<x<12m

We can save some work if we note that this free-body diagram is identical to the
previous one except that an additional vertical force of 32 kN is present. This
increases the shear in Eq. 2 by 32 kN and the moment in Eq. 3 by (32 kN)(x — 6 m) so

2

V= (—q5 —2x+32)kN (4)
3

M= (-3¢ —x2+32x-192) kN-m (5)

valid for6 m <x <12 m.
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@ Collect the results from Eqs. 4-11:

0<x<6m  V=(-—x-20kN I

M= ( 1 x> — x%) kN-m

36
> <« Ans.
1

6m<x<12m V=(—?XZ—2x+32)kN

M=(—% = +32x-192)kNm
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@ Plot V and M versus x.

X 4 kN/m
2 kN/m
A B
A
6 m 6 m
R, =32kN R,=4kN
v 17
(kN)
—4 X
-15
2.03
M X
(kKN-m)







