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: Operators and Quantum Mechanicsas!l WailSia g & figall-1
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Table 1: Physical observables and their corresponding quantum
operators (single particle)
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+00 +00 2
<pf>= v ppdx = |y’ il pdx
2 Y OX

L&
(p?)= —hzTgu* aaTzer‘(kX“‘)dx

: Hermitian Operatorsasise ) < figal) -9
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A Il// Al//dV —I(Aw) wdv —< >*

)=
> jwade—J(aw)de—jawwdv < >*
)=
)=

>

aJ-l// wdv =a J-w wdv = < >* (9-2)
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i (sl 3a L i il Lagh il 255 Ol 3

<
<
<
<

A

jl//f,&wzdv :J-(A\Wl)*WZdV
[wraw,dv = [(ay,) w,dv

a, [wiw,dv —a; [y w,dv =0
(a,—a)) [yrw.d (a,—a])s5, =9
when 1 # ] =06,=0

th ne(a,—a ' )=(a,—a)=0

(9-3)
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. Hermitian adjoint operators iz g (8l il <l fise -11
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R

LS s 5 gn Al B e S (e
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N PN N
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Gl Ao Badinall jadiag pd Adalaa -12
- The time dependent Schroedinger equation and stationary states.
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1 _. 0

__. 0
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(12-1)
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A1) 1/

a - Jop
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where nﬁun(r) = Eu(r) (12-3)
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32




ciitdal) dzala — (palaall 48— IDal] daa) desa ) gESAY) (35N 5 paalaall) 2a8l) LSuilSia & pualaa

l//(X,O) — 3¢2 T 4¢9

\/ﬁ (ol Lillia EéJ

" Mie C_u.a'j (""“AM Aalad) doa gl AdJal) la

e, 0 - ot 2

W) = u(re "
y(r,t) = (3¢2 i %j e "

25
3¢, —ex  4g te
r,\t) = =e’" + =e
.t 25 25
when E. = nt® = nE, =

33




ciitdal) dzala — (palaall 48— IDal] daa) desa ) gESAY) (35N 5 paalaall) 2a8l) LSuilSia & pualaa
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ale -15
Jladay) L
Probability current.
“

Probability current :
Probability interpretation for the particle wave function: modulus square of it is a probability
to find a particle ina given place (probability density).
THUS: Integral over space has to give 1. However locally spacial probability density can change
with time. We can define the probability current, useful when discussing movement of particles

ot Ot ar ar 2m 2m

change of probability density with time (at a given place)
is related to the out-flow of the cuirent.

% b ® ® . -
i ANV Y -V VY)=—V ]
of 2m

. F * P ® r
i YV V) =R (VI LV )
2m m

p(F.t) ¥ Y .oV 50 AN R h . e
L AUELI SN S S 7o vAS A VA ) IR v LA VAR A8 VAT

S} P N | 4 : R
ih e =[- NV T (7)Y ih =[NV (F)]¥
ot 2m ‘ ot 2m
\ | w,
Unitary Operators
A linear operator whose inverse is its adjoint is called unitary. These
operators can be thought of as generalizations of complex numbers
whose absolue value is 1.
Ut =0t (63)
UUt=UU =1
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A unitary operator preserves the “lengths" and angles" between
vectors, and it can be considered as a type of rotation operator in abstract
vector space. Like Hermitian operators, the eigenvectors of a unitary
matrix are orthogonal. However, its eigenvalues are not necessarily real.

Postulates of Quantum Mechanics

In this section, we will present six postulates of quantum mechanics.
Again, we follow the presentation of McQuarrie [1], with the exception of
postulate 6, which McQuarrie does not include. A few of the postulates
have already been discussed in section 3.

Postulate 1. The state of a quantum mechanical system is completely

U(r,t
specified by a function ( )that depends on the coordinates of the

particle(s) and on time. This function, called the wave function or state

. . U (r, ) U(r, t)dr .
function, has the important property that Is the probability

that the particle lies in the volume element 4zlocated at xat time Z.

The wavefunction must satisfy certain mathematical conditions because
of this probabilistic interpretation. For the case of a single particle, the
probability of finding it somewhere is 1, so that we have the normalization
condition

f_m U (r, ) U(r, 8)dr = 1 (110)

It is customary to also normalize many-particle wavefunctions to 1.2 The
wavefunction must also be single-valued, continuous, and finite.

Postulate 2. To every observable in classical mechanics there
corresponds a linear, Hermitian operator in quantum mechanics.

This postulate comes about because of the considerations raised in

section 3.1.5: if we require that the expectation value of an operator Ais
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real, then Amust be a Hermitian operator. Some common operators
occuring in quantum mechanics are collected in Table 1.

Table 1: Physical observables and their corresponding quantum
operators (single particle)

T 2 }J ~}AJ &
ALl al ) - gall
’ P saaliall | jigall S
Positiong<a sl I £ Multiply by
MomentumAas_al) 4 P p | —h(IZ+iL+kE)

Kinetic energy

- - ﬁE 52 52 52
48 ad) Aauall T 7 —a(ﬁJraTﬁﬁ)

Potential energy

V(r) V() _ V(r)
Jaalel] AUl Multiply by
Hamiltonian 2/ a2 2 2
" H i E(E+EE)+VE
@3.\3.4\.@\
Total energy
d.1gt) AdUal) E E ih%
Angular momentum .
J I, [, —1ih (y% — zai)

g _lall g g 31 4S ) Aga
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(930 glaany)

T,

: El El
—1h1 (ZE — Ia)

¥

L. L | —ih(zZ —y2)

Postulate 3. In any measurement of the observable associated with
operator A, the only values that will ever be observed are the eigenvalues
2 which satisfy the eigenvalue equation

AT — o (111)

This postulate captures the central point of quantum mechanics--the
values of dynamical variables can be quantized (although it is still
possible to have a continuum of eigenvalues in the case of unbound
states). If the system is in an eigenstate of Awith eigenvalue 2, then any
measurement of the quantity Awill yield <.

Although measurements must always yield an eigenvalue, the state does

not have to be an eigenstate of Ainitially. An arbitrary state can be
AU, = o,T))

expanded in the complete set of eigenvectors of A( as

T =3 g0, (112)

i
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where may go to infinity. In this case we only know that the
a4 .
measurement of Awill yield one of the values , but we don't know which

d; . .
one. However, we do know the probability that eigenvalue  will occur--it

|ai?
Is the absolute value squared of the coefficient, (cf. section 3.1.4),

leading to the fourth postulate below.

An important second half of the third postulate is that, after measurement

a3 . . .
of wyields some eigenvalue , the wavefunction immediately

““collapses" into the corresponding eigenstate v (in the case that - IS
degenerate, then ¥becomes the projection of ¥onto the degenerate
subspace). Thus, measurement affects the state of the system. This fact
Is used in many elaborate experimental tests of quantum mechanics.

Postulate 4. If a system is in a state described by a normalized wave
function ¥, then the average value of the observable corresponding to
Ais given by

< A>= f_m U AUdr (113)

Postulate 5. The wavefunction or state function of a system evolves in
time according to the time-dependent Schrddinger equation

HU(r,t) = h— (114)

The central equation of quantum mechanics must be accepted as a
postulate, as discussed in section 2.2.
41



http://vergil.chemistry.gatech.edu/notes/quantrev/node15.html#subsub:eigf�
http://vergil.chemistry.gatech.edu/notes/quantrev/node9.html#sub:tdse�

ciitdal) dzala — (palaall 48— IDal] daa) desa ) gESAY) (35N 5 paalaall) 2a8l) LSuilSia & pualaa

Postulate 6. The total wavefunction must be antisymmetric with respect
to the interchange of all coordinates of one fermion with those of another.
Electronic spin must be included in this set of coordinates.

The Pauli exclusion principle is a direct result of this antisymmetry
principle. We will later see that Slater determinants provide a convenient
means of enforcing this property on electronic wavefunctions.
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