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Approaching: Sometimes we can't work something out directly ... but we can see what it should be as we get

closer and closer!
Example: (x* — 1)/(x — 1)

Let's work it out for x=1:

(1°-1)/a-1)=(1 - 1)IA-1)=0/0

Now 0/0 is a difficulty! We don't really know the value of 0/0 (it is "indeterminate"), so we need another way of

answering this.

So instead of trying to work it out for x=1 let's try approaching it closer and closer:

X x> — DI(x—1)

0.5 1.50000

0.9 1.90000

0.99 1.99000
0.999 1.99900
0.9999 1.99990
0.99999 1.99999

Now we see that as x gets close to 1, then (x>—1)/(x—1) gets close to 2

We are now faced with an interesting situation:

When x=1 we don't know the answer (it is indeterminate)

But we can see that it is going to be 2

We want to give the answer "2" but can't, so instead mathematicians say exactly what is going on by using the

special word "limit"

The limit of (x*—1)/(x—1) as x approaches 1 is 2
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DEFINITION Limit

We write

Assume [ is defined in a neighborhood of ¢ and let ¢ and L be real numbers. The
function f has limit L as x approaches c if, given any positive number g, there is a
positive number 6 such that for all x,

O0<|x—c|<éd=|f(x) - L|<e.

lim f(x) = L.

x—=c

Computing Limits

For real numbers b and c, and positive integers n:

Basic Limits
1. limb=b
2. limx=c

X—C

3. limx"=c¢"

X—C

Properties of Limits For functions f and g such that |XirTCl f (x)and 'Xing g(x) exist,

1. lim[bf (x)] =blim f (x)
2. Ixi_r)rg[f(x)ig(x)]:lxi_r)rg f()£limg(x)
3. Ixiirg[f(x)g(x)]:lxi_r)lg f(x)-limg(x)

X—>C

=eg(x)  limg(x)

f(x) _ lim f(x)

5. tim[ ("= [lim £ ()

6. limf (g(x)= f(lxigcu g(x))

L 2
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A. “Plug-Ins”

Using these basic limits and properties of limits, we can prove that the limit at ¢ of the following kinds of
functions can be evaluated by direct substitution of ¢ for x:

Polynomial Function
Rational Function with ¢ in its domain
Radical Function with ¢ in its domain

Trigonometric Function with c in its domain

Examples:
- - 3 2 - 2
I|m(3x+2): I|m(3x —2X +4): lim——=
x——3 x—1 Xx—>—4 X4+ 2
limyx+1= lim tanx =
x—8 xﬁ%
B. Rational Functions without c in their domain (“Single Holes”)
x3 -1
Example 1 Iirq 1 = Factor.
X! X —

Simplify.

Substitute c for x.
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. X2 =3x
Example 2 lim =

x—0 X

C. Functions with Radicals without c in their domain

vx+1-1

Examplel |lim———= Rationalize the numerator

x—0 X

using conjugates.

Simplify.

Substitute c for x.
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NX+1

Example 2 lim =

-3 X—4
Example 3
. 3_ . _ 2 .
i = i B - i (x? x 4+ 1) = 3
Example 4
lim VX+9=3 _ [im Yx+9-3 Vx+9+3 _ 5im x99 _ 1
x=0 X200 T Vx+9+3 . X0 xx+9+3) 67

Squeeze Theorem

If h(x) < f(x) <g(x)V¥x in an open interval containing c, except possibly at c itself, and if

limh(x)=L and limg(x) =L, then lim f (x) exists and = L. (see text p. 65)

D. Special Trigonometric Limits

. sinXx . 1-cosx
@ imdNX g and @)  lim=—2X_
x—0 X Xx—0 X

0

Examples of Use:

. _cos@tand . tan®x
lim———— = lim =
6—0 2 x—0 X
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Homework:
3

1- lim x*—2x2-8 2- lim (1+x)§ 3- lim V3x—3
X=2" 4 2_4 “x—0° x x=3" 4 3

4. lim Vx2+1-va?+1 lim 1( _ _) 6- Lim sin 3x
x—a x—a 2 x0- X “x+2 x>0

5. lim (x%-4) g. lim tan x g. lim Vx+h—x
xX—2" Vx=2 x—0" x h—0" h

One -sided limits (right-hand limits and left-hand limits)

Definition: we say the limits of the function f(x) as x approaches a from the right equals L if

givenany €> 0,3 a,d > 0 such that for all x,

a<x<a+§ Implies |f(x) — L| <€ denoted by ., m f(x) =L

Definition: we say the limits of the function f(x) as x approaches a from the left equals L if

givenany €> 0,3 a,d > 0 such that for all x,
a—68<x<a Implies |f(x) — L| <€ denoted by , ! f(x) =L

Note:

A function f(x) has a limit at a point a iff the right —hand and left- hand limits at a exist

and are equal

S f) =L o % fO) =L and g% f(x)

Example: find the limit of the function

x+1, x=>1
fx) = { 21, x<1}
as 1. x> 5 2. x> -5 3. x-1

sol: 1,05 f(x) =05 (x+1) =6
2. 47 f) = 308 (P - 1) =24

3.8/, M f) =, (x+1) =2
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b/ ™ f(x) =, (x2—-1) =0

Sl ) # I ()

Homework: Find the limit of the following functions:

x?, x>0
1—f(x)=4x3, —1<x<0
x+1, x < -1

f 1. x—>3 2. x—>—% 3. x>—-5 4x-0 5 x-—1

x% -1, x>1
2—f(x)=4x+1, 0<x<1
x3 -1, x <0

If 1. x-»>1 2. x—>§ 3. x»>—-6 4x-0 5 x-8

3-£(0) =4

Limits at infinity (limitsasx - © or x - —)

Def We say the limits of the function f(x) as x approaches infinity is a real number L
LM f(x) =L) ifgivenany €> 0,3 M > 0 such that for all x,

M < x Implies |f(x) — L| <€

Def: We say the limits of the function f(x) as x approaches negative infinity is a real number L
(ol f(x) =L) ifgivenany €> 0,3 N < 0 such that for all x,

x <N Implies |f(x) —L| <€

Theorem: if f(x) =k for any no. k

1- 4™ k= U7 k = ksuch that kis constant

if Amf(x)=L and, " g(x)=M ,then:

Mustansiriyah University - College of Basic Education - Department of Mathematics Page 7

L

L 4



Differentiation

Chapter three: Limits and continuity

Fall 2017

A 4

) S8 () F g() = ATF ) F LT

i) (). g() = R A .

im F) _ AR L

iv . = = =— M#*0
N R¥ gx)  Gimgx) M’
lim Sinx
V) X3 00" =0
X

. lim COoS X _
Vi) xSee—— =

. 1
vii) xﬁi,’;.; =0

Ex: Find the limits of the following functions:

X
1 m X _ um _x__ um 1 _1

4
X
2 3

2 3 lim
lim 2%%4+2x=3 _ im 2t xooo (27—

— lim o 4 4
1+;+x—2 x—»oo-(1+;+x_2

2. . = . =
X720 x244x+4 X2

H.W: Find the following limits:

1 lim 3x*—x?
“x—o00-" x4—1
lim sin x
2- 402+ =)
lim 3%%—5x%+x
3 ameo T

Infinite limits

Def: We say the limits of the function f(x) as x approaches a (a € D) is infinity
(M f(x) = ) ifgivenany M > 0,3 § > 0 such that for all x, such that

xX—a

VX€E€Ds, 0<[x—al<§ implies f(x)>M

Def: We say the limits of the function f(x) as x approaches a (a € Df) is -infinity

lim

gx)=L+M

gx)=L.M

(A% f(x) = —o0) ifgivenanyM < 0,3 § > 0 suchthatforallx, st VYx €Dy, 0<

xX—a

|x —a| <& implies f(x)<M

L
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Ex: Find the limits as follows:

1 lim 1 — 1

- . = — = 00
X224 52 47
2 1
3 _
5 _lim 2x°4+2x=1 _ qjm 2*@ 53 _ 2 _ o
TXD00 2 ey4o X—cor1 5 2 0
x x2 x3
lim 1 _
3'x—>0+'; =®
lim 1 _
3-X—>0—'; = —O00

H.W: Find the following limits:
1. lim X*=% _ lim x®
X200 x41 X200 3x4 4 x3—x41

continuity

Def: We say the function y=f(x) is continuous at x=c iff all the three following conditions are

meet:

1- f (c) is exists (c is the domain of f)

2- Hm £(x) is exists (f has a limitas x— c)

3- 1 f(x) = f(c) (the limit equals the fun. value)
sinx

Ex: Letf(x)={7’x¢0
1, x=0

} , is f cont. at x=0?
Sol:
1-f(0)=1 is exist

] i Sinx . .
2- 1M £(x) = Hm ——=1lisexistasx >0

“ o fO0 = £(0) =1

~ f iscont.at0
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Discontinuity at a point

Def: If a function f is not continuous at a point ¢, we say that f is discontinuous at ¢, and c is

called a point of discontinuity of f.

1

Ex: f(x) = {1m X FE

1 } is f cont. at x=-1
y X = —

Sol:
1- f(-1)=1 is exist
lim lim

1 .
2- 50 f(x) =, — notexist as x - -1

~ f is not cont. at x=-1

Homework:
2 _

X2+X-6 X #2
1- f(x) =4 ,is f cont. at x=2?

=, x =2

4

z2 — >

2- f(x)={ i 1 ”3;28 }, is f cont. at x=07?

X2-9 4 _3
3-1- f(x) = { w43 0 }, is f cont. at x=-3?

X4 +* 2
4- f(x) = { w2 ' X }, is f cont. at x=27
4, x =2

x+1[+2 , x+-1
5-f(x)={(|) | x =—1

} , is f cont. at x=-17

4
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