1. Complex numbers

A complex number z is defined as an ordered pair

x={(xy),
where + and y are a pair of real numbers. In usual notation, we
wirite

3=I+iy|

where i is & symbol. The operations of addition and multiplication

of complex numbers are defined in a meaningful manner, which force
i2 = —1. The set of all complex numbers is denoted by T. Write

Re z=z, Ima:r=y.

Sinee complex numbers are defined as ordered pairs, two complex
numbers (x;.y1) and (xg, v} are equal if and only if both their real
parts and imaginary parts are equal. Symbaolically,

(x1,11) = (z2.32) if and only if ry =z and 1 =yz-

A complex number z = {x.y), or as = = =+ ¢y, is defined by a pair
of real numbers x and y; so does for a point (z,») n the =y plane.
We ascociate o one-to-one correspondence between Lhe complex
number = = r + iy and the point (z,y) in the =y plane. We refer
the plane as the complex plane or z-plane.



Folar coordinatos

r=rcosf and y=rsind

Modulus of 2 |z| =r = =% +¢°.
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Vectorical representation of a complex number in the complex plane

Obviously, Re z < |z] and Im z < |z|; and
r= x4+ iy = r{cosd + isin#),

where 8 is called the argument of z, denoted by arg =

The principal value of arg =z, denoted by Arg =, is the particular value
of arg z chosen within the principal interval (-, x]. We have

arg r = Arg =4 2kr k any integer. Arg z € (—m, 7.

MNote that arg x is a multi-valued function.




Complex conjugate

The complex conjugate T of z = = + iy is defined by

Z=x—1iy.
In the complex plane, the conjugate T = {z. —y) is the reflection of
the point = = (z,y) with respect to the real axis.

Standard results on conjugates and moduli

O aFm=m4+% ()am=mm (i) L=1
¥ B
(V) leyzal = fea] Jeal (W) ﬂj= lza|
|=2}
also
The modulus has the following properties
(a) |2] = |2;
(b) 22 = |=[%;

(¢) |71z = |m|lml, |2a/20]| = |21)/|2alk

(d) |21z .. 2y| = |22l . . J2n):

(®) et + & < |s1] + =], the triangle nequality;
B} st + 2+ +aw| < o]+ ||+ - - + aw:
(&} |21 — =] = ||21] — |zal)



Triangle inequalities

For any two complex numbers z; and =3, We Can establish

21 + 22 = (1t 2)(E+3)
1T+ 2T+ 0T T 2E
Al |E -+ Ezﬂi 4 2Relx 1T2':| -
By observing that Re(z133) < |=123|, we have
21+ 222 < |21+ |=2 + 22173
= |21 + |222 + 2lz1llz2l = (lza] + [22])*-

Since moduli are non-negative, we take the positive square root on
both sides and obtain

Il

lz1 + =2l < |z1] + |22]-

To prove the other half of the triangle inegualities, we write
lz21] = (=1 +22) + (—22)] = |z1 +=2| + | — =2
giving
|z1] = |z2| < |71 + =2]-
By interchanging z; and x5 in the above inequality, we have
lz2| = [=1] < |21+ =2].

Combining all results together

l|=1| — Jz2l| € |z1 + 22l £ Izl -+ 2l




Example
Evaluste £ and 147

Additvon or subltroction of complex mombers is sceomplished by adding or subtracting
the real and eegivary parts Thus

(A+8)+(3-i2) =446 +3 -2 ={4+ 3 +is - =7 +43,

e
[d+85)-(B—2)=4+85-3+i2=(d— 3+ 85 +2) = 1 +37,

[n gemerad, Hf #1 =1 + wn and = = a9 + 4, then
nt+m = @+l ),
n—zn = n—o+i—w)

Example
Evaluate (5 +1i7) + (3 — id) — (6 — £3)

Examples

1. Expand (4 —i5)® and (34 44)(2 — )1 — 2),
2. Find the possible values of the real mmbers & and 3 such that
[+ =4
([m this example, we calcuiate the sguare roots of 1)

Examples

1. Find the complex comjugate of (1 + #2)(1 — 43).
2. Show that for any two complex numbers #y and 23,

AEm=t.% and A+ =%+

Examples

1. Express

it the form 6 4+ 26



LI i
E._'. 1
r a +-}E'
where o and b are veal, find the real and imaginary parts of 2, and show that
EE—_EE
o=
Examples

1. Find the modwlus of (1) (34 34}(5 —i12) and (#) (3 — /(5 +112),

LI g

£, 4
z a btie
where ¢, b and ¢ are real with ¢ > 0, show that

|g|=.;1|'{'52i..
(a+bP + 2

1. Plot the complex monhera 144, 1 —4 —14+4 —1—ion an Argend dagraen Find
thetr modull and arguments, expresdng them in palar form, snd verify that they lie
o & cirde in the Argand plane

& Given acomplex number £, what points in the Argand plane correspond to

Examples

R e

3. Find the modulus and prindpal value of the argoreant of 2 = ¢ snd 5 = —~1 - i3
Express these somplex nrmbers in polar forme Find the value of

arg(risy) — arg sy — arg o,

where the arguments are princpal values What is the velue of this combinston of
ar gurments i gy = —17

Manipulation of complex numbers in polar form

Suppoze thal in polar form, 1 = rifeosty + isinfy) and 23 = rofoesfy + un dy). Then



s = '1‘1'1‘2{(31]3 I.E}L —+ $a8in é‘j_;' |:'fr[|5 By 42 Eﬂl.ﬁ'ﬁj)
= ryraf(cos @y cosfy — sinfy sinfy) + 2{sn 6y cos fy + cosfy sin dy) }
= ryro{cos(fy +62) +ign(t +d)}

Consider next the quotient z1/29; then

£1 rifcosdh + {5n &)

rofeosdy + isin i)

71 (o086 + isin ) (cosdy — isin th)
3 cos By + s 6

= Z{oas(61— 02) +1an(81— 8a)}.

Tigg| = ryrg = |ggljen| and arg(eie) =614 Gy =args +argam,

Istfm|=r¢fra = [nl/ln] and arglafm)=0 - =g -agn,

De" Moivre's theorem

Any complex number with unit modulus can be expressed as cos@ 4
tsind. By virtue of the complex exponential function®, we have

e = cosf 4 isiné.

The above formula is called the Euler formula. As motivated by the
Euler formula, one may deduce that

(cosf L isin®)" = ()" = ™ = cosnél + isinnd,

where n can be any positive integer.

* The complex exponential function is defined by

F = T = JFlepsy Figsinyg), = —x i



To prove the theorem, we consider the following cases:

{i} The theorem is trivial when n = 0.

(ii) When = is a positive integer, the theorem can be proven easily
by mathematical induction.

{iii} When n is a negative integer, let n = —m where m is a2 positive
integer. We then have
(cos@ 4+ isin@)® = 1, - = - -
(coséd +isin®)y™ cosmé + isinmé
cosmb — isinml
{cosmb 4 isinmb)(cosmb — isinmé)
= cosmfl —isinmf = cosnd + isinnd.

How do we generalize the formula to (cos@ +isind)®, where s is a
ratienal number?

Let ¢ = p/q, where p and ¢ are irreducible integers. Note that the
modulus of cos8+:s5ind is one, so does (cos@4isinf)*. Hence, the
polar representation of (cos@4isinf)” takes the form cosd+ising

for some &. Now, we write
cosa 4+ ising = (cos @ 1 isind)* = (cosf 4 isin @y
Taking the power of g of both sides

S o T ESIN g — C0es Tl - B 5i0 e,



which implies
2ks
r_.lu'_‘fl-—‘j‘.‘-'ﬂ‘f'zkﬁ or t:,:ﬁ__‘i o-—Ak-Fi gire « I
i

The value of ¢ corresponding to k that is beyond the above sat
of integers would be equal to cne of those values defined in the
equation plus some multiple of 2.

There are g distinct roots of (cosé + isin8)P/7, namely,

cﬂa(w)—l—isin(#). E=0,1,--- ,9—1.
q

n™ root of unity
By definition, any nth roots of unity satisfies the eguation
=y

By de’ Moivre's theorem, the n distinct roots of unity are

r = glZkmfn :Cﬂsm‘i_l_isrﬂ-ﬁ_ k=01, an—1.
w LL

If we write wp, = e27/2, then the n rools are 1, wny, wa, wae@ =L,

Alternatively, If we pick any one of the =" roots and call it o, then
the other n—1 roots are given by awy, aw?, . aw?=1 This is obvious
since each of these roots satisfies

{aw:g}" =a Ml =1, E=Dl e nay



In the complex plane, the n roots of unity correspond to the n
vertices of a reqular n-sided polygon inscribed inside the unit circle,
with one vertex at the point : = 1. The vertices are equally spaced
on the circumference of the circle. The successive vertices are
obtained by increasing the argument by an egual amount of 2x/n
of the preceding vertex.

suppose the complex number in the polar form is represented by
r{cos¢ + isin g), its n™ roots are given by

1n (-::as"ﬁ + 2k St zxmr) J

n n

k=0,1,2,..n—1,

where r1/™ is the real positive n™ root of the real positive number
r. [he roots are equally spaced along the circumference with one
vertex being at r1/®[cos(é/n) +isin(s/n)].

Examples

1. Find the three cube roots of (i) 1 and () —1.
2. Find the two square roots of (i) « and (i) 1 4 34/2

Examples

1. coslf =40 @ — Jooad,

2 sindf = 4coz’ fEnf — dcosfaEn’ g



